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Preface 


Ordinary differential equations serve as mathematical models for many 
exciting “real-world” problems, not only in science and technology, but also 
in such diverse fields as economics, psychology, defense, and demography. 
Rapid growth in the theory of differential equations and in its applications 
to almost every branch of knowledge has resulted in a continued interest in 
its study by students in many disciplines. This has given ordinary differen- 
tial equations a distinct place in mathematics curricula all over the world 
and it is now being taught at various levels in almost every institution of 
higher learning. 


Hundreds of books on ordinary differential equations are available. How- 
ever, the majority of these are elementary texts which provide a battery of 
techniques for finding explicit solutions. The size of some of these books has 
grown dramatically—to the extent that students are often lost in deciding 
where to start. This is all due to the addition of repetitive examples and ex- 
ercises, and colorful pictures. The advanced books are either on specialized 
topics or are encyclopedic in character. In fact, there are hardly any rigor- 
ous and perspicuous introductory texts available which can be used directly 
in class for students of applied sciences. Thus, in an effort to bring the sub- 
ject to a wide audience we provide a compact, but thorough, introduction 
to the subject in An Introduction to Ordinary Differential Equations. This 
book is intended for readers who have had a course in calculus, and hence it 
can be used for a senior undergraduate course. It should also be suitable for 
a beginning graduate course, because in undergraduate courses, students 
do not have any exposure to various intricate concepts, perhaps due to an 
inadequate level of mathematical sophistication. 


The subject matter has been organized in the form of theorems and 
their proofs, and the presentation is rather unconventional. It comprises 42 
class-tested lectures which the first author has given to mostly math-major 
students at various institutions all over the globe over a period of almost 35 
years. These lectures provide flexibility in the choice of material for a one- 
semester course. It is our belief that the content in each lecture, together 
with the problems therein, provides fairly adequate coverage of the topic 
under study. 


A brief description of the topics covered in this book is as follows: 
Introductory Lecture 1 explains basic terms and notations that are used 
throughout the book. Lecture 2 contains a concise account of the historical 
development of the subject. Lecture 3 deals with exact differential equa- 
tions, while first-order equations are studied in Lectures 4 and 5. Lecture 6 
discusses second-order linear differential equations; variation of parameters 
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is used here to find solutions to nonhomogeneous equations. Lectures 3-6 
form the core of any course on differential equations. 


Many very simple differential equations cannot be solved as finite com- 
binations of elementary functions. It is, therefore, of prime importance to 
know whether a given differential equation has a solution. This aspect of 
the existence of solutions for first-order initial value problems is dealt with 
in Lectures 8 and 9. Once the existence of solutions has been established, it 
is natural to provide conditions under which a given problem has precisely 
one solution; this is the content of Lecture 10. In an attempt to make the 
presentation self-contained, the required mathematical preliminaries have 
been included in Lecture 7. Differential inequalities, which are important 
in the study of qualitative as well as quantitative properties of solutions, 
are discussed in Lecture 11. Continuity and differentiability of solutions 
with respect to initial conditions are examined in Lecture 12. 


Preliminary results from algebra and analysis required for the study of 
differential systems are contained in Lectures 13 and 14. Lectures 15 and 
16 extend existence—uniqueness results and examine continuous dependence 
on initial data for the systems of first-order initial value problems. Basic 
properties of solutions of linear differential systems are given in Lecture 17. 
Lecture 18 deals with the fundamental matrix solution, and some methods 
for its computation in the constant-coefficient case are discussed in Lecture 
19. These computational algorithms do not use the Jordan form and can 
easily be mastered by students. In Lecture 20 necessary and sufficient 
conditions are provided so that a linear system has only periodic solutions. 
Lectures 21 and 22 contain restrictions on the known quantities so that 
solutions of a linear system remain bounded or ultimately approach zero. 
Lectures 23-29 are devoted to a self-contained introductory stability theory 
for autonomous and nonautonomous systems. Here two-dimensional linear 
systems form the basis for the phase plane analysis. In addition to the 
study of periodic solutions and limit cycles, the direct method of Lyapunov 
is developed and illustrated. 


Higher-order exact and adjoint equations are introduced in Lecture 30, 
and the oscillatory behavior of solutions of second-order equations is fea- 
tured in Lecture 31. 


The last major topic covered in this book is that of boundary value prob- 
lems involving second-order differential equations. After linear boundary 
value problems are introduced in Lecture 32, Green’s function and its con- 
struction is discussed in Lecture 33. Lecture 34 describes conditions that 
guarantee the existence of solutions of degenerate boundary value prob- 
lems. The concept of the generalized Green’s function is also featured 
here. Lecture 35 presents some maximum principles for second-order lin- 
ear differential inequalities and illustrates their importance in initial and 
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boundary value problems. Lectures 36 and 37 are devoted to the study 
of Sturm—Liouville problems, while eigenfunction expansion is the subject 
of Lectures 38 and 39. A detailed discussion of nonlinear boundary value 
problems is contained in Lectures 40 and 41. 


Finally, Lecture 42 addresses some topics for further study which extend 
the material of this text and are of current research interest. 


Two types of problems are included in the book—those which illustrate 
the general theory, and others designed to fill out text material. The prob- 
lems form an integral part of the book, and every reader is urged to attempt 
most, if not all of them. For the convenience of the reader we have pro- 
vided answers or hints for all the problems, except those few marked with 
an asterisk. 


In writing a book of this nature no originality can be claimed. Our goal 
has been made to present the subject as simply, clearly, and accurately as 
possible. Illustrative examples are usually very simple and are aimed at the 
average student. 


It is earnestly hoped that An Introduction to Ordinary Differential 
Equations will provide an inquisitive reader with a starting point in this 
rich, vast, and ever-expanding field of knowledge. 


We would like to express our appreciation to Professors M. Bohner, 
A. Cabada, M. Cecchi, J. Diblik, L. Erbe, J. Henderson, Wan-Tong Li, 
Xianyi Li, M. Migda, Ch. G. Philos, $. Stanek, C. C. Tisdell, and P. J. Y. 
Wong for their suggestions and criticisms. We also want to thank Ms. 
Vaishali Damle at Springer New York for her support and cooperation. 


Ravi P. Agarwal 
Donal O’Regan 
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Lecture 1 


Introduction 


An ordinary differential equation (ordinary DE hereafter) is a relation 
containing one real independent variable x € IR = (—co, oo), the real de- 
pendent variable y, and some of its derivatives y/,y",...,y™ (‘= d/dz). 
For example, 

zy +3y = 62° 


y~—4y = 0 
xy" — 3ry'+3y = 0 
Qa7y" — y’? = 0. 


The order of an ordinary DE is defined to be the order of the highest 
derivative in the equation. Thus, equations (1.1) and (1.2) are first order, 
whereas (1.3) and (1.4) are second order. 


Besides ordinary DEs, if the relation has more than one independent 
variable, then it is called a partial DE. In these lectures we shall discuss 
only ordinary DEs, and so the word ordinary will be dropped. 


In general, an nth-order DE can be written as 


PGA Yea) — 0, (1.5) 
where F' is a known function. 


A functional relation between the dependent variable y and the inde- 
pendent variable x, that, in some interval J, satisfies the given DE is said 
to be a solution of the equation. A solution may be defined in either of 
the following intervals: (a, 3), [a,), (a,3], [a,8], (@,00), [a,00), (—00, 
B), (—co, BJ, (—0o0, 00), where a, 8 € R and a < £. For example, the 
function y(x) = 7e’ + x? + 2x + 2 is a solution of the DE y’ = y — 2? 
in J = R. Similarly, the function y(x) = x tan(x + 3) is a solution of the 
DE zy’ = 2? +y?4+ yin J = (—7/2 —3,2/2 — 3). The general solution of 
an nth-order DE depends on n arbitrary constants; i.e., the solution y de- 
pends on « and the real constants c,,C2,..., Cn. For example, the function 
y(x) = x? +ce® is the general solution of the DE y’ = y—x?+2z in J = R. 
Similarly, y(x) = #3 + c/x3, y(x) = 2? + cx +c?/4, y(x) = cia + cox and 
y(x) = (2/c1) — (2/c?) (1 +c1z) +c are the general solutions of the DEs 
(1.1)-(1.4), respectively. Obviously, the general solution of (1.1) is defined 
in any interval which does not include the point 0, whereas the general 
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solutions of (1.2) and (1.3) are defined in J = R. The general solution of 
(1.4) imposes a restriction on the constant c; as well as on the variable x. 
In fact, it is defined if c; 40 andl+cza>0. 


The function y(x) = x? is a particular solution of the equation (1.1), 


and it can be obtained easily by taking the particular value of c as 0 in 
the general solution. Similarly, if c= 0 and cj = 0, co = 1 in the general 
solutions of (1.2) and (1.3), then x? and x, respectively, are the particular 
solutions of the equations (1.2) and (1.3). It is interesting to note that 
y(x) = x? is a solution of the DE (1.4); however, it is not included in the 
general solution of (1.4). This “extra” solution, which cannot be obtained 
by assigning particular values of the constants, is called a singular solution 
of (1.4). As an another example, for the DE y — zy’ + y = 0 the general 
solution is y(x) = ex — c?, which represents a family of straight lines, and 
y(z) = x?/4 is a singular solution which represents a parabola. Thus, in 
the “general solution,” the word general must not be taken in the sense of 
complete. A totality of all solutions of a DE is called a complete solution. 


A DE of the first order may be written as F(x, y,y’) = 0. The function 
y = ¢(a) is called an explicit solution provided F(x, é(x), ¢’(a)) = 0 in J. 


A relation of the form 7(x,y) = 0 is said to be an implicit solution of 
F(«,y,y’) = 0 provided it determines one or more functions y = ¢(x) which 
satisfy F(x, d(x), d’(a)) = 0. It is frequently difficult, if not impossible, to 
solve u(x, y) = 0 for y. Nevertheless, we can test the solution by obtaining 
y’ by implicit differentiation: ~z + pyy’ =0, or y’ = —vz/yy, and check if 


The pair of equations « = x(t), 


y = y(t) is said to be a parametric 
solution of F(x, y,y’) = 0 when F(x(t), y(t), 


(dy/dt) /(dx/dt)) = 0. 


Consider the equation y!”* — 2y'y’” + 3y”° = 0. This is a third-order 
DE and we say that this is of degree 2, whereas the second-order DE wy” + 
2y’ + 3y — 6e* = 0 is of degree 1. In general, if a DE has the form of an 
algebraic equation of degree k in the highest derivative, then we say that 
the given DE is of degree k. 


We shall always assume that the DE (1.5) can be solved explicitly for 
y™ in terms of the remaining (n + 1) quantities as 


y™ ms of (es Y y’, sore yb), (1.6) 


where f is a known function. This will at least avoid having equation (1.5) 


represent more than one equation of the form (1.6); e.g., y’” = Ay represents 
two DEs, y’ = £2,/y. 


Differential equations are classified into two groups: linear and nonlin- 
ear. A DE is said to be linear if it is linear in y and all its derivatives. 
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Thus, an nth-order linear DE has the form 
Paly] = pola)y™ + pi(a)y? +--+ +dala)y = r(x). (1.7) 


Obviously, DEs (1.1) and (1.3) are linear, whereas (1.2) and (1.4) are non- 
linear. It may be remarked that every linear equation is of degree 1, but 
every equation of degree 1 is not necessarily linear. In (1.7) if the function 
r(x) = 0, then it is called a homogeneous DE, otherwise it is said to be a 
nonhomogeneous DE. 


In applications we are usually interested in a solution of the DE (1.6) 
satisfying some additional requirements called initial or boundary condi- 
tions. By initial conditions for (1.6) we mean n conditions of the form 


y(to) = yo, y/(zo) = yy---,y"Y(a0) = Yn-1, (1.8) 


where yo,---,Yn—1 and Zp are given constants. A problem consisting of the 
DE (1.6) together with the initial conditions (1.8) is called an initial value 
problem. It is common to seek a solution y(x) of the initial value problem 
(1.6), (1.8) in an interval J which contains the point xo. 


Consider the first-order DE zy’ — 3y + 3 = 0: it is disconcerting to 
notice that it has no solution satisfying the initial condition y(0) = 0; 
just one solution y(a2) = 1 satisfying y(1) = 1; and an infinite number of 
solutions y(z) = 1+ cx satisfying y(0) = 1. Such diverse behavior leads 
to the essential question about the existence of solutions. If we deal with 
a DE which can be solved in a closed form (in terms of permutation and 
combination of known functions x”, e*, sina), then the answer to the 
question of existence of solutions is immediate. However, unfortunately 
the class of solvable DEs is very small, and today we often come across 
DEs so complicated that they can only be solved, if at all, with the aid 
of a computer. Any attempt to solve a DE with no solution is surely a 
futile exercise, and the data so produced will not only be meaningless, but 
actually chaotic. Therefore, in the theory of DEs, the first basic problem 
is to provide sufficient conditions so that a given initial value problem has 
at least one solution. For this, we shall give several easily verifiable sets of 
sufficient conditions so that the first-order DE 


y = f(a,y) (1.9) 
together with the initial condition 
y(xo) = Yo (1.10) 


has at least one solution. Fortunately, these results can be extended to 
the systems of such initial value problems which in particular include the 
problem (1.6), (1.8). 
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Once the existence of a solution of the initial value problem (1.9), (1.10) 
has been established it is natural to ask, “Does the problem have just one 
solution?” From an applications point of view the uniqueness of a solution 
is as important as the existence of the solution itself. Thus, we shall provide 
several results which guarantee the uniqueness of solutions of the problem 
(1.9), (1.10), and extend them to systems of such initial value problems. 


Of course, the existence of a unique solution of (1.9), (1.10) is a quali- 
tative property and does not suggest the procedure for the construction of 
the solution. Unfortunately, we shall not be dealing with this aspect of DEs 
in these lectures. However, we will discuss elementary theory of differen- 
tial inequalities, which provides upper and lower bounds for the unknown 
solutions and guarantees the existence of maximal and minimal solutions. 


There is another important property that experience suggests as a re- 
quirement for mathematical formulation of a physical situation to be met. 
As a matter of fact, any experiment cannot be repeated exactly in the same 
way. But if the initial conditions in an experiment are almost exactly the 
same, the outcome is expected to be almost the same. It is, therefore, de- 
sirable that the solution of a given mathematical model should have this 
property. In technical terms it amounts to saying that the solution of a DE 
ought to depend continuously on the initial data. We shall provide sufficient 
conditions so that the solutions of (1.9) depend continuously on the initial 
conditions. The generalization of these results to systems of DEs is also 
straightforward. 


For the linear first-order differential systems which include the DE (1.7) 
as a special case, linear algebra allows one to describe the structure of 
the family of all solutions. We shall devote several lectures to examining 
this important qualitative aspect of solutions. Our discussion especially in- 
cludes the periodicity of solutions, i.e., the graph of a solution repeats itself 
in successive intervals of a fixed length. Various results in these lectures 
provide a background for treating nonlinear first-order differential systems 
in subsequent lectures. 


In many problems and applications we are interested in the behavior 
of the solutions of the differential systems as x approaches infinity. This 
ultimate behavior is termed the asymptotic behavior of the solutions. Specif- 
ically, we shall provide sufficient conditions for the known quantities in a 
given differential system so that all its solutions remain bounded or tend 
to zero as x — oo. The asymptotic behavior of the solutions of perturbed 
differential systems is also featured in detail. 


The property of continuous dependence on the initial conditions of so- 
lutions of differential systems implies that a small change in the initial 
conditions brings only small changes in the solutions in a finite interval 
[%9,2o + a]. Satisfaction of such a property for all x > xo leads us to the 
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notion of stability in the sense of Lyapunov. This aspect of the qualitative 
theory of DEs is introduced and examined in several lectures. In partic- 
ular, here we give an elementary treatment of two-dimensional differential 
systems which includes the phase portrait analysis and discuss in detail Lya- 
punov’s direct method for autonomous as well as nonautonomous systems. 


A solution y(x) of a given DE is said to be oscillatory if it has no last 
zero; i.e., if y(a1) = 0, then there exists an x2 > x such that y(a2) = 0, and 
the equation itself is called oscillatory if every solution is oscillatory. The 
oscillatory property of solutions of differential equations is an important 
qualitative aspect which has wide applications. We shall provide sufficiency 
criteria for oscillation of all solutions of second-order linear DEs and show 
how easily these results can be applied in practice. 


We observe that the initial conditions (1.8) are prescribed at the same 
point x9, but in many problems of practical interest, these n conditions are 
prescribed at two (or more) distinct points of the interval J. These condi- 
tions are called boundary conditions, and a problem consisting of DE (1.6) 
together with n boundary conditions is called a boundary value problem. 
For example, the problem of determining a solution y(a) of the second- 
order DE y” + 7?y = 0 in the interval [0, 1/2] which has preassigned values 
at 0 and 1/2: y(0) = 0, y(1/2) = 1 constitutes a boundary value prob- 
lem. The existence and uniqueness theory of solutions of boundary value 
problems is more complex than that for the initial value problems; thus, we 
shall restrict ourselves only to the second-order linear and nonlinear DEs. 
In our treatment for nonhomogeneous, and specially for nonlinear bound- 
ary value problems, we will need their integral representations, and for this 
Green’s functions play a very important role. Therefore, we shall present 
the construction of Green’s functions systematically. We shall also dis- 
cuss degenerate linear boundary value problems, which appear frequently 
in applications. 


In calculus the following result is well known: If y € C®)[a, 6], y!(x) > 
0 in (a, 8), and y(x) attains its maximum at an interior point of [a, 3], then 
y(a) is identically constant in [a, 6]. Extensions of this result to differential 
equations and inequalities are known as maximum principles. We shall 
prove some maximum principles for second-order differential inequalities 
and show how these results can be applied to obtain lower and upper bounds 
for the solutions of second-order initial and boundary value problems which 
cannot be solved explicitly. 


If the coefficients of the DE and/or of the boundary conditions depend 
on a parameter, then one of the fundamental problems of mathematical 
physics is to determine the value(s) of the parameter for which nontrivial 
solutions exist. These special values of the parameter are called eigenval- 
ues and the corresponding nontrivial solutions are said to be eigenfunctions. 
One of the most studied problems of this type is the Sturm—Liouville prob- 
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lem, specially because it has an infinite number of real eigenvalues which can 
be arranged as a monotonically increasing sequence, and the corresponding 
eigenfunctions generate a complete set of orthogonal functions. We shall 
use this fundamental property of eigenfunctions to represent functions in 
terms of Fourier series. We shall also find the solutions of nonhomogeneous 
boundary value problems in terms of eigenfunctions of the corresponding 
Sturm-Liouville problem. This leads to a very important result in the 
literature known as Fredholm’s alternative. 


Lecture 2 


Historical Notes 


One of the major problems in which scientists of antiquity were involved 
was the study of planetary motions. In particular, predicting the precise 
time at which a lunar eclipse occurs was a matter of considerable pres- 
tige and a great opportunity for an astronomer to demonstrate his skills. 
This event had great religious significance, and rites and sacrifices were 
performed. To make an accurate prediction, it was necessary to find the 
true instantaneous motion of the moon at a particular point of time. In 
this connection we can trace back as far as, Bhaskara II (486AD), who 
conceived the differentiation of the function sint. He was also aware that 
a variable attains its maximum value at the point where the differential 
vanishes. The roots of the mean value theorem were also known to him. 
The idea of using integral calculus to find the value of a and the areas 
of curved surfaces and the volumes was also known to Bhaskara II. Later 
Madhava (1340-1429AD) developed the limit passage to infinity, which is 
the kernel of modern classical analysis. Thus, the beginning of calculus goes 
back at least 12 centuries before the phenomenal development of modern 
mathematics that occurred in Europe around the time of Newton and Leib- 
niz. This raises doubts about prevailing theories that, in spite of so much 
information being known hundreds of years before Newton and Leibniz, 
scientists never came across differential equations. The information which 
historians have recorded is as follows: 


The founder of the differential calculus, Newton, also laid the foundation 
stone of DEs, then known as fluxional equations. Some of the first-order 
DEs treated by him in the year 1671 were 


y = 1-B8¢+y+a"?+ ay (2.1) 
3a? — 2ax + ay — 3y?y’ + ary’ = 0 (2.2) 
2 3 
YY ry, ry 
y = 14 Pears Gales: re) etc. (2.3) 
yo = —82+3ey+y? — ay? +y° — zy? +y* — ay 


2.4 
+6x7y — 6x? + 8x3y — 823 + 10x*y — 10x*, ete. oa, 


He also classified first-order DEs into three classes: the first class was com- 
posed of those equations in which y’ is a function of only one variable, x 
alone or y alone, e.g., 


y = f(z), y = fH); (2.5) 
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the second class embraced those equations in which y’ is a function of both 
x and y, ie., (1.9); and the third is made up of partial DEs of the first 
order. 


About five years later, in 1676, another independent inventor of calcu- 
lus, Leibniz, coined the term differential equation to denote a relationship 
between the differentials dz and dy of two variables x and y. This was 
in connection with the study of geometrical problems such as the inverse 
tangent problem, i.e., finding a curve whose tangent satisfies certain condi- 
tions. For instance, if the distance between any point P(x, y) on the curve 
y(a) and the point where the tangent at P crosses the axis of x (length of 
the tangent) is a constant a, then y should satisfy first-order nonlinear DE 


’ y 
y= Vee (2.6) 
In 1691, he implicitly used the method of separation of variables to show 
that the DEs of the form 
dx 
“dy 
can be reduced to quadratures. One year later he integrated linear homo- 


geneous first-order DEs, and soon afterward nonhomogeneous linear first- 
order DEs. 


= X(x)Y(y) (2.7) 


Among the devoted followers of Leibniz were the brothers James and 
John Bernoulli, who played a significant part in the development of the 
theory of DEs and the use of such equations in the solution of physical 
problems. In 1690, James Bernoulli showed that the problem of determining 
the isochrone, i.e., the curve in a vertical plane such that a particle will slide 
from any point on the curve to its lowest point in exactly the same time, is 
equivalent to that of solving a first-order nonlinear DE 


dy(b?y — a°)1/? = dx a3/?, (2.8) 


Equation (2.8) expresses the equality of two differentials from which Ber- 
noulli concluded the equality of the integrals of the two members of the 
equation and used the word integral for the first time on record. 


In 1696 John Bernoulli invited the brightest mathematicians of the world 
(Europe) to solve the brachistochrone (quickest descent) problem: to find 
the curve connecting two points A and B that do not lie on a vertical line 
and possessing the property that a moving particle slides down the curve 
from A to B in the shortest time, ignoring friction and resistance of the 
medium. In order to solve this problem, one year later John Bernoulli 
imagined thin layers of homogeneous media, he knew from optics (Fermat’s 
principle) that a light ray with speed v obeying the law of Snellius, 


sna = Ky, 
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passes through in the shortest time. Since the speed is known to be pro- 
portional to the square root of the fallen height, he obtained by passing 
through thinner and thinner layers 


: 1 
sna = (age = Ky 29(y ors h), (2.9) 
y 


a differential equation of the first order. Among others who also solved 
the brachistochrone problem are James Bernoulli, Leibniz, Newton, and 
L’Hospital. 


The term “separation of variables” is essentially due to John Bernoulli; 
he also circumvented dz/x, not well understood at that time, by first ap- 
plying an integrating factor. However, the discovery of integrating factors 
proved almost as troublesome as solving a DE. 


The problem of finding the general solution of what is now called Ber- 
noulli’s equation, 
ady = yp dx+ bqy” dz, (2.10) 


in which a and 6b are constants, and p and q are functions of x alone, was 
proposed by James Bernoulli in 1695 and solved by Leibniz and John Ber- 
noulli by using different substitutions for the dependent variable y. Thus, 
the roots of the general tactic “change of the dependent variable” had al- 
ready appeared in 1696-1697. The problem of determining the orthogonal 
trajectories of a one-parameter family of curves was also solved by John 
Bernoulli in 1698. And by the end of the 17th century most of the known 
methods of solving first-order DEs had been developed. 


Numerous applications of the use of DEs in finding the solutions of ge- 
ometric problems were made before 1720. Some of the DEs formulated in 
this way were of second or higher order; e.g., the ancient Greek’s isoperimet- 
ric problem of finding the closed plane curve of given length that encloses 
the largest area led to a DE of third order. This third-order DE of James 
Bernoulli (1696) was reduced to one of the second order by John Bernoulli. 
In 1761 John Bernoulli reported the second-order DE 

2 
Ys = (2.11) 
to Leibniz, which gave rise to three types of curves—parabolas, hyperbolas, 
and a class of curves of the third order. 


As early as 1712, Riccati considered the second-order DE 
fyy.y") = 0 (2.12) 


and treated y as an independent variable, p (= y’) as the dependent vari- 
able, and making use of the relationship y’” = pdp/dy, he converted the 
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DE (2.12) into the form 


i (u.».»(#)) = 0, (2.13) 


which is a first-order DE in p. 
The particular DE 
y = play? + q(x)y +r(2) (2.14) 


christened by d’Alembert as the Riccati equation has been studied by a num- 
ber of mathematicians, including several of the Bernoullis, Riccati himself, 
as well as his son Vincenzo. By 1723 at the latest, it was recognized that 
(2.14) cannot be solved in terms of elementary functions. However, later 
it was Euler who called attention to the fact that if a particular solution 
yi = yi(a) of (2.14) is known, then the substitution y = y; + z~1 converts 
the Riccati equation into a first-order linear DE in z, which leads to its 
general solution. He also pointed out that if two particular solutions of 
(2.14) are known, then the general solution is expressible in terms of simple 
quadrature. 


For the first time in 1715, Taylor unexpectedly noted the singular solu- 
tions of DEs. Later in 1734, a class of equations with interesting properties 
was found by the precocious mathematician Clairaut. He was motivated 
by the movement of a rectangular wedge, which led him to DEs of the form 


y = zy’ + f(y’). (2.15) 


In (2.15) the substitution p = y’, followed by differentiation of the terms 
of the equation with respect to x, will lead to a first-order DE in x, p and 
dp/dx. Its general solution y = cx + f(c) is a collection of straight lines. 
The Clairaut DE has also a singular solution which in parametric form can 
be written as x = —f’(t), y = f(t) —tf'(t). D’Alembert found the singular 
solution of the somewhat more general type of DE 


y = xg(y')+ f(y’), (2.16) 


which is known as D’Alembert’s equation. 


Starting from 1728, Euler contributed many important ideas to DEs: 
various methods of reduction of order, notion of an integrating factor, the- 
ory of linear equations of arbitrary order, power series solutions, and the 
discovery that a first-order nonlinear DE with square roots of quartics as 
coefficients, e.g., 


(1—a*)/?y'+(1—y*)? = 0, (2.17) 


has an algebraic solution. Euler also invented the method of variation 
of parameters, which was elevated to a general procedure by Lagrange in 
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1774. Most of the modern theory of linear differential systems appears 
in D’Alembert’s work of 1748, while the concept of adjoint equations was 
introduced by Lagrange in 1762. 


The Jacobi equation 


(a, + ba + cry) (ady — ydx) — (ag + box + coy)dy + (a3 +b324 c3y)dx = 0 


in which the coefficients a;, b;, c;, t = 1,2,3 are constants was studied 
in 1842, and is closely connected with the Bernoulli equation. Another 
important DE which was studied by Darboux in 1878 is 


—Ldy + Mdx + N(ady — ydx) = 0, 
where L, M, N are polynomials in x and y of maximum degree m. 


Thus, in early stages mathematicians were engaged in formulating DEs 
and solving them, tacitly assuming that a solution always existed. The 
rigorous proof of the existence and uniqueness of solutions of the first-order 
initial value problem (1.9), (1.10) was first presented by Cauchy in his lec- 
tures of 1820-1830. The proof exhibits a theoretical means for constructing 
the solution to any desired degree of accuracy. He also extended his process 
to the systems of such initial value problems. In 1876, Lipschitz improved 
Cauchy’s technique with a view toward making it more practical. In 1893, 
Picard developed an existence theory based on a different method of suc- 
cessive approximations, which is considered more constructive than that 
of Cauchy—Lipschitz. Other significant contributors to the method of suc- 
cessive approximations are Liouville (1838), Caqué (1864), Fuchs (1870), 
Peano (1888), and Bécher (1902). 


The pioneering work of Cauchy, Lipschitz, and Picard is of a qualitative 
nature. Instead of finding a solution explicitly, it provides sufficient con- 
ditions on the known quantities which ensure the existence of a solution. 
In the last hundred years this work has resulted in an extensive growth 
in the qualitative study of DEs. Besides existence and uniqueness results, 
additional sufficient conditions (rarely necessary) to analyze the proper- 
ties of solutions, e.g., asymptotic behavior, oscillatory behavior, stability, 
etc., have also been carefully examined. Among other mathematicians who 
have contributed significantly in the development of the qualitative theory 
of DEs we would like to mention the names of R. Bellman, I. Bendixson, 
G. D. Birkhoff, L. Cesari, R. Conti, T. H. Gronwall, J. Hale, P. Hart- 
man, E. Kamke, V. Lakshmikantham, J. LaSalle, S. Lefschetz, N. Levin- 
son, A. Lyapunov, G. Peano, H. Poincare, G. Sansone, B. Van der Pol, 
A. Wintner, and W. Walter. 


Finally the last three significant stages of development in the theory 
of DEs, opened with the application of Lie’s (1870-1880s) theory of con- 
tinuous groups to DEs, particularly those of Hamilton—Jacobi dynamics; 
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Picard’s attempt (1880) to construct for linear DEs an analog of the Galois 
theory of algebraic equations; and the theory, started in 1930s, that paral- 
leled the modern development of abstract algebra. Thus, the theory of DEs 
has emerged as a major discipline of modern pure mathematics. Neverthe- 
less, the study of DEs continues to contribute to the solutions of practical 
problems in almost every branch of science and technology, arts and social 
science, and medicine. In the last fifty years, some of these problems have 
led to the creation of various types of new DEs, some which are of current 
research interest. 


Lecture 3 


Exact Equations 


Let, in the DE of first order and first degree (1.9), the function f(x, y) = 
—M(a,y)/N(«,y), so that it can be written as 


M(a,y)+ N(2,y)y’ = 0, (3.1) 


where M and N are continuous functions having continuous partial deriva- 
tives M, and N, in the rectangle S': |x —2xo0| <a, |y—yo| <b (O<a, b< 


Equation (3.1) is said to be exact if there exists a function u(x, y) such 
that 
Ue(a,y) = M(a,y) and uy(2,y) = N(#,y). (3.2) 


The nomenclature comes from the fact that 
M+Ny = ust uyy’ 
is exactly the derivative du/dx. 


Once the DE (3.1) is exact its implicit solution is 
u(z,y) = ¢. (3.3) 


If (3.1) is exact, then from (3.2) we have uzy = My, and uy, = Nz. Since 
M, and N, are continuous, we must have uzy = Uys; ie., for (3.1) to be 
exact it is necessary that 

M, = Ny. (3.4) 


Conversely, if M and N satisfy (3.4) then the equation (3.1) is exact. 
To establish this we shall exhibit a function u satisfying (3.2). We integrate 
both sides of uz = M with respect to x, to obtain 


uley) =f M(s,yds-+ oly) (3.5) 


Here g(y) is an arbitrary function of y and plays the role of the constant of 
integration. We shall obtain g by using the equation u, = N. Indeed, we 
have 


* A M(s,t)de-+9'@) = New) (3.6) 


R.P. Agarwal and D. O’Regan, An Introduction to Ordinary Differential Equations, 13 
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and since 


On, ie 
Nes | MG ads = Ne Me = 
a. (s, y)ds y 0 


the function 


0 x 
New - 5 f M(s,y)ds 


must depend on y alone. Therefore, g can be obtained from (3.6), and 
finally the function wu satisfying (3.2) is given by (3.5). 


We summarize this important result in the following theorem. 


Theorem 3.1. Let the functions M(zx,y) and N(zx,y) together with 
their partial derivatives M,(x,y) and Nz(x,y) be continuous in the rect- 
angle S : |x — xo| < a, |y— yo| < 6 (0 < a, 6 < cw). Then the DE (3.1) is 
exact if and only if condition (3.4) is satisfied. 


Obviously, in this result S may be replaced by any region which does 
not include any “hole.” 


The above proof of this theorem is, in fact, constructive, i.e., we can 
explicitly find a solution of (3.1). For this, we compute g(y) from (3.6), 


a) = | New.nar— f asnas+ [as )ds-+ aw). 
0 Lo xo 
Therefore, from (3.5) it follows that 
uley) =f N(o,at-+ [ Ms,yo)as-+ ola) 
Yo xo 
and hence a solution of the exact equation (3.1) is given by 
“Netaet [ M(s,yo)ds = c, (3.7) 
Yo a0) 


where c is an arbitrary constant. 


In (3.7) the choice of x and yo is at our disposal, except that these 
must be chosen so that the integrals remain proper. 


Example 3.1. In the DE 
(y+ 2re”) + x(1+2e")y’ = 0, 


M =y+ 2ae¥ and N = 2(1+4+ ze”), so that M, = N, = 1+ 2ze¥ for all 
(x,y) € S = R?. Thus, the given DE is exact in R?. Taking (x0, yo) = (0,0) 
in (3.7), we obtain 


y x 
i (ct aretyars | Qsds = xyt+a%e¥ = c 
0 0 
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a solution of the given DE. 


The equation 2y+ xy’ = 0 is not exact, but if we multiply it by z, then 
2ry +27y' = d(x*y)/dzx = 0 is an exact DE. The multiplier z here is called 
an integrating factor. For the DE (3.1) a nonzero function p(x, y) is called 
an integrating factor if the equivalent DE 


uM+pNy’ = 0 (3.8) 
is exact. 
If u(v,y) = c is a solution of (3.1), then y’ computed from (3.1) and 


Uz + Uyy’ = 0 must be the same, i-e., 


Uz = —Uy = H, (3.9) 


where ps is some function of x and y. Thus, we have 


du 
M+ Ny’) = Ue he ere 
uw M+ Ny’) = ust uyy a 


and hence the equation (3.8) is exact, and an integrating factor yz of (3.1) 
is given by (3.9). 


Further, let ¢(u) be any continuous function of u, then 


pou(M + Ny) = owt = % [ o(s)as. 


Hence, pd(u) is an integrating factor of (3.1). Since ¢ is an arbitrary 
function, we have established the following result. 


Theorem 3.2. If the DE (3.1) has u(z,y) = ¢ as its solution, then it 
admits an infinite number of integrating factors. 


The function p(x, y) is an integrating factor of (3.1) provided (3.8) is 
exact, i.e., if and only if 


(uM)y = (HN )e. (3.10) 
This implies that an integrating factor must satisfy the equation 


Nye — Mpy = w(My — Ne). (3.11) 


A solution of (3.11) gives an integrating factor of (3.1), but finding a 
solution of the partial DE (3.11) is by no means an easier task. However, a 
particular nonzero solution of (3.11) is all we need for the solution of (3.1). 
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If we assume pp = X(x)Y(y), then from (3.11) we have 


NdX MdY 
—_— _ __-_ = M, —-N,. 3.12 
Xdx Y dy - ( ) 
Hence, if 
M, — Ne = Nol) — Ma(y) (3.13) 
then (3.12) is satisfied provided 
1 dX 1 dY 
¥ de g(x) and Ydy (y), 
i.e., 
X = ef 9) and Y = ef Moay, (3.14) 


We illustrate this in the following example. 


Example 3.2. Let the DE 
(y—y*)+2y' = 0 


admit an integrating factor of the form pw = zy”. In such a case (3.12) 
becomes m — (1 — y)n = —2y, and hence m = n = —2, and wp = x 7y~?. 


This gives an exact DE 
a *(y*—1ta yy! = 0, 


whose solution using (3.7) is given by f” 2~'t~?dt = c, which is the same 
as y= 1/(1— cx). 


One may also look for an integrating factor of the form pu = p(v), where 
v is a known function of x and y. Then (3.11) leads to 
1 du M, — Nz 


pu du Nvz — Mv, n°) 


Thus, if the expression in the right side of (3.15) is a function of v alone, 
say, ¢(v) then the integrating factor is given by 


ji = ed COM, (3.16) 


Some special cases of v and the corresponding ¢(v) are given in the 
following table: 
av 
y 
ito): My-N, My-Nz My-Nz My-Nz (M,-Nz)y? _My-No 
“ON —-M N+M yN-~M yN4+0M 2(aN-yM) 


Vv: x y r-y xy z+ y? 
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If the expression in the second row is a function of the corresponding v 
in the first row, then (3.1) has the integrating factor jz given in (3.16). 
Example 3.3. For the DE 
(u’y+yt1)+a(1+2*)y' = 0, 
we have 


My — Ne 1 3 2 
N eee se) 


2x 
1+ 22’ 


which is a function of z. Hence, from the above table and (3.16) we find 
p= (1+27)-1. Thus, the DE 


1 y 
(v+ 5) +00 =n 


is exact whose solution is given by ry + tan7!a =. 


Example 3.4. For the DE in Example 3.2, we have 
M, — Nz 2 


—M 1l-y’ 
which is a function of y. Hence, from the above table and (3.16) we find 
p= (1—y)~?. Thus, the DE 
x 
a og 
is exact whose solution is once again given by y = 1/(1 — cz). 
Example 3.5. For the DE 
(ay? + 2a°y? — y?) + (ay? + 2a°y — 22°)y’ = 0, 


we have 
M, — Nz ey 2 
yN —2M xy’ 


which is a function of xy. Hence, from the above table and (3.16) we find 
=x 7y~2e™. The resulting exact DE 


(yx +2—a27*)e™ + (14 2xy-) — 2y~*)e"y' = 0 
has a solution e™¥(z—! + 2y~!) =e. 
Next we shall prove an interesting result which enables us to find the 


solution of (3.1) provided it admits two linearly independent integrating 
factors. For this, we need the following lemma. 
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Lemma 3.3. Suppose (3.1) is exact and has an integrating factor 
p(x, y) (# constant), then p(x, y) =c is a solution of (3.1). 


Proof. In view of the hypothesis, condition (3.11) implies that Nu. = 
Mupy. Multiplying (3.1) by w,, we find 


dj 
Mpty + Nuyy’ = N(He + Hy’) = No = 0 


and this implies the lemma. a 


Theorem 3.4. If i(x,y) and po(z,y) are two integrating factors of 
(3.1) such that their ratio is not a constant, then p1(a,y) = ca(a,y) is a 
solution of (3.1). 


Proof. Clearly, the DEs (i) 4; M@+p1Ny’ = 0, and (ii) 2M +p2Ny’ = 0 
are exact. Multiplication of (ii) by 11/2 converts it to the exact equa- 
tion (i). Thus, the exact DE (ii) admits an integrating factor j41/p2 and 
Lemma 3.3 implies that j1;/y2 = c is a solution of (ii), i.e., of (3.1). | 


To illustrate the importance of Theorem 3.4, we consider the DE in 
Example 3.2. It has two integrating factors, w, = 2~?y~? and p2 = (1 — 
y) 7, which are obtained in Examples 3.2 and 3.4, respectively. Hence, its 
solution is given by (1—y)? = c?xy?, which is the same as the one obtained 
in Example 3.2, as it should be. 


We finish this lecture with the remark that, generally, integrating factors 
of (3.1) are obtained by “trial-and-error” methods. 


Problems 


3.1. Let the hypothesis of Theorem 3.1 be satisfied and the equation 
(3.1) be exact. Show that the solution of the DE (3.1) is given by 


x y 
/ M(s,y)ds+ | N(ao,t)dt = c. 


Yo 


3.2. Solve the following initial value problems: 
i) (3x?y + 8ry”) + (2? + 8a2y + 12y7)y’=0, y(2) =1. 
ii) (AaSe7 4 + tet tY 4+ 2x) + (xte7*¥ + 2y)y’=0, y(0) = 1. 
iii) (« —ycosx) —sinazy’ =0, y(m/2) =1. 
iv) (yet + 4y) + (we™ + 12ey? — 2y)y" =0, y(0) = 2. 


3.3. In the following DEs determine the constant a so that each equa- 
tion is exact, and solve the resulting DEs: 
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(i) (a3 + 3xy) + (ax? + 4y)y’ = 0. 
(ii) (a? + y~?) + (aa + 1)yy! = 0. 


3.4. The DE (e* sec y — tany) + y’ = 0 has an integrating factor of the 
form e~*” cosy for some constant a. Find a, and then solve the DE. 


3.5. The DE (4% + 3y”) + 2ryy’ = 0 has an integrating factor of the 
form x”, where n is a positive integer. Find n, and then solve the DE. 


3.6. Verify that (x? +y?)~! is an integrating factor of a DE of the form 
(y+af(x? + y?)) + (yf (x? + y?) — x)y’ = 0. Hence, solve the DE 


(y+ 2(a? + y?)?) + (y(a? + 97)? — a)y’ = 0. 


3.7. If p and q are functions of x, then the DE (py — qy") + y’ = 0 
admits an integrating factor of the form X(x)Y(y). Find the functions X 
and Y. 


3.8. Solve the following DEs for which the type of integrating factor 
has been indicated: 
i) (wy?) + 2xyy’=0 [x(2)]. 
ii) yt(y?—a)y’=0 [uy)]. 
iii) yta(1—3a7y?)y’=0 [u(ay)). 
iv) (3cyt+y?) + (3ay+2*)y’=0 [u(x+y)]. 
v) (@ta*4 Qe7y? + y4) + yy =0 [u(x? + y?)]. 
vi) (day + 3y*) + (2x? + 5xy*)y' =O [n(x™y”)]. 


3.9. By differentiating the equation 


[PA +m) 


= Cc 


with respect to x, verify that 2/(«y(g(xy) — h(xy))) is an integrating factor 
of the DE yg(xy) + xh(xy)y’ = 0. Hence, solve the DE 


(x?y* + vy + ly + (a*y? — cy + 1)ay’ = 0. 


3.10. Show the following: 
(i)  u(x,y) = c is the general solution of the DE (3.1) if and only if 
Muy = Nuz. 


(ii) The DE (3.1) has an integrating factor (M?+N?)~! if M, = N, and 
M, = —Nez. 
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Answers or Hints 


3.1. Begin with u, = N and obtain an analog of (3.7). 


3.2. (i) 22y+427y?+4y? = 28. (ii) ete? +4427? +y? = 1. (iii) c?-2ysine = 
(17/4) — 2. (iv) e?¥ + day? — y?+3=0. 


3.3. (i) 3/2, «4 +6x7y+8y? =c. (ii) -2, y? = x(2x —1)/[2(cex + 1)]. 
3.4. 1, sin-1((c— =x)e”). 

3.5. 2, a¢+2%y? =e. 

3.6. 4tan7!(a/y) + (a? +y?)? =c. 

3.7. exp ((1 —n) J pdz) pyre: 


3.8. (i) 277, yytale=ece. (ii) y 7, yYtoe=cy. (iii) (cy)3, y= 
cexp(—z~?y~?). (iv) (a+y), 2°yt+227y?+ay3 =c, e+y=0. (v) (#?+ 
y?)-?, (e+ 22)(2? + y*) =1. (vi) 2?y, ety? + 235y5 =e. 

3.9. cy + In(a/y) = c+ 1/(ay). 

3.10. (i) Note that uz + yyy’ = 0 and M+ Ny’ =0. (ii) Mz = N, and 


= : a M _ 2a N 
My = —Nz imply 5, (atte) = Ox (ate) : 


Lecture 4 


Elementary First-Order 
Equations 


Suppose in the DE of first order (3.1), M(#,y) = Xi(#)Yi(y) and 
N(a,y) = X2(x)Yo(y), so that it takes the form 


X1(x)Vi(y) + X2(a)Vo(y)y’ = 0. (4.1) 

If Yi(y)X2(x) 4 0 for all (x, y) € S, then (4.1) can be written as an exact DE 
Xi(t) | Yay), _ 

ate) * Hw)” = ° me 


in which the variables are separated. Such a DE (4.2) is said to be separable. 
The solution of this exact equation is given by 
xX Ys 
Us) a f Yaly) 
X2(2) Yi(y) 


Here both the integrals are indefinite and constants of integration have been 
absorbed in c. 


dy = ¢. (4.3) 


Equation (4.3) contains all the solutions of (4.1) for which Yi(y)X2(x) 4 
0. In fact, when we divide (4.1) by Y; X_ we might have lost some solutions, 
and the ones which are not in (4.3) for some c must be coupled with (4.3) 
to obtain all solutions of (4.1). 


Example 4.1. The DE in Example 3.2 may be written as 
1 i 6 
—~+—_y = 0, zy(l—y) # 0 
x yl—y) 


for which (4.3) gives the solution y = (1—cr)~+. Other possible solutions for 
which x(y—y”) = Oare x = 0, y = 0, and y = 1. However, the solution y = 1 
is already included in y = (1—cx)~! for c= 0, and x = 0 is not a solution, 
and hence all solutions of this DE are given by y = 0, y = (1 —cx)7!. 


A function f(x,y) defined in a domain D (an open connected set in IR”) 
is said to be homogeneous of degree k if for all real A and (x,y) € D 


f(rv, Ay) = A f(a, y). (4.4) 
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For example, the functions 3x? — xy — y?, sin(a?/(x? — y?)), (a4 + 
Ty), (1/a?) sin(a/y) + (x/y?)(Iny —Inw), and (6e¥/* /a?/3y!/3) are ho- 
mogeneous of degree 2, 0, 4/5, — 2, and —1, respectively. 


In (4.4) if A= 1/2, then it is the same as 


ak f (1, *) = f(x,y). (4.5) 


This implies that a homogeneous function of degree zero is a function of a 
single variable v (= y/2). 


The first-order DE (3.1) is said to be homogeneous if M(a,y) and 


N(a,y) are homogeneous functions of the same degree, say, n. If (3.1) is 
homogeneous, then in view of (4.5) it can be written as 


v'M (1,2) +2"N(1,2)y' = 0, (4.6) 
x xv 
In (4.6) we use the substitution y(x) = xv(x), to obtain 
z"(M(1,v) +vN(1,v))+a2"t'N(1,v)v’ = 0. (4.7) 


Equation (4.7) is separable and admits the integrating factor 


1 1 


E* a41(M(,v)+0N(,v) «tM (a,y) +yN (ay) as) 


provided cM + yN 40. 
The vanishing of <M + yN implies that (4.7) is simply 
ati N(1,v)v' = xN(z,y)v' = 0 


for which the integrating factor is 1/aN. Thus, in this case the general 
solution of (3.1) is given by y = cz. 


We summarize these results in the following theorem. 


Theorem 4.1. The homogeneous DE (4.6) can be transformed to a 
separable DE by the transformation y = xv which admits an integrating 
factor 1/(aM + yN) provided «M + yN 4 0. Further, if cM + yN = 0, 
then its integrating factor is 1/aN and it has y = cv as its general solution. 


Example 4.2. The DE 
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is homogeneous. The transformation y = xv simplifies this DE to xv’ = 
1+ v?. Thus, tan~'(y/x) = In |ca| is the general solution of the given DE. 
Alternatively, the integrating factor 


a+eyty? -1 re+y? st 
x 5 y — 
x x 


converts the given DE into the exact equation 


1 y x 


rc x? + y? ety 


sy 0 


whose general solution using (3.7) is given by —tan7!(y/r) + nz = ¢, 
which is the same as obtained earlier. 


Often, it is possible to introduce a new set of variables given by the 
equations 


Us o(z,y), v= w(z,y) (4.9) 


which convert a given DE (1.9) into a form that can be solved rather easily. 
Geometrically, relations (4.9) can be regarded as a mapping of a region in 
the xy-plane into the uv-plane. We wish to be able to solve these relations 
for x and y in terms of u and v. For this, we should assume that the mapping 
is one-to-one. In other words, we can assume that O(u, v)/O(x, y) 4 0 over a 
region in IR”, which implies that there is no functional relationship between 
u and v. Thus, if (uo, vo) is the image of (2, yo) under the transformation 
(4.9), then it can be uniquely solved for x and y in a neighborhood of the 
point (20, yo). This leads to the inverse transformation 


z= a(u,v), y = y(u,v). (4.10) 


The image of a curve in the xy-plane is a curve in the wv-plane; and the 
relation between slopes at the corresponding points of these curves is 


dv 
je Td (4.11) 
y Ag : 
a ey 


Relations (4.10) and (4.11) can be used to convert the DE (1.9) in terms of 
u and v, which hopefully can be solved explicitly. Finally, replacement of 
u and v in terms of x and y by using (4.9) leads to an implicit solution of 
the DE (1.9). 


Unfortunately, for a given nonlinear DE there is no way to predict a 
transformation which leads to a solution of (1.9). Finding such a trans- 
formation can only be learned by practice. We therefore illustrate this 
technique in the following examples. 
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Example 4.3. Consider the DE 
3x7 ye¥ + ee¥%(y+1)y’ = 0. 


3 


Setting u = x’, v = ye” we obtain 


d 
30 = M(y+1)— 


and this changes the given DE into the form v + u(dv/du) = 0 for which 
the solution is wv = c, equivalently, 2*yeY = c is the general solution of the 
given DE. 


We now consider the DE 
te he gpte 
y! = (2 1y =.) (4.12) 


agxt +> boy + C2 


in which aj, 61,¢1,@2,b2 and cp are constants. If c,; and cg are not both 
zero, then it can be converted to a homogeneous equation by means of the 
transformation 

e=uth, y=utk (4.13) 


where hf and k are the solutions of the system of simultaneous linear equa- 
tions 


ayh Tr bik rcd = 0 
agh an ie bok ro = 0, Coe) 
and the resulting homogeneous DE 
dv ayu+ byv 
ees pede cee 4.1 
du f (2 + se) a) 


can be solved easily. 


However, the system (4.14) can be solved for h and k provided A = 
a,b2 — agb, # 0. If A = 0, then a,x + by is proportional to agx + boy, and 
hence (4.12) is of the form 


y = flar+ By), (4.16) 


which can be solved easily by using the substitution ax + By = z. 
Example 4.4. Consider the DE 
a uy zrt+y-l1 : 
Uo le mae 
The straight lines h + k — 1 = 0 and h+ 2 = 0 intersect at (—2,3), and 
hence the transformation « = u—2, y= v+83 changes the given DE to the 


form 
dv _ 1 fut+uv : 
du —s«2 U , 
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which has the solution 2tan~!(v/u) = In|u| +c, and thus 


—3 
2tan-1 4? = In|x+ 2|+¢ 
x+2 


is the general solution of the given DE. 


Example 4.5. The DE 


suggests that we should use the substitution «+ y = z. This converts the 
given DE to the form (2z +4 1)z’ = z for which the solution is 2z + In|z| = 
utc, z # 0; or equivalently, e+2y+In |a+y| =c, e+y £0.Ifz = a+y =0, 
then the given DE is satisfied by the relation x + y = 0. Thus, all solutions 
of the given DE are x + 2y+In|~a+yl=c, r+y=0. 


Let f(x,y,a) = 0 and g(z,y, 3) = 0 be the equations of two families 
of curves, each dependent on one parameter. When each member of the 
second family cuts each member of the first family according to a definite 
law, any curve of either of the families is said to be a trajectory of the 
family. The most important case is that in which curves of the families 
intersect at a constant angle. The orthogonal trajectories of a given family 
of curves are the curves that cut the given family at right angles. The slopes 
y;, and y4 of the tangents to the curves of the family and to the sought 
for orthogonal trajectories must at each point satisfy the orthogonality 
condition yjy5 = —l. 


Example 4.6. For the family of parabolas y = ax, we have y’ = 2ax 
or y! = 2y/x. Thus, the DE of the desired orthogonal trajectories is y’ = 
—(a/2y). Separating the variables, we find 2yy’+ a = 0, and on integrating 
this DE we obtain the family of ellipses x? + 2y? = c. 


Problems 


4.1. Show that if (3.1) is both homogeneous and exact, and Ma + Ny 
is not a constant, then its general solution is given by Ma+ Ny =c. 


4.2. Show that if the DE (3.1) is homogeneous and M and N possess 
continuous partial derivatives in some domain D, then 
«M,+yMy, | M 
tN,+yNy, N° 


4.3. Solve the following DEs: 
(i) awsiny+(27+1)cosyy’ =0. 
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(ii) (a+ 2y—1)+3(@4 2y)y’ = 0. 
(iii) xy! — y = aed¥/*. 

(iv) ay’ —y=axsin[(y — x) /2]. 

(vy) y =(@+y4+1)? -2. 

(vi) y’ = (8a—y—5)/(—a+ 3y+7). 


4.4. Use the given transformation to solve the following DEs: 


i) 32° —y(y?—-23)y =0, u=23, v=y?". 


li) Qa+y)+(e+5y)y =0, u=ax-y, v=242y. 
iii) (w+ 2y)+ (y—2x)y’=0, x=rcosé, y=rsing. 
iv) (227 + 3y? —7)x — (3x7 + 2y? — 8)yy’ =0, u=27, v=y?. 


4.5. Show that the transformation y(#) = xv(x) converts the DE 
y” f(x) + g(y/z)(y — ry’) = 0 into a separable equation. 


4.6. Show that the change of variable y = x”"v in the DE y’ = 
x”! f(y/ax”) leads to a separable equation. Hence, solve the DE 


ay’ = 2y(2? — y). 


4.7. Show that the introduction of polar coordinates x = rcos@, y = 
rsin@ leads to separation of variables in a homogeneous DE y/ = f(y/z). 
Hence, solve the DE 


; ax + by 
x — ay 
4.8. Solve 
Ne ee 
xt ay 


by making the substitution y = vx” for an appropriate n. 


4.9. Show that the families of parabolas y? = 2cr + c?, 2? = 4a(y+a) 
are self-orthogonal. 


4.10. Show that the circles x?+y? = pz intersect the circles 27+ y? = qy 
at right angles. 


*4,11. Show that if the functions f, fz, fy, and fry are continuous on 
some region D in the xy-plane, f is never zero on D, and f fry = fe fy on 
D, then the DE (1.9) is separable. The requirement f(z, y) 4 0 is essential, 
for this consider the function 


rey, y <0 
Cy) = 
f(y) xe’, y>0. 
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Answers or Hints 


4.1. First use Theorem 4.1 and then Lemma 3.3. 
4.2. Use Theorem 4.1. 


4.3. (i) (x?+1)sin?y =c. (ii) e+ 3yte= 3ln(x+2y+2), r+2y+2=0. 
(iii) exp(—y/x) + In|z| = c, « #0. (iv) tan(y — x)/2% = cx, « F 0. 
(v) (2 +yt+1)(1 — ce?”) =1+ ce”. (vi) (ex t+y+1)(y-2+3)=c. 


4.4. (i) (y?-223)(y?+23)? =c. (ii) 22?+2ry+5y? =c. (iii) fr? + y? = 
cexp(2tan-1y/z). (iv) (x? — y? -1)° = e(a? + y? — 3). 


4.5. The given DE is reduced to v"x" f(x) = xg(v)v’. 
4.6. y(2In|z|+c)=2?, y=0. 
4.7. \/a? + y? = cexp (2 tan! 4). 


4.8. yey = cx. 


4.9. For y? = 2cr +c’, y’ = c/y and hence the DE for the orthogonal 
trajectories is y’ = —y/c, but it can be shown that it is the same as y/ = c/y. 


4.10. For the given families y’ = (y? — 27)/2zry and y! = 2xry/(x? — y’), 
respectively. 


Lecture 5 


First-Order Linear Equations 


Let in the DE (3.1) the functions M and N be pi(x)y—r(x) and po(z), 
respectively, then it becomes 
po(a)y' + pi(x)y = r(2), (5.1) 


which is a first-order linear DE. In (5.1) we shall assume that the func- 
tions po(x), pi(%), r(x) are continuous and po(x) # 0 in J. With these 
assumptions the DE (5.1) can be written as 


y +p(x)y = q(x), (5.2) 


where p(x) = pi(x)/po(x) and q(x) = r(x) /po(a#) are continuous functions 
in J. 


The corresponding homogeneous equation 


y' +p(x)y = 0 (5.3) 


obtained by taking q(x) = 0 in (5.2) can be solved by separating the vari- 
ables, i-e., (1/y)y’ + p(x) = 0, and now integrating it to obtain 


go weep (- / ; pleat). (5.4) 


In dividing (5.3) by y we have lost the solution y(x) = 0, which is called the 
trivial solution (for a linear homogeneous DE y(x) = 0 is always a solution). 
However, it is included in (5.4) with c= 0. 


If xo € J, then the function 


u(e) = wexn(— f nteat) (5.5) 
xo 
clearly satisfies the DE (5.3) in J and passes through the point (20, yo). 
Thus, it is the solution of the initial value problem (5.3), (1.10). 


To find the solution of the DE (5.2) we shall use the method of variation 
of parameters due to Lagrange. In (5.4) we assume that c is a function of 
x, 1.€., 


ule) = e(a)exp (=f ptoar) (5.6) 


R.P. Agarwal and D. O’Regan, An Introduction to Ordinary Differential Equations, 28 
doi: 10.1007/978-0-387-71276-5_5, © Springer Science + Business Media, LLC 2008 
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and search for c(x) so that (5.6) becomes a solution of the DE (5.2). For 
this, substituting (5.6) into (5.2), we find 


e(eyexr (=f piejar) c(e)pte)exn (— f vioat) 


+elep(a)exp(— [ r(tiae) = aa), 
which is the same as 
JGy = 4@hesp ( if : v(t) (5.7) 


Integrating (5.7), we obtain the required function 


eee / "dae ( i: o(s)ds) dt. 


Now substituting this c(x) in (5.6), we find the solution of (5.2) as 


y(x) = c,exp (- / : v(t) ts i: ore (- : v(s)ds) dt. (5.8) 


This solution y(x) is of the form c;u(a) + v(x). It is to be noted that 
cju(x) is the general solution of (5.3) and v(x) is a particular solution 
of (5.2). Hence, the general solution of (5.2) is obtained by adding any 
particular solution of (5.2) to the general solution of (5.3). 


From (5.8) the solution of the initial value problem (5.2), (1.10) where 
Xo € J is easily obtained as 


ea eines (- | p(t) % i seep (- | : v(s)ds) dt. (5.9) 


This solution in the particular case when p(x) = p and q(x) = q simply 
reduces to 


y(x) = (w a 1) e7Pe=t0). 4.8, 
P Pp 


Example 5.1. Consider the initial value problem 
zy —4y+2e7+4 = 0, 240, y(1)=1. (5.10) 


Since zo = 1, yo = 1, p(x) = —4/ax and q(x) = —2x — 4/z, from (5.9) the 
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solution of (5.10) can be written as 


x 4 x zx 
y(z) = exp (| at) +f (-2 — ) exp «) is) dt 
1 ¢ 1 t 
x 4 
= x4 +f (-2- *) “dt 
1 it 
= gt+nt (5+4-2) = —gt4+ey741. 


Alternatively, instead of using (5.9), we can find the solution of (5.10) as 
follows. For the corresponding homogeneous DE y’—(4/x)y = 0 the general 
solution is cx+, and a particular solution of the DE (5.10) is 


/ (-2- 2) ex (/ as) di = 2*+1, 
t 1 8 


and hence the general solution of the DE (5.10) is y(x) = cx*+a?+1. Now in 
order to satisfy the initial condition y(1) = 1 it is necessary that 1 = c+1+1, 
or c=—1. The solution of (5.10) is therefore y(x) = —xz* + 2? +1. 


Suppose y;(x) and yo(a) are two particular solutions of (5.2), then 


yi (z) —yg(@) = —p(x)yi(x) + a(x) + p(x) y2(x) — g(z) 
= —p(x)(yi(x) — ye(z)), 


which implies that y(x) = yi(x) — yo(x) is a solution of (5.3). Thus, if two 
particular solutions of (5.2) are known, then y() = c(y1(x) — yo(x)) +y1(x) 
as well as y(x) = c(y1(x) — yo(x)) + yo(x) represents the general solution of 
(5.2). For example, x+1/z and x are two solutions of the DE zy’ + y = 2a 
and y(«) = c/x% + 2 is its general solution. 


The DE (af(y) + g(y))y’ = h(y) may not be integrable as it is, but if 
the roles of « and y are interchanged, then it can be written as 


which is a linear DE in x and can be solved by the preceding procedure. 
In fact, the solutions of (1.9) and dx/dy = 1/f(x,y) determine the same 
curve in a region in IR? provided the function f is defined, continuous, 
and nonzero. For this, if y = y(x) is a solution of (1.9) in J and y/(a) = 
f(x, y(x)) # 0, then y(x) is monotonic function in J and hence has an 
inverse x = x(y). This function « is such that 
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Example 5.2. The DE 


a 
(V2) 


/ 


Yy = 
can be written as dx/dy + x = e-¥ which can be solved to obtain x = 
é. Uy be). 


Certain nonlinear first-order DEs can be reduced to linear equations by 
an appropriate change of variables. For example, it is always possible for 
the Bernoulli equation 


po(x)y' + pi(x)y = r(x)y", n#0,1. (5.11) 


In (5.11), n = 0 and 1 are excluded because in these cases this equation is 
obviously linear. 


The equation (5.11) is equivalent to the DE 
po(x)y~"y! + pr(z)y'—" = (2) (5.12) 


and now the substitution v = y!~” leads to the first-order linear DE 


1 
ae | Pola yu" +pi(x)v = r(a). (5.13) 
Example 5.3. The DE zy’ +y = «?y?, x # 0 can be written as 
ry *y’ +y ' = 27. The substitution v = y~* converts this DE into —xv! + 
v = x”, which can be solved to get v = (ec — x)a, and hence the general 
solution of the given DE is y(x) = (cx — x?)71. 


As we have remarked in Lecture 2, we shall show that if one solution 
yi(x) of the Riccati equation (2.14) is known, then the substitution y = 
yi + 2! converts it into a first-order linear DE in z. Indeed, we have 


i ite 1 
Yi- sz = P(e) (u + -) + q(2) (u + -) + r(z) 
2y 1 1 
= (wlwt + alan +r(e) + ve) (74 + 5) + ale)s 
and hence 
1, ih 1 
sat = (2p(z)m + a(2))> + ple) 5, 
which is the first-order linear DE 
z' + (2p(a)y1 + g(x))z+ plz) = 0. (5.14) 


Example 5.4. It is easy to verify that y, = x is a particular solution of 
the Riccati equation y! = 1+ 27 — 2ry + y?. The substitution y = 2+ 271 
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converts this DE to the first-order linear DE z’ + 1 = 0, whose general 
solution is z = (c— 2), « # c. Thus, the general solution of the given 
Riccati equation is y(x) =a+1/(c—2), wc. 


In many physical problems the nonhomogeneous term q(x) in (5.2) is 
specified by different formulas in different intervals. This is often the case 
when (5.2) is considered as an input-output relation, i.e., the function q(x) 
is an input and the solution y(x) is an output corresponding to the input 
q(x). Usually, in such situations the solution y(a) is not defined at certain 
points, so that it is not continuous throughout the interval of interest. To 
understand such a case, for simplicity, we consider the initial value problem 
(5.2), (1.10) in the interval [79,22], where the function p(x) is continuous, 
and 

(2) q(x), t<"<2% 
g(x), 1 <u <2. 


We assume that the functions q(x) and q2(x) are continuous in the intervals 
[vo, 1) and (21, 22], respectively. With these assumptions the “solution” 
y(x) of (5.2), (1.10) in view of (5.9) can be written as 


yi (x) = Yo exp (-[ p(vat) “ts [aw exp (- i: v(s)ds) dt, 


T<Ur< ay 


y2(x) = cexp fae p(t) a [aw exp (- ie v(s)ds) dt, 


Uy <U< 2X. 


y(x) = 


Clearly, at the point x; we cannot say much about the solution y(z), 
it may not even be defined. However, if the limits The ee yi(z) and 


lim,,_..+ y2(@) exist (which are guaranteed if both the functions q;(#) and 
1 
g2(x) are bounded at x = 71), then the relation 


lim yi(z) = lim, yo(z) (5.15) 


LL, LX, 


determines the constant c, so that the solution y(a) is continuous on [%9, £2]. 


Example 5.5. Consider the initial value problem 


4 

, 4 27 —=, xe [1,2) 

om ar . 5.16 
‘4 a2, «x € (2,4 (5.16) 

y(1) = 1. 


In view of Example 5.1 the solution of (5.16) can be written as 
—a*+a27+1, xe [1,2) 
y(x) = ie 3 


—+—- 2,4). 
cig ta xv’, «x € (2,4) 
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Now the relation (5.15) gives c = —11. Thus, the continuous solution of 
(5.16) is 
gt+a@%+1, 2x € (1,2) 
Dz = 
ule) — Sat = 08, x € (2,4). 


Clearly, this solution is not differentiable at x = 2. 


Problems 


5.1. Show that the DE (5.2) admits an integrating factor which is a 
function of x alone. Use this to obtain its general solution. 


5.2. (Principle of Superposition). If yi(a#) and yo(«) are solutions of 
y' + p(x)y = gi(x), i= 1,2, respectively, then show that cyyi(x) + coye(z) 
is a solution of the DE y’ + p(x)y = ciqi(x) + ceqa(x), where c, and cy are 
constants. 


5.3. Find the general solution of the following DEs: 
(i) yy’ — (cot x)y = 2x sina. 
(ii) y tytata?+22=0. 
( 
( 


iii) (y? —1) + 2(@—y(1+y)?)y' = 0. 
iv) (1+y?) = (tan7*y—a)y’. 


5.4. Solve the following initial value problems: 


; Roca a Akg. OSES es 

(i) y'+2y= { 04s » y(0) =0. 

as Pap. fay — — 2, 0 = = Ss | 
(ii) y’+p(xz)y=0, y(0) =1, where p(x) = { 1 aS. 


5.5. Let g(x) be continuous in [0,00) and lim,_,.. q(x) = L. For the 
DE 7 + ay = q(a), show the following: 


(i) Ifa-> 0, every solution approaches L/a as x — ov. 


(ii) Ifa <0, there is one and only one solution which approaches L/a as 
L— OO. 


5.6. Let y(x) be the solution of the initial value problem (5.2), (1.10) 
in [a#p,00), and let z(x) be a continuously differentiable function in [20, co) 
such that 2’ + p(x)z < q(x), z(ao) < yo. Show that z(x) < y(«) for all x in 
[x9, 00). In particular, for the problem y’ + y = cosa, y(0) = 1 verify that 
2e-* —1 < y(x) <1, x € [0, 00). 


5.7. Find the general solution of the following nonlinear DEs: 
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(i) 2(1+ y°) + 8ay?y’ = 0. 
(ii) yta(lt+ay*)y’ =0. 
(iti) (1—2?)y’ + y? -1=0. 
(iv) y!—e-*y? -y-e® =0. 


*5.8. Let the functions po, p1, and r be continuous in J = [a, (] such 
that po(@) = po(() = 0, po(2) > 0, LE (a, 8), pi(2) > 0, LE J, and 


ate B 
i de a) a =o, 0<e<f-a. 
a po(«) B-e po(x) 


Show that all solutions of the DE (5.1) which exist in (a, @) converge to 
r(B)/p1(B) as « > GB. Further, show that one of these solutions converges 
to r(a)/pi(a) as > a, while all other solutions converge to oo, or —0o 


Answers or Hints 


5.1. Since M = p(x)y — q(x), N =1, [(M, — Nz)/N] = p(x), and hence 
the integrating factor is exp([” p(t)dt). 


5.2. Use the definition of a solution. 


5.3. (i) csina+a7sinz. (ii) ce~*—23+2a2?—-5a+5. (iii) e(y—1)/(y+1) = 
y2+ce. (iv) c= tan-by—1+ce— te "Y, 


1(1 — e-2) 0<2x<1l wae. O0<a<l 
. pom 2 2 —_ — bat = 
5.4. (i) y(z) = { 12 _1)e-8, a> 1 (ii) y(z) 1 (e43), eS 1 


5.5. (i) In y(x) = y(ro)e~*@-*) + [ es e“'q(t)dt]/e%” take the limit « 
oo. (ii) In y(x) = e7* [y(eo)e feo fT erga fem q(t)at] choose 


x 


y(ao) so that y(ap)e%”? + \ere “q(t)dt = 0 (limz 0 g(r) = L). Now in 
y(x) = —[ f° e%*q(t)dt]/e%* take a limit 2 — oo. 

5.6. There exists a continuous function r(x) > 0 such that 2’ + p(x)z = 
q(x) — r(x), z(ao) < yo. Thus, for the function (7) = y(x) — z(x), ¢’ + 
P(x) = r(x) 2 0, O(20) = yo — 2(%0) = 0. 


5.7. (i) 22(1+y) =c. (ii) zy* = 3(1+cry), y=0. (iii) (y—1)(1 +2) = 
c(1—a)(1+y). (iv) e” tan(a +c). 


Lecture 6 


Second-Order Linear Equations 


Consider the homogeneous linear second-order DE with variable coeffi- 
cients 
po(x)y" + pi(x)y! + pa(x)y = 0, (6.1) 
where po(x) (> 0), pi (a) and p2(a) are continuous in J. There does not exist 
any method to solve it except in a few rather restrictive cases. However, 
the results below follow immediately from the general theory of first-order 
linear systems, which we shall present in later lectures. 


Theorem 6.1. There exist exactly two solutions y;(x) and yo(a) of 
(6.1) which are linearly independent (essentially different) in J; i.e., there 
does not exist a constant c such that y1(x) = cy2(x) for all x € J. 


Theorem 6.2. Two solutions y;(x) and ye(x) of (6.1) are linearly 
independent in J if and only if their Wronskian defined by 


We) = Wvnsed(a) = | ME) IE | = mcenus(a) — nolan 


(6.2) 
is different from zero for some x = Zo in J. 


Theorem 6.3. For the Wronskian defined in (6.2) the following Abel’s 
identity (also known as the Ostrogradsky—Liouville formula) holds: 


W(x) = W(2o) exp (- ih palt) ar) , aed. (6.3) 


> Po(t) 
Thus, if the Wronskian is zero at some Xo € J, then it is zero for all x € J. 


Theorem 6.4. If yi(z) and yo(z) are solutions of (6.1) and c, and c2 
are arbitrary constants, then ciy1(x) + c2y2(x) is also a solution of (6.1). 
Further, if y;(2) and y2(x) are linearly independent, then any solution y() 
of (6.1) can be written as y(x) = Ciyi(x) + Coyo(x), where ¢, and @ are 
suitable constants. 


Now we shall show that, if one solution y;(#) of (6.1) is known (by 
some clever method), then we can employ variation of parameters to find 
the second solution of (6.1). For this we let y(x) = u(x)yi(x) and substitute 
this in (6.1) to get 


po(uyr)” + pi(uyr)’ + po(uyr) = 9, 
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or 
pow'yi + 2pou'y, + pouy! + pru'y, + pruy, + pouyr = 0, 


or 


pou" yr + (2poy, + piy)u’ + (poy! +piy, + payi)u = 0. 


However, since y; is a solution of (6.1), the above equation with v = wu’ is 
the same as 
poyiv’ + (2poy, + piyn)v = 9, (6.4) 


which is a first-order equation, and it can be solved easily provided y; 4 0 
in J. Indeed, multiplying (6.4) by yi /po, we get 


(yzu! + 2y)yiv) + matt = 0, 


which is the same as a 
(yiv)! + pp ei”) = 0 


and hence 


Hence, the second solution of (6.1) is 


yo(r) = yr(2) a 20 exp ( [ me as) dt. (6.5) 


Example 6.1. It is easy to verify that y:(x) = 2? is a solution of 
the DE 


gy” —Qry' +2y = 0, «40. 


For the second solution we use (6.5), to obtain 


ail ff 2 v1 
yo(x) = a ex ( x =r) as) at = 2 f atdt = —@. 


Now we shall find a particular solution of the nonhomogeneous equation 


po(a)y” + pi(x)y’ + po(x)y = r(a). (6.6) 


For this also we shall apply the method of variation of parameters. Let 
yi(a) and yo(x) be two solutions of (6.1). We assume y(x) = cy(«)y1 (a) + 
C2(x)y2(x) is a solution of (6.6). Note that c1(a) and co(x) are two unknown 
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functions, so we can have two sets of conditions which determine c;(x) and 
C2(x). Since 
yo = cry + cays + cys + coye 


as a first condition, we assume that 
yi t+ coy. = 0. (6.7) 
Thus, we have 
yo = cry + cry) 
and on differentiation 


a 


y” = cry + cays + chy, + coyd- 


Substituting these in (6.6), we find 


ci (poy + pry, + poyi) + c2(poys + piys + poy2) + polcyy, + coys) = r(z). 


Clearly, this equation in view of the fact that y:(2) and y2(x) are solutions 
of (6.1) is the same as 


sos a en r(x) 
CY, + O4Yo = ae) (6.8) 
Solving (6.7), (6.8) we find 
2 welayr(a)fpola) 4 _ yala)r(a) pola) 
: | yi(a)  yo(ax) |’ | yi(z)  Yy2(z) } 
yi(x)  -y3(z) yi(x)  -y3(z) 


Yp(z) = c1(x)yi (x) + co(x)yo(x 


8 cay fi walter) oot) vy [alte t)/polt) 
= -no) | nig wo * MOF Enc nt 
yi(t)  ys(t) y(t) yo(t) 
Pp r(t) 
- NS ay 
(6.9) 
a (t) w(t) (it) w(t) 
= Y1 Y2 Y1 Y2 
Bees |e oe ee) 


The general solution of (6.6) which is obtained by adding this particular 
solution with the general solution of (6.1) appears as 


y(x) = crys(a) + caye(x) + Yp(2). (6.11) 
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The following properties of the function H(x,t) are immediate: 
(i) HAH (a, t) is defined for all (#,t) € J x J; 
(ii) OF H(2x,t)/OxI, 7 =0,1,2 are continuous for all (x,t) € J x J; 


(iii) for each fixed t € J the function z(x) = H(a,t) is a solution of the 
homogeneous DE (6.1) satisfying z(t) = 0, 2’(t) = 1; and 


(iv) the function 


v(x“) = i. H(a,t) “ dt 


Pol 


is a particular solution of the nonhomogeneous DE (6.6) satisfying y(xo) = 
y' (wo) = 0. 


Example 6.2. Consider the DE 
y'+y = cote. 


For the corresponding homogeneous DE y” + y = 0, sina and cos are the 
solutions. Thus, its general solution can be written as 


sint cost 
(2) i . , “| sinx cosx | cost 
y(z) = c,cosx+cgsing 4 - : 
sint cost sint 


cost —sint 
cost 


x 
= c,cosx+cosinz — (sin t cos x — sin a cos t) ——dt 
sin 
: " : ® cos? t 
= c, cosx+cosinz —cosxz costdt + sin x —— dt 
sint 
: . . *1—sin?t 
= c, cosx+cysinx —cosxsinx+sinx wen ee 
sin 


x x 
= cose + epsing ~ cos.rsine ~ sine f sintdt + sina [ anit 
sin 


* cosec t(cosec t — cot t) 


dt 
(cosec t — cot t) 


= 6 cose tepsing +sine f 


= cycosx + cgsinx + sina In[cosec x — cot a]. 


From the general theory of first-order linear systems, which we shall 
present in later lectures, it also follows that if the functions po(x) (> 0), 
pi(x), po(x), and r(x) are continuous on J and xo € J, then the initial 
value problem: (6.6) together with the initial conditions 


y(xo) = yo, y (to) = (6.12) 


has a unique solution. 
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Now we shall show that second-order DEs with constant coefficients can 
be solved explicitly. In fact, to find the solution of the equation 


y’ +ay' +by = 0, (6.13) 


where a and 6b are constants, as a first step we look back at the equation 
y’ + ay = 0 (a is a constant) for which all solutions are multiples of y = 
e~**, Thus, for (6.13) also some form of exponential function would be a 
reasonable choice and would utilize the property that the differentiation of 
an exponential function e’” always yields a constant multiplied by e”” 


Thus, we try y = e”” and find the value(s) of r. For this, we have 
r7e’® + are’ + be" = (r?+ar+bje™ = 0, 


which gives 
r?tar+b = 0. (6.14) 


Hence, e’™ is a solution of (6.13) ifr is a solution of (6.14). Equation (6.14) 
is called the characteristic equation. For the roots of (6.14) we have the 
following three cases: 


1. Distinct real roots. If 7, and rg are real and distinct roots of 
(6.14), then e"!* and e”2” are two solutions of (6.13) and its general solution 
can be written as 


Tir 


yla) = eye ee 


In the particular case when 71 = r, re = —r (then the DE (6.13) is y” — 
ry = 0) we have 


A+B A-B 
yz) = cae” +oae" = = ev + e'” 
2 2 
ev + e '* e’* = e '* : 
= a( 5 ) B( 5 ) = Acoshrx+ Bsinhrza. 


2. Repeated real roots. If7r,; = ro =r is a repeated root of 
6.14), then e’* is a solution. To find the second solution, we let y(x) = 
u(ax)e"™® and substitute it in (6.13), to get 


e* (ul + ru! + r2u) + ae™(u' + ru) + bue™® = 0, 


ul" + (2r+a)u' + (r?+ar+bju =u" +(2r+a)u’ = 0. 


Now since r is a repeated root of (6.14) it follows that 2r+a = 0 and hence 
"=0, ie, u(x) = c, + cox. Thus, 


y(x) = (cr +egr)e™ = ce + core" 
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Hence, the second solution of (6.13) is re". 


3. Complex conjugate roots. Let ry = w+iv and rz = p—iv 
where 7 = /—1, so that 


elttiv)e _ eH® (cos va + isinvz). 
Since for the DE (6.13) real part, i.e., e“” cos vx and the complex part, i-e., 
e#* sin vax both are solutions, the general solution of (6.13) can be written 


as 


y(x) = cye"* cosva + coe sin va. 
In the particular case when r1 = iv and rg = —iv (then the DE (6.13) is 
y” +vy = 0) we have y(x) = c, cosvx + cosine. 


Finally, in this lecture we shall find the solution of the Cauchy—Euler 
equation 


xy" +ary’+by = 0, «>0. (6.15) 
We assume y(x) = x” to obtain 
z?m(m — 1)a™? + aamae™ 1 +b2™ = 0, 
or 
m(m—1)+an+b = 0. (6.16) 


This is the characteristic equation for (6.15), and as earlier for (6.14) the 
nature of its roots determines the solution: 

Real, distinct roots m, 4 mg: y(x) = c.a™ 4+ ceuv™, 

Real, repeated roots m =m, = ma: y(“) = a2™ + ca(Ina)a™, 

Complex conjugate roots my = wtiv, m2 = wp-—iv: y(#) = 
cz" cos(v In x) + cor" sin(v In z). 


In the particular case 


gy" +ay'—dMy = 0, z>0, ADO (6.17) 
the characteristic equation is m(m —1) +m — A? = 0, or m? — \? = 0. The 
roots are m = +A and hence the solution of (6.17) appears as 

y(z) = cya*+ cor. (6.18) 
Problems 


6.1. Let yi (x), yo(x), y3(x) and A(x) be differentiable functions in J. 
Show that for all x € J, 
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(i) Wy, ¥2 + ys)(@) = W(yr, y2)(@) + Wy, ys) (2); 
(ii) W(Ayi, Ay2)(2) = A*(2)W(y1, y2)(2); 
(ii) W(yi, Ayi)(@) = A'(x)y7 (2). 

6.2. Show that the functions y;(x) = c (¢ 0) and yo(x) = 1/2? satisfy 
the nonlinear DE y” + 3zryy’ = 0 in (0,00), but y:(x) + ye(x) does not 
satisfy the given DE. (This shows that Theorem 6.4 holds good only for the 
linear equations.) 


6.3. Given the solution y;(x), find the second solution of the follow- 
ing DEs: 
(i) (a? —a)y"+8x—-1)y'+y=0 (40,1), m(e)=(e-1)-. 
(ii) x(@ — 2)y" + 2(a—ly'-2y = 0 (&#0,2), m(x)= (1-2). 
(iii) zy” —y! —4a8y=0 (240), yr(x) = exp(x’). 
(iv) (1—2*)y" —2ay'+2y=0 (|2)<1), mlx)= 


x. 
6.4. The differential equation 
ry! —(x@+n)y!+ny = 0 


is interesting because it has an exponential solution and a polynomial so- 
lution. 

(i) Verify that one solution is y (a) = e”. 

(ii) Show that the second solution has the form yo(x) = ce” [* t”e~'dt. 
Further, show that with c= —1/nl, 


Note that yo(a) is the first +1 terms of the Taylor series about x = 0 for 
e”, that is, for yi(z). 


6.5. For the differential equation 
y+ d(ay’+y) = 9, 
verify that y; (x) = exp(—dx?/2) is one solution. Find its second solution. 


6.6. Let yi(x) 4 0 and yo(x) be two linearly independent solutions of 
the DE (6.1). Show that y(a) = yo(x)/yi() is a nonconstant solution of 
the DE 


nto" + (24 (0) + Ba) y =o. 


6.7. Let yi(a) and yo(x) be solutions of the DE 


y" + pi(x)y’ + po(x)y = 0 (6.19) 


42 Lecture 6 


in J. Show the following: 
(i) = If yi(x) and y2(x) vanish at the same point in J, then yi(x) is a 
constant multiple of yo(x). 
(ii) If yi(a) and yo(x) have maxima or minima at the same point in 
the open interval J, then yi(a) and y2(x) are not the linearly independent 
solutions. 
(iii) If W(y1, y2)(%) is independent of x, then p(x) = 0 for all  € J. 
(iv) If yi(a) and yo(x) are linearly independent, then y (x) and yo2(x) 
cannot have a common point of inflexion in J unless p;(x) and p2(a) vanish 
simultaneously there. 
(v) If W(y1, y2)(a*) = yi(x*) = 0, then either y;(2) = 0 for all x € J, or 
yo(x) = (yo(a*)/yi (a) )yr (a). 

6.8. Let yi(z) and yo(x) be linearly independent solutions of (6.19), 
and W() be their Wronskian. Show that 


" Y = es vi di 4 
yi + prla)y’ + pola)y = yi dx \Wda \y J /)~ 


6.9. Show that the DE (6.1) can be transformed into a first-order 
nonlinear DE by means of a change of dependent variable 


y = exp (f F(u(eat). 


where f(x) is any nonvanishing differentiable function. In particular, if 
f(x) = po(x), then show that (6.1) reduces to the Riccati equation, 


2, Pola) pila), pala) 
sl ae eee 


= 0. (6.20) 


6.10. If wi(a) and w(x) are two different solutions of the DE (6.20) 
with po(x) = 1, ie., 
w+ w+ pi(x)w + po(x) = 0, (6.21) 


then show that its general solution w(a) is given by 


UA) TON (f wo ~ w,(t))at) argh 


w(x) — ws(2) wi (2) — w(x) 
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6.11. Find the general solution of the following homogeneous DEs: 
(Gi) y+ 7y’ + 10y = 0. 
(ii) y” — 8y’ + 16y = 0. 
(iii) y” + 2y’ + 3y = 0. 


6.12. Find the general solution of the following nonhomogeneous DEs: 


(i) y” +4y =sin 2a. 
(ii) yo” +4y’ + 3y=e7*. 
Aa 


(iii) y” + 5y’ + 4y = e7 


6.13. Show that if the real parts of all solutions of (6.14) are negative, 
then limz—.. y(x) = 0 for every solution of (6.13). 


6.14. Show that the solution of the initial value problem 
y" -—Ar+P\)y¥+r7y = 0, y0) = 90, (0) =1 
can be written as 


rn [etr+8+VBGrHaIe — olrt8— VARA) 
2,/B(2r + B) 


Further, show that limg—o yg(x) = xe”. 


6.15. Verify that y;(”) = x and y2(x) = 1/2 are solutions of 


3, 


gy” + ay’ —ay = 0. 
Use this information and the variation of parameters method to find the 
general solution of 


gy +a7y'—asy = «/(1+2). 


Answers or Hints 


6.1. Use the definition of Wronskian. 
6.2. Verify directly. 


6.3. (i) Ina/(a—1). (ii) (1/2)(1—2) In[(a—2)/ax]—1. (iii) e7?, (iv) (a/2)x 
Inf + 2)/(1 —2)] -1. 


6.4. (i) Verify directly. (ii) Use (6.5). 
6.5. ¢78e"/2 ie et? /2 a, 
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6.6. Use yo(x) = yi(x)y(x) and the fact that y1(2) and y2(z) are solutions. 


6.7. (i) Use Abel’s identity. (ii) If both attain maxima or minima at 2, 
then $/(x0) = $4(a0) = 0. (ili) Use Abel’s identity. (iv) If zo is a common 
point of inflexion, then ¢/(z%o) = ¢$(ao) = 0. (v) W(a*) = 0 implies 
o(x) = chi(x). If d}(a*) = 0, then ¢1(x) = 0, and if ¢{(a*) 4 0 then 
c= 64(0")/44(2*). 

6.8. Directly show right-hand side is the same as left-hand side. 

6.9. Verify directly. 


6.10. Use the substitution w = z+ wy to obtain z’+(2w1+pi(x))z+2? = 0, 
which is a Bernoulli equation whose multiplier is 2~? exp(— [* (2ui+p1)dt). 
Hence, if w; is a solution of (6.21), then its integrating factor is (w — 
wi)? exp(— f” (2ui + pi)dt). Now use Theorem 3.4. 


6.11. (i) ce7?* + cge—**. (ii) (C1 + eor)e*”. (iii) cre~* cos V2 + cpe7* x 


sin /2z. 


6.12. (i) c1 cos 2x + cosin 2x — $x cos2x. (ii) cye~* + cge73* — sue 32 
(iii) cre-? + me * — Bee; 


6.13. Use explicit forms of the solution. 


6.14. Note that /G(8+2r) -0as 6-0. 
6.15. cx + (c2/x) + (1/2)[(a — (1/x)) In(1 4+ wv) — e@lna - 1]. 


Lecture 7 


Preliminaries to Existence and 
Uniqueness of Solutions 


So far, mostly we have engaged ourselves in solving DEs, tacitly assum- 
ing that there always exists a solution. However, the theory of existence 
and uniqueness of solutions of the initial value problems is quite complex. 
We begin to develop this theory for the initial value problem 


y = f(a,y), y(zo) = wo, (7.1) 


where f(x,y) will be assumed to be continuous in a domain D containing 
the point (xo, yo). By a solution of (7.1) in an interval J containing xo, we 
mean a function y(x) satisfying (i) y(ao) = yo, (ii) y'(x) exists for all x € J, 
(iii) for all x € J the points (a, y(x)) € D, and (iv) y/(x) = f(x, y(a)) for 
all x € J. 


For the initial value problem (7.1) later we shall prove that the continu- 
ity of the function f(z, y) alone is sufficient for the existence of at least one 
solution in a sufficiently small neighborhood of the point (xo, yo). However, 
if f(x,y) is not continuous, then the nature of the solutions of (7.1) is quite 
arbitrary. For example, the initial value problem 


y= 2-1), 40) = 0 


has no solution, while the problem 


y= =(y-1), 90) =1 


has an infinite number of solutions y(a) = 1 + cx”, where c is an arbitrary 
constant. 


The use of integral equations to establish existence theorems is a stan- 
dard device in the theory of DEs. It owes its efficiency to the smoothening 
properties of integration as contrasted with coarsening properties of differ- 
entiation. If two functions are close enough, their integrals must be close 
enough, whereas their derivatives may be far apart and may not even exist. 
We shall need the following result to prove the existence, uniqueness, and 
several other properties of the solutions of the initial value problem (7.1). 
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Theorem 7.1. Let f(x,y) be continuous in the domain D, then any 
solution of (7.1) is also a solution of the integral equation 


viz) = w+ f " F(tsy(t))at (7.2) 


and conversely. 


Proof. Any solution y(x) of the DE y’ = f(x,y) converts it into an 
identity in a, ie., y/(x) = f(a, y(x)). An integration of this equality yields 


y(x) — y(zo) = a f(t, y(t))dt. 


Conversely, if y(x) is any solution of (7.2) then y(x%o) = yo and since 
f(x,y) is continuous, differentiating (7.2) we find y/(x) = f(x, y(x)). | 


While continuity of the function f(x,y) is sufficient for the existence 
of a solution of (7.1), it does not imply uniqueness. For example, the 
function f(x,y) = y?/? is continuous in the entire ay-plane, but the problem 
y’ = y?/9, y(0) = 0 has at least two solutions y(x) = 0 and y(x) = «3/27. To 
ensure the uniqueness we shall begin with the assumption that the variation 
of the function f(x,y) relative to y remains bounded, i.e., 


If(@,y1) — f(a, y2)| < Llyr — yal (7.3) 


for all (x, y1), (x, y2) in the domain D. The function f(z, y) is said to satisfy 
a uniform Lipschitz condition in any domain D if the inequality (7.3) holds 
for all point-pairs (x, y1), (@, y2) in D having the same x. The nonnegative 
constant LD is called the Lipschitz constant. 


The function y?/% violates the Lipschitz condition in any domain con- 
taining y = 0, whereas the function f(x,y) = x — y satisfies the Lipschitz 
condition in D = IR? with L = 1. As an another example, the function 
f(x,y) = eY satisfies the Lipschitz condition in D= {(x,y): «ER, ly| < 
c} with L = e°, where c is some positive constant. 


Obviously, if inequality (7.3) is satisfied in D, then the function f(z, y) 
is continuous with respect to y in D; however, it is not necessarily differen- 
tiable with respect to y, e.g., the function f(x,y) = |y| is not differentiable 
in R? but satisfies (7.3) with L = 1. 


If the function f(z, y) is differentiable with respect to y, then it is easy 
to compute the Lipschitz constant. In fact, we shall prove the following 
theorem. 


Theorem 7.2. Let the domain D be convex and the function f(z, y) 
be differentiable with respect to y in D. Then for the Lipschitz condition 


Preliminaries to Existence and Uniqueness of Solutions A7 


(7.3) to be satisfied, it is necessary and sufficient that 


Of (x,y) 
spa | SE ms 


Proof. Since f(z, y) is differentiable with respect to y and the domain 
D is convex, for all (x,y1), (2, y2) € D the mean value theorem provides 


f(t,y1) — f(t, ye) = Ay ==), 


where y* lies between y; and yp. Thus, in view of (7.4) the inequality (7.3) 
is immediate. 


Conversely, inequality (7.3) implies that 


eee f(x, y1) — f(z, ya) 
Y1— Y2 


lim 


y2>yl 


< iL. | 


Oy 


To prove the existence, uniqueness, and several other properties of the 
solutions of (7.1), we shall also need a Gronwall’s-type integral inequality, 
which is contained in the following result. 


Theorem 7.3. Let u(x), p(x) and q(x) be nonnegative continuous 
functions in the interval |” — xo| < a and 


u(x) < p(x) + 


ie u(tu(tat for |a—2o| <a. (7.5) 


(0) 


Then the following inequality holds: 


i “n(dalt) exp ( | * q(e)ds 


Proof. We shall prove (7.6) for x9 < x < xo +a whereas for ag — a < 
x < Xo the proof is similar. We define 


u(x) < p(x)+ 


) ar for |x—ao| <a. (7.6) 


so that r(ag) = 0, and 
r(x) = q(x)u(z). 


Since from (7.5), u(x) < p(x) + r(x), it follows that 


r'(a) < p(a)q(a) + q(a)r(a), 
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xo 


(ex (- [ a(s)as) r(a)) < v(e)a(a)exn (— “a(s)ds) | 


Integrating the above inequality, we obtain 


ne) < f or exp ( is o(s)ts) at 


and now (7.6) follows from u(x) < p(a) + r(x). | 


which on multiplying by exp (- i a(s)ds) is the same as 


Corollary 7.4. If in Theorem 7.3 the function p(x) = 0, then u(x) = 0. 


Corollary 7.5. If in Theorem 7.3 the function p(x) is nondecreasing 
in [z9, 20 + a] and nonincreasing in [29 — a, xo], then 


ia a(da) for |x —2xo| <a. (7.7) 


0 


u(z) < p(x) exp ( 


Proof. Once again we shall prove (7.7) for 79 < « < x +a and for 
Lo —a< x < Xo the proof is similar. Since p(x) is nondecreasing from (7.6) 


we find 
ne. c + : ees ( | : o(s)ds) a| 
ola) E 7 ; “exp ( | : o(s)as) a 
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Corollary 7.6. If in Theorem 7.3 functions p(x) = co + c1|a — xo| and 
q(x) = cz, where co, c, and cg are nonnegative constants, then 


u(x“) < (« + =) exp(c2|a — xo|) — a (7.8) 
C2 C2 


Proof. For the given functions p(x) and q(x), in the interval [29, zo + a] 
inequality (7.6) is the same as 
a 


C1 = 
4+ ee (w—20) 
c2 c2 


ulZ) << co pele 2p) + / [co ter (t — ro) |ege2 9 dt 


(0) 


= co +c(4— Xo) + {0 + c(t — ap)e2-9) “1 gea(e—t) 


Cy 


= (9 + ¢1(4@—20) — Co— C1(@— 20) + Coe 


= («+ 1) exp(ea(ar— 09) =e | 
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Finally, in this lecture we recall several definitions and theorems from 
real analysis which will be needed in Lectures 8 and 9. 


Definition 7.1. The sequence of functions {y,(x)} is said to converge 
uniformly to a function y(x) in the interval [a, 6] if for every real number 
€ > 0 there exists an integer N such that whenever m > N, |ym(x)—y(2)| < 
€ for all x in [a, ]. 


Theorem 7.7. Let {ym(x)} be a sequence of continuous functions in 
[a, 2] that converges uniformly to y(x). Then y(a) is continuous in [a, (J. 


Theorem 7.8. Let {ym(zx)} be a sequence converging uniformly to 
y(x) in [a, B], and let f(#,y) be a continuous function in the domain D 
such that for all m and z in [a, J] the points (x, y(#)) are in D. Then 


B B B 
lim f fetum(t)dt = fim fleum(t)ae = fo feeu(e)ae 


m—- co 


Theorem 7.9 (Weierstrass’ M-Test). Let {ym(x)} be a se- 
quence of functions with |yn(2)| << Mm for all x in [a, 3] with 74 Mm < 
oo. Then S74 Ym(x) converges uniformly in [a, 3] to a unique function 
y(z). 

Definition 7.2. <A set S$ of functions is said to be equicontinuous in 


an interval [a, 3] if for every given € > 0 there exists a 6 > 0 such that if 
1, L2 € la, fH], |vi — x2| < 6 then |y(x1) — y(x2)| < € for all y(a) in S. 


Definition 7.3. A set S of functions is said to be uniformly bounded 
in an interval [a, 3] if there exists a number M such that |y(x)| < M for 
all y(x) in S. 


Theorem 7.10 (Ascoli-Arzela Theorem). An infinite set 
S of functions uniformly bounded and equicontinuous in [a, 3] contains a 
sequence which converges uniformly in [a, (J. 


Theorem 7.11 (Implicit Function Theorem). Let f(z,y) 
be defined in the strip T = [a, G] x IR, and continuous in z and differentiable 
in y, also0 <m< fy(x,y) < M < w for all (x,y) € T. Then the equation 
f(x,y) = 0 has a unique continuous solution y(x) in [a, 6). 


Problems 


7.1. Show that the initial value problem 


y = f(x,y), yo) = yo, y/(@o) =n, (7.9) 
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where f(x,y) is continuous in a domain D containing the point (2, yo), is 
equivalent to the integral equation 


y(z) = yot (@— o)y1 4 fe t) f(t, y(t))dt. 


7.2. Find the domains in which the following functions satisfy the 
Lipschitz condition (7.3), also find the Lipschitz constants: 


Oey) aap) 
(iv) Jey, (v) oy F(a. (wi) oy? Fay 41. 


(iii) a2? cos? y + ysin? x. 


7.3. By computing appropriate Lipschitz constants, show that the fol- 
lowing functions satisfy the Lipschitz condition in the given domains: 


(i) awsiny+ycosz, |al<a, ly| <b. 

(ii) ae”, O<a<a, ly|<oo. 

(iii) we*t¥, |r] <a, |y| <6. 

(iv) p(x)y+q(a), |x| <1, |y| < co where p(x) and q(x) are continuous 
functions in the interval |2| < 1. 


7.4. Show that the following functions do not satisfy the Lipschitz 
condition (7.3) in the given domains: 


TY. (ey) 40,0) 
(i) flys cy OY Iz} <1, [yl <2. 
0, (x,y) = (0,0) 
siny 
(ii) f(x,y) = a” oe Iz} <1, |y|<o. 
0, «=0 


7.5. Let u(x) be a nonnegative continuous function in the interval 
|v — a| < a, and C > 0 be a given constant, and 


ula) < , O<a<l. 


i Cu" (t)dt 


Show that for all x in |x — xo| < a, 


u(z) < [CQ —a)|x —2zol]-? 


7.6. Let co and c; be nonnegative constants, and u(x) and q(x) be 
nonnegative continuous functions for all x > 0 satisfying 


uz) < ota [ q(t)u? (t) dt. 
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Show that for all « > 0 for which coc; fy q(t)dt < 1, 


-1 


ees ft coe i “a(t 


7.7. Suppose that y = y(«) is a solution of the initial value problem 
y’ = yg(z,y), y(O) = 1 on the interval [0, G], where g(x, y) is a bounded and 
continuous function in the (x,y) plane. Show that there exists a constant 
C such that |y(x)| < e©® for all x € [0, @)]. 


*7.8. Suppose a > 0, y > 0, co, c1, C2 are nonnegative constants and 
u(x) is a nonnegative bounded continuous solution of either the inequality 


x [oe) 

u(z) < coe + af eH YD u(t)dt + o | e Vula+t)dt, «>0, 
0 0 

or the inequality 


0 0 
u(t) < coe + a | er Dau(t)dt + a | eVu(a+t)dt, «<0. 


x —co 


If 


then in either case, show that 
UG) Ste) mee ale 


*7.9. Suppose a, b, c are nonnegative continuous functions on [0, oo) 
and u(x) is a nonnegative bounded continuous solution of the inequality 


u(x) < a(a)+ i b(a — t)u(t)dt + is c(t)u(a+t)dt, «>0, 


where a(x) > 0, b(x) — 0 as x — ov. If 


| (b(t) + c(t)]dt <1, 
0 
then show that u(x) — 0 as 7 > ow. 


7.10. Show that the sequence {nz/(nz+1)}, 0 < x < 1 converges 
0, «=0 
1, O<a<tl. 

7.11. Show that the sequence {nx?/(na+1)}, 0 < a < 1 converges 
uniformly to the function f(a) = x. Further, verify that 


1 2 1 2 1 
lim Med = ii lim —“—de = =. 
noo Jy nx + 1 g nooo nx + 1 2 


pointwise to the function f(x) = 
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*7.12. Show the following: 


(i) In the Ascoli—Arzela theorem (Theorem 7.10), the interval [a, 3] can 
be replaced by any finite open interval (a, (3). 


(ii) The Ascoli—Arzela theorem remains true if instead of uniform bound- 
edness on the whole interval (a, 3), we have |f(xo)| < M for every f ES 
and some 29 € (a, 3). 


Answers or Hints 


TA. y(t) = yo +(e —ato)n + J [ff Fs, u(s))ds] at 
= yo + (x@ — 29) y1 + [ i f(s.u(s))as| — te tf (t, y(t))dt 
= yo + (x —20)y1 + fr (et) F(t, y(d))at. 


7.2. (i) IR’, 1. (ii) |2| <a, |y| < 00, (38V3/8)a. (iii) |2| < a, |y| < 00, a? + 
1. (iv) |x| <a, |y| <00, a. (v) R’, 1. (vi) |2| <a, |y| <b, 2a?b+a. 
7.3. (i)a@+1. (ii) max{2a°,2a*}. (iii) a2e*t®. (iv) max_i<z<1 |p(z)|. 
7.4. (i) |f(,y) — f(x, 0)| = |2°y/(x*+y?)| < Llyl, ic, |2?/(x*+y?)| < L; 
however, along the curve y = 2? this is impossible. (ii) | f(x,y) — f(x,0)| = 
|z~+ sin y| < Lly|; but, this is impossible. 

7.5. For x € [xo, xo +a] let r(x) = Wee Cu%(t)dt so that r’(x) < C(r(x)+e)%, 
where € > 0 and r(zo) = 0. Integrate this inequality and then let « — 0. 
7.6. Let r(x) = co + ci fp g(t)u?(t)dt so that r’(x) < e1q(x)(r(x) + ©), 
where € > 0 and r(0) = cp. Integrate this inequality and then let « — 0. 
7.7. Use Corollary 7.6. 

7.10. Verify directly. 


7.11. Verify directly. 


Lecture 8 


Picard’s Method 
of Successive Approximations 


We shall solve the integral equation (7.2) by using the method of suc- 
cessive approximations due to Picard. For this, let yo(a) be any continuous 
function (we often pick yo(a) = yo) which we assume to be the initial 
approximation of the unknown solution of (7.2), then we define y(«) as 


yi(z) = wot [ slesyolO)at 


We take this y;(x) as our next approximation and substitute this for y(«) 
on the right side of (7.2) and call it yo(x). Continuing in this way, the 
(m+ 1)st approximation ym+1(x) is obtained from y,,(x) by means of the 
relation 


Ym+1(2) = w+ f f(t, Ym(t))dt, m=0,1,2,.... (8.1) 


If the sequence {Ym(x)} converges uniformly to a continuous function 
y(z) in some interval J containing x) and for all « € J the points 
(x,Ym(x)) € D, then using Theorem 7.8 we may pass to the limit in both 
sides of (8.1), to obtain 


x 


y(x) = lim ym4i(x) = yot+ lim Fltsym(d))at = wo +f flew(e)an, 


m—- co m—co 


so that y(x) is the desired solution. 


Example 8.1. The initial value problem y’ = —y, y(0) = 1 is equivalent 
to solving the integral equation 


R.P. Agarwal and D. O’Regan, An Introduction to Ordinary Differential Equations, 53 
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Let yo(x) = 1, to obtain 
y(t) = 1-f dt = 1-a 
0 


x 2 
yo(z) = 1- [ a-na = l-«#+— 
) 


un) = So(-1)'5. 


Recalling Taylor’s series expansion of e~*, we see that limm—oo Ym(x“) = 
e—”. The function y(a) = e~* is indeed the solution of the given initial 
value problem in J = R. 


An important characteristic of this method is that it is constructive, 
moreover bounds on the difference between iterates and the solution are 
easily available. Such bounds are useful for the approximation of solutions 
and also in the study of qualitative properties of solutions. The following 
result provides sufficient conditions for the uniform convergence of the se- 
quence {Y,(a)} to the unique solution y(«) of the integral equation (7.2), 
or equivalently of the initial value problem (7.1). 


Theorem 8.1. Let the following conditions be satisfied 


(i) f(x,y) is continuous in the closed rectangle $ : |z—2xo| < a, |y—yo| < b 


< 
and hence there exists a M > 0 such that |f(a,y)| < M for all (x,y) € 9, 
(ii) f(x,y) satisfies a uniform Lipschitz condition (7.3) in 9, 
(iii) yo(a) is continuous in |x — xo| < a, and |yo(a%) — yo| < 6. 
Then the sequence {Ym(x)} generated by the Picard iterative scheme (8.1) 
converges to the unique solution y(x) of the initial value problem (7.1). 
This solution is valid in the interval J, : |a — xo| < kh = min{a,b/M}. 
Further, for all « € J; the following error estimate holds: 


ly(z) — Ym(x)| < wet min {1,2 | m=0,1,... (8.2) 


where maxzey, |yi(%) — yo(a)| < N. 


Proof. First we shall show that the successive approximations ym (2) 
defined by (8.1) exist as continuous functions in Jp, and (x, Ym(ax)) € S for 
all « € Jp. Since yo(x) is continuous for all 2: |a — xo| < a, the function 
Fo(x) = f(x, yo(a)) is continuous in J;,, and hence y;(a) is continuous in 
Jy. Also, 


lyi(xz) — yol < 


i (ts ao() SMe 2h S 
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Assuming that the assertion is true for Ym_i(«) (m > 2), then it is sufficient 
to prove that it is also true for y,,(a). For this, since y,—1(2) is continuous 
in Jp, the function F,-1(@) = f(#,ym—i(x)) is also continuous in Jp. 
Moreover, 


[Ym(2) — yo] < 


[ fle.amaC0)iat Shite 


(0) 


Next we shall show that the sequence {y,,(a)} converges uniformly in 
Jn. Since yi(a) and yo(a) are continuous in J;, there exists a constant 
N > 0 such that |yi(x) — yo(x)| < N. We need to show that for all x € Jp, 
the following inequality holds: 


(Lx-wol)"™ _g g 
m= 12. 


For m = 1, the inequality (8.3) is obvious, further if it is true form = 
k > 1, then (8.1) and hypothesis (ii) give 


lYm(x) — Ym-1(z)| < N (8.3) 


lueea(2)—te(@)| < [lemtey- f(t. yea(t))lat 
< olf lm) —ma1@lat 
Xo 
* (Lt — x9|)*-+ - 
Cee ni | =o) an _ yllle 0) 
a3 (k—1) k! 
Thus, the inequality (8.3) is true for all m. 
Next since 
(L|a — xo|)™ — (Lh)™ Lh 
wy Gee sw Hy" = Nel* < 00, 


m=0 


from Theorem 7.9 it follows that the series 
x) + ae (Ym(Z) — Ym—1(2)) 


converges absolutely and uniformly in the interval J;,, and hence its partial 
sums yi(2),y2(a),... converge to a continuous function in this interval, 
ie., y(x) = limm—+oo Ym(x). As we have seen earlier this y(z) is a solution 
of (7.2). 


To show that this y(x) is the only solution, we assume that z(2) is also 
a solution of (7.2) which exists in the interval J, and (a, z(#)) € § for all 
x € Jp. Then hypothesis (ii) is applicable and we have 
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ly(x) — 2(@)| S 


“lel (é, y(t) — Fle, alt a ae 


—2(t ya. 
However, for the above integral inequality Corollary 7.4 implies that |y(a) — 
z(a)| =0 for all « € J, and hence y(a#) = z(x) for all « € Jp. 


Finally, we shall obtain the error bound (8.2). For n > m the inequality 
(8.3) gives 


> Ty Lele = 201)" 
— £0 
lyn(x) — Ym(x)| < 2 lesa 2) — vel) < DO ae 
n-1 n—m-1 
(Lh)* (Lh)* 
< N = N(Lh)™ 
Py k! ey » (m+ k)! 
(8.4) 
However, since 1/(m+k)! < 1/(m! kl!) it follows that 
(Lhyn "SS" (ERE (ERY tn 
lyn (2) — Ym(z)| < N— a SN 
and hence as n — ov, we get 
ul) — voa(a)| < NE eon (8.5) 
m! 
Inequality (8.4) also provides 
n-1 
(Lh)* 
lyn (#2) — Ym(a)| S$ NY) s Nev" 
k=m 
and as n — ov, we find 
ly(z) —ym(a)| < Ne. (8.6) 


Combining (8.5) and (8.6) we obtain the required error bound (8.2). | 


Theorem 8.1 is called a local existence theorem since it guarantees a 
solution only in the neighborhood of the point (20, yo). 


Example 8.2. Consider the initial value problem 
y =1+y", (0) = 0 (8.7) 


for which the unique solution y(a) = tan exists in the interval (—7/2, 
m/2). To apply Theorem 8.1 we note that (i) the function 1+y? is continuous 
in the rectangle S$: |a| < a, ly <b, and1+y? <1+0? = M; (ii) in the 
rectangle S the function 14 y? satisfies (7.3) with L = 20; and (iii) yo(x) = 
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0 is continuous in |x| < a and |yo(x)| < 6. Thus, there exists a unique 
solution of (8.7) in the interval |z| < h = min{a,b/(1 + b?)}. However, 
since b/(1+?) < 1/2 (with equality for b = 1) the optimum interval which 
Theorem 8.1 can give is |x| < 1/2. Further, the iterative scheme (8.1) for 
the problem (8.7) takes the form 


imaa(e) = 2+ f (at, yle)=0, m=01.... 88) 
0 


From (8.8) it is easy to obtain y;(x2) = x, yo(x) = «+2°/3. Thus, the error 
bound (8.2) with b=1, h =1/2 and m = 2 gives 


fn 


tan xz — x2 -— — 


3 


Obviously, in (8.9) the right side is too crude. 


If the solution of the initial value problem (7.1) exists in the entire 
interval |a —x9| < a, we say that the solution exists globally. The following 
result is called a global existence theorem. 


Theorem 8.2. Let the following conditions be satisfied: 


(i) f(x,y) is continuous in the strip T: |a—2xo9| <a, |y| << ~@, 
(ii) f(x,y) satisfies a uniform Lipschitz condition (7.3) in T, 
(iii) yo(a) is continuous in |x — xo| < a. 


Then the sequence {Ym(x)} generated by the Picard iterative scheme (8.1) 
exists in the entire interval |a—a9| < a, and converges to the unique solution 
y(x) of the initial value problem (7.1). 


Proof. For any continuous function yo(x) in |jz—xo| < aan easy inductive 
argument establishes the existence of each ym(x) in |a — xo] < a satisfying 
\Ym(a)| < co. Also, as in the proof of Theorem 8.1 it is easy to verify that 
the sequence {ym(x)} converges to y(x) in |# — xo| < a@ (replacing h by a 
throughout the proof and recalling that the function f(x,y) satisfies the 
Lipschitz condition in the strip T). | 


Corollary 8.3. Let f(x,y) be continuous in IR? and satisfy a uniform 
Lipschitz condition (7.3) in each strip T, : || < a, |y| < oo with the 
Lipschitz constant L,. Then the initial value problem (7.1) has a unique 
solution which exists for all x. 


Proof. For any x there exists an a > 0 such that |x — xo| < a. Since, 
the strip T is contained in the strip T,+).,; the function f(x,y) satisfies 
the conditions of Theorem 8.2 in the strip 7. Hence, the result follows for 
any x. a 
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8.1. Compute the first few Picard’s iterates with yo(a) = 0 for the 
initial value problem y! = xy + 2x — x3, y(0) = 0 and show that they 
converge to the solution y(x) = 2? for all x. 


8.2. For the following initial value problems compute the first three 
iterates with the initial approximation yo(x) =z: 
(i) y’=a2*—-y’—1, y(0)=0. 
(ii) yf = (w@+ 2y)/Qr+y), yO) =1. 


(iii) y =a? +y’, y(0) =0. 


8.3. Discuss the existence and uniqueness of the solutions of the fol- 
lowing initial value problems: 


(i) y=1+y, y(0)=0. 
(ii) y/ =sin(zy), y(0) =1. 

(iii) y= (w@+y)x7y’,  y(0) =1. 
(iv) y’ =e?+a2/y, y(0)=1. 


8.4. Show that the following initial value problems possess a unique 
solution for all real x: 


(i) y’ + p(x)y = a(x), y(ao) = yo, where p(x) and q(x) are continuous in 
R. 


(ii) y' = p(x) f(cosy) + g(x)g(siny), y(®o) = yo, where p(x) and q(x) 
are continuous in R, and f and g are polynomials of degree m and n, 
respectively. 
(iii) y’ = y%e*(1+y?) + +27 cosy, y(x0) = yo- 
(iv) y!=(cosxje"Y +siny, y(x0) = yo. 

8.5. Show that the initial value problem 


/ 


y = (#?—y*)sinyt+y’ cosy, y(0) = 0 
has a unique solution y(x) = 0 in the closed rectangle S$: |x| <a, |y| < b. 


8.6. Show that Theorem 8.1 guarantees the existence of a unique 
solution of the initial value problem y’ = e?¥, y(0) = 0 in the interval 
(—1/2e,1/2e). Also, solve this problem and verify that the solution exists 
in a larger interval. 


8.7. The function f(x,y) = (tanx)y +1 is continuous in the open strip 
|x| < 1/2, |y| < co. Solve the initial value problem y’ = (tanx)y+1, y(0) 
= 1 and verify that the solution exists in a larger interval (—37/2, 7/2). 
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8.8. Let fi(x) and fo(y) 4 0 be continuous in |a—2ao| < a, |y—yo| < b, 
respectively. Show that the initial value problem y’ = f;(x) fe(y), y(xo) = 
yo has a unique solution in the interval |~ — xo| < h where h < a. 


8.9. Consider the DE (3.1), where the functions M, N are continuous 
and having continuous partial derivatives M,, Nz in the rectangle S : 
|x — xo| < a, |y— yo| < 6 (0 < a, b < cw). Suppose that N(x,y) 4 0 for 
all (x,y) € S and the condition (3.4) holds. Show that the initial value 
problem (3.1), (1.10) has a unique solution in the interval |x — xp| < h 
where h < a. 


8.10. If f(x,y) has continuous partial derivatives of all orders in a do- 
main D, then show that the mth Picard’s approximation y,,(«) of the initial 
value problem (7.1) has the same value and the same derivatives up to order 
m at Xo as the true solution. 


8.11. Let f(x, y) be continuously p > 0 times differentiable with respect 
to z and y. Show that every solution of the DE (1.9) is continuously p+ 1 
times differentiable with respect to x. 

8.12. Consider the initial value problem 


ane _ y1-—2z), «>0 
y= Fey) = y2x—-1), «<0 (8.10) 


Clearly, the function f(a, y) is discontinuous at all (0, y), y 4 0. Show that 


er-2 x>0 
y(x) = 2 
ew ~*, a2<0 


is the unique continuous (but not differentiable at « = 0) solution of (8.10) 
which is valid for all x. 


8.13. Let the conditions of Theorem 8.1 be satisfied. Show that the 
successive approximations 


Ym+1(2) = Yyot(x—20)yi4 fe t) f(t, Ym(t))dt, m=0,1,... (8.11) 


with the initial approximation yo(x) = yo converge to the unique solution 
of the initial value problem (7.9) in the interval J, : |* —a| < h = 
min{a,b/M,}, where My = |yi| + Ma/2. 


60 Lecture 8 


Answers or Hints 


8.1. Ym(x) = a? — 22(™+) /[4.6.8---2(m + 1). 


8.2. (i) —a,—2,—a. (ii) 2, 2, 2. (iii) 2232/3, (23/3) + (4a7 /63), (23/3) + 
(x” /63) + (8a! /2079) + (1621°/59535). 


8.3. (i) Unique solution 3(y!/3 — tan7!y!/3) = x. (ii) Global unique 
solution. (iii) Local unique solution. (iv) Local unique solution. 


8.4. Apply Corollary 8.3. 


8.5. The function (2? — y?) sin y + y? cosy satisfies the Lipschitz condition 
(7.3) for all (a, y) € S. 


8.6. The solution y(x) = In1/\/(1 — 22) exists for all « € [—1/2,1/2]. 


8.7. The solution y(a#) = tan[(a/2) + (a/4)] exists in the interval (—37/2, 
1/2). 

8.8. The function G(y) = A dt/ fo(t) = J fi(s)ds exists and it is con- 
tinuous and monotonic as long as |y — yo| < b. 


8.9. From (3.3), u(x, y) = u(xo, yo). Now use implicit function theorem. 


8.10. yo(%o) = yo = y(xo), ¥i(2) = f(z, Yo(z)), (0) = F(®0, Yo(®o)) = 
f(x0,yo) = y'(xo), y¥(zo) = S£(xo,y1(xo)) + SE (x0, yi (ao))y1 (a0) = 
y" (xo). 

8.11. Use y’(x) = f(a, y(a)). 

8.12. Verify directly. 


8.13. The proof is similar to that of Theorem 8.1. 


Lecture 9 


Existence Theorems 


As promised in Lecture 7, here we shall prove that the continuity of 
the function f(x,y) alone is sufficient for the existence of a solution of the 
initial value problem (7.1). 


Theorem 9.1 (Peano’s Existence Theorem). Let f(x,y) be 
continuous and bounded in the strip T': |a%—ao| < a, |y| < oo. Then the 
initial value problem (7.1) has at least one solution in |x — xo| < a. 


Proof. We shall give the existence proof in the interval [9,2 + a], and 
its extension to [xo — a, Xo] is immediate. We define a sequence of functions 
{Ym(x)} by the scheme 


a 
Ym(Z) = Yo, SS ite 


—(a/m) 
Ym(e) = w+ f f(t, Ym(t))dt, ro + ke <a <a t (k+1)— 
xo 


k=1,2,...,.m—1. 
(9.1) 
The first equation defines y»(2) in [%o,2%9 + a/mJ; then the second equa- 
tion defines ym(x) at first in [% + a/m,x%p + 2a/m] and then in [ap + 
2a/m, x9 + 3a/m] and so on. Since f(x,y) is bounded in T, we can assume 
that |f(x,y)| < MM for all (x,y) € T. Now for any two points 71,22 in 
[X9, 29 + a], we have 


a 
rs) 


[Ym (2) — Ym(a1)| 
= 0 if x1,%2 € [0,20 + =| 
m 


#2—(a/m) Fs 
= / f(tym(t))at] <M |xg-*—ao] < Mla —a| 
Zo 
a a a 
if 2, € [20, #0 ae <] 5 TE [x0 +k—,2o+ (k+ 1)— 
m m m 
x2—(a/m) 
= i, f(t, ym(t))dt} < Mla2—2,| otherwise. 
x1—(a/m) 
Thus, it follows that 
|Ym(2) — Ym(x1)| < Mla2—ai|, 1,22 € [xo, 20 + a]. 
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Hence, |Ym(%2) — Ym(x1)| < € provided |x. — 2| < €/M = 0; i-e., the 
sequence {Y,,(a)} is equicontinuous. Moreover, for all x € [29,29 + al, 
we have 


a 
lym(2)| < |yol + M|ex— —20] < |yol + Ma, 


i.e., the sequence {Ym(x)} is uniformly bounded in [x9, 20 + a]. Therefore, 
from Theorem 7.10 the sequence {Ym(x)} contains a subsequence {Ym, (x) } 
which converges uniformly in [79,9 + a] to a continuous function y(a). To 
show that the function y(a) is a solution of the initial value problem (7.1), 
we let p — co in the relation 


tmg(2) = w+ f Sbamp(Odat— fo Fltstng Oat 


a/mp) 


Since f(z, y) is continuous and the convergence is uniform, in the first inte- 
gral we can take the limit inside the integral sign to obtain ie f(t, y(t))dt. 
The second integral does not exceed M(a/m,) and hence tends to zero. 
Thus, y(x) is a solution of the integral equation (7.2). | 


Corollary 9.2. Let f(x,y) be continuous in S, and hence there exists 
a M > 0 such that |f(a,y)| < M for all (a, y) € S. Then the initial value 
problem (7.1) has at least one solution in Jp. 


Proof. The proof is the same as that of Theorem 9.1 with some obvious 
changes. a 


Example 9.1. The function f(a, y) = y?/? is continuous for all (x, y) in 
IR’. Thus, from Corollary 9.2 the initial value problem y' = y?/3, y(0) = 0 
has at least one solution in the interval |x| < h = min{a,b!/3}. However, 
we can choose b sufficiently large so that h = a. Hence, the given problem 
in fact has at least one solution for all x in R. 


Next for a given continuous function f(x,y) in a domain D, we need 
the following definition. 


Definition 9.1. A function y(x) defined in J is said to be an e- 
approximate solution of the DE y/ = f(x,y) if (i) y(x) is continuous for all 
x in J, (ii) for all x € J the points (x, y(x)) € D, (iii) y(x) has a piecewise 
continuous derivative in J which may fail to be defined only for a finite 
number of points, say, 71,22,...,@%, and (iv) |y’(x) — f(x, y(x))| < € for 
alae J, ce Au;, 1=1,2,...,k. 


The existence of an e-approximate solution is proved in the following 
theorem. 


Theorem 9.3. Let f(x,y) be continuous in S and hence there exists a 
M > 0 such that |f(x,y)| < © for all (a, y) € S. Then for any € > 0, there 
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exists an €-approximate solution y(x) of the DE y/ = f(x,y) in the interval 
J;, such that y(xo) = yo. 


Proof. Since f(x,y) is continuous in the closed rectangle S, it is uni- 
formly continuous in this rectangle. Thus, for a given € > 0 there exists a 
6 > 0 such that 

If(z,y) — F(t1,m)| < € (9.2) 


for all (x,y), (v1, y1) in S whenever |x — x1| < 6 and |y — yi| < 6. 
We shall construct an €-approximate solution in the interval ro < x < 
xo +h and a similar process will define it in the interval x79 —h < x < Zo. 


For this, we divide the interval 79 < x < x +h into m parts x < 1% < 
1+ << Lm = Xo +h such that 


Ui—- U1 < min fa, 4.71,2). 225m: (9.3) 


Next we define a function y(a) in the interval x19 < x < a +h by the 
recursive formula 


y(x) = y(ei—1) + (@—24-1) f(ei-1, y(@i-1)), Vi SB <a, 1=1,2,...,m. 
(9.4) 
Obviously, this function y(z) is continuous and has a piecewise contin- 
uous derivative y/(a) = f(ai-1,y(@i-1)), Vi-1 < @ < Uj, i = 1,2,...,m 
which fails to be defined only at the points x;, 7 = 1,2,...,m—1. Since 
in each subinterval [x;-1,2;], i= 1,2,...,m the function y(x) is a straight 
line, to prove (x, y(x)) € S it suffices to show that |y(a;) — yo| < 6 for all 
i=1,2,...,m. For this, in (9.4) let i= 1 and x = z, to obtain 


ly(a1) — yo] = (1 — 20)|f (20, yo)| < Mh < 6. 


Now let the assertion be true for 7 = 1,2,...,k —1 < m-—1, then from 
(9.4), we find 
y(%1)— Yo = (%1 — Xo) f (Xo, Yo) 
y(x2)—y(@1) = (2 — 21) f (x1, y(x1)) 
y(re) —y(@e-1) = (Xe — Te-1) f(@e-1, y(@k-1)) 
and hence, 
k 
y(n) — yo = S— (we — ve-1) f (ae-1, y(@e-1)) 
f=1 


which gives 


k 


ly(xz) — yol < S\(ee-ae-1)M = M(2,-20) < Mh < b. 
l=1 
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Finally, if xj; < x < a; then from (9.4) and (9.3), we have 


6 
ly(z) —y(a,-1)| < Mla—a1| < eT = 6 


and hence from (9.2), we find 


ly'(x) — F(x, y(x))| = |F(ei-1, y(@i-1)) — f(a, y(a))| < € 


for alla € Jn, x A 4;, 1=1,2,...,m-—1. This completes the proof that y(x) 
is an €-approximate solution of the DE y’ = f(z,y). This method of con- 
structing an approximate solution is known as Cauchy—Euler method. a 


Now we restate Corollary 9.2, and prove it as a consequence of Theo- 
rem 9.3. 


Theorem 9.4 (Cauchy—Peano’s Existence Theorem). Let 
the conditions of Theorem 9.3 be satisfied. Then the initial value problem 
(7.1) has at least one solution in Jp. 


Proof. Once again we shall give the proof only in the interval x9 < 
x <a+h. Let {em} be a monotonically decreasing sequence of positive 
numbers such that €,,, — 0. For each €,, we use Theorem 9.3 to construct an 
€-approximate solution y,,(a). Now as in Theorem 9.1, for any two points 
x and «x* in [9,2 + A] it is easy to prove that 


[Ym (2) — Ym(2"*)| < M\z — x" | 


and from this it follows that the sequence {y(a)} is equicontinuous. Fur- 
ther, as in Theorem 9.3 for each x in [19,20 +h], we have |ym(x)| < |yo| +8, 
and hence the sequence {Yym(x)} is also uniformly bounded. Therefore, 
again Theorem 7.10 is applicable and the sequence {y,(x)} contains a sub- 
sequence {Ym, («x)} which converges uniformly in [29,29 +h] to a continuous 
function y(a). To show that the function y() is a solution of (7.1), we define 


em(x) = yh,(x) — f(x, Ym(x)), at the points where y/,, (a) exists 


0, otherwise. 


Thus, it follows that 


um(e) = vot f "Lf (t.4m(é)) + emt) (9.5) 


i) 


and |€m(x)| < €m. Since f(x,y) is continuous in S and ym, (x) converges 
to y(x) uniformly in [29,29 + hj, the function f(a, ym,(x)) converges to 
f(a, y(«)) uniformly in [29,29 + hj. Further, since €m, — 0 we find that 
|ém, (x)| converges to zero uniformly in [a9, v9 + h]. Thus, by replacing m 
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by m, in (9.5) and letting p — oo, we find that y(a) is a solution of the 
integral equation (7.2). | 


Corollary 9.2 essentially states the following: If in a domain D the 
function f(z,y) is continuous, then for every point (x9, yo) in D there is 
a rectangle S such that (7.1) has a solution y(x) in Jp. Since S lies in D, 
by applying Corollary 9.2 to the point at which the solution goes out of 9, 
we can extend the region in which the solution exists. For example, the 
function y(x) = 1/(1 — 2) is the solution of the problem y’ = y?, y(0) = 1. 
Clearly, this solution exists in (—co,1). For this problem 


S: |al|<a, jy-1]<b, M = maxy’? = (1+5) 
Ss 


and h = min{a,b/(1+ b)?}. Since b/(1 + 6)? < 1/4 we can (independent of 
the choice of a) take h = 1/4. Thus, Corollary 9.2 gives the existence of a 
solution y1(a) only in the interval || < 1/4. Now consider the continuation 
of y1(x) to the right obtained by finding a solution y2(a) of the problem 
y =y’, y(1/4) = 4/3. For this new problem S: |x—1/4| < a, |y—4/3] < 8, 
and maxyy” = (4/3 +b). Since b/(4/3+ b)? < 3/16 we can take h = 3/16. 
Thus, y2(«) exists in the interval |~—1/4| < 3/16. This ensures the existence 


of a solution 
yi(z), —1/4<a<1/4 
y(z) = 
y(z), 1/4<2<7/10 


in the interval —1/4 < « < 7/16. This process of continuation of the solution 
can be used further to the right of the point (7/16, 16/9), or to the left of 
the point (—1/4,4/5). In order to establish how far the solution can be 
continued, we need the following lemma. 


Lemma 9.5. Let f(x,y) be continuous in the domain D and let 
supp |f(#,y)| < M. Further, let the initial value problem (7.1) has a solu- 
tion y(x) in an interval J = (a, 3). Then the limits lim, _.,+ y(x) = y(a+0) 
and lim,_,g- y(x) = y(G — 0) exist. 


Proof. For a < x < x2 < 8, integral equation (7.2) gives that 


2 


lure) — ven) < f Lfley(t))ldt < Megan, 

Ly 
Therefore, y(x2) — y(a1) — 0 as %1,%2 — at. Thus, by the Cauchy cri- 
terion of convergence lim,_.,+ y(z) exists. A similar argument holds for 
lim,_.g- y(a). | 


Theorem 9.6. Let the conditions of Lemma 9.5 be satisfied and let 
(8, y(6 —0)) € D ((a, y(@+0)) € D). Then the solution y(z) of the initial 
value problem (7.1) in (a, 3) can be extended over the interval (a, 3+ 


¥] ({a — 7, 8)) for some y > 0. 
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Proof. We define the function y;(2) as follows: yi(2) = y(x) for x € 
(a, 3) and y;(8) = y(G — 0). Then since for all x € (a, 6] 


I 


mC wia—0)+ f° semtoyae 


B x 
= wtf seminar fo fem(oyae 


= w+ [Fylde 


the left-hand derivative y}(3—0) exists and yj (3 —0) = f(3,y1(G)). Thus, 
yi(x) is a continuation of y(x) in the interval (a, 6]. Next let yo(x) be a 
solution of the problem y/ = f(x,y), y(@) = y1(@) existing in the interval 
(8, 8+-], then the function 


= yi(2), LE (a, 3] 
ya(@) = { yo(x), 2 €[6,8+] 


is a continuation of y(x) in the interval (a, 3 + |. For this, it suffices to 
note that 


Ce w+ [P Fltsyelt)ae (9.6) 


for all « € (a, G+]. In fact (9.6) is obvious for all « € (a, 6] from the 
definition of y3(x) and for x € [3,34], we have 


sala) = (9-0)+ f° sewtenae 


B x 
= mt ff seoutenaer fo fesuteyae 


= w+ [He yloat 


Problems 


9.1. Let f(x,y) be continuous and | f(x, y)| < ci +c2ly|® for all (x,y) € 
T : |x —2o| < a, |y| < oo where c, and cp are nonnegative constants 
and 0 < a < 1. Show that the initial value problem (7.1) has at least one 
solution in the interval |a — xo| < a. 


9.2. Let f(x,y) be continuous and satisfy the Lipschitz condition (7.3) 
in a domain D. Further, let y;(x), i = 1,2 be e;-approximate solutions of 
the DE y’ = f(x,y) in J and ao € J. Show that for all « € J 


€1 + €2 €1 + €2 


) exp(}e— ol 


ve nwl:< (Iun (eo) — soteo)] + 
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9.3. Show that the solution of the problem y’ = —x/y, y(0) = 1 cannot 
be extended beyond the interval —1 < # <1. 


9.4. Show that the solution of the problem y/ = y*, y(0) = 2 is ex- 
tendable only to the interval —co < x < 1/2. 


9.5. Show that the solution of the problem y’ = 2xy?, y(0) = 1 exists 
only in the interval |x| < 1. 


9.6. Show that the solution of the problem y’ = 1+y?, y(0) = 1 cannot 
be extended beyond the interval —37/4 < x < 7/4. 


9.7. Find the maximum interval in which the solution of the problem 
y’ + (sinx)y? = 3(xy)?, y(0) = 2 can be extended. 


9.8. Find the maximum interval of existence of solutions of y’ + 
3y4/3 sin x = 0 satisfying (i) y(a/2) = 0, (ii) y(/2) = 1/8, and (iii) y(/2) 
= 8. 


9.9. Solve the initial value problem 


yy’ —3a°(1+y") = 0, y(0) = 1. 


Find also the largest interval on which the solution is defined. 


Answers or Hints 


9.1. In the rectangle S : |j~—xo| < a, |y—yo| < 6, |f(x,y)| < 1 +c2(lyo|+ 
b)* = K. Note that b/K — o as b> w. 


9.2. For j > xo, |yi(x) — f(x, yi(x))| < e, i= 1,2 yields |y;(x) — ys(xo0) — 
Aes F(t, yi(t)) dt] < €;(@ — x9). Now use |p — q| < |p| +|g¢| and Corollary 7.6. 
9.3. Although the solution y(x) = V1 — «x? is defined on [—1, 1] its deriva- 
tive is not defined at x = +1. 

9.4. The solution is y(%) = 2/(1 — 22). 

9.5. The solution is y(xz) = 1/(1— 2). 

9.6. The solution is y(#) = tan(a# + 7/4). 


9.7. The solution is y(x) = 1/[(3/2) — cosa — x3], which is defined in 
(—00, 0.9808696 - - -). 


9.8. (i) The solution is y(x) = 0, which is defined on R. (ii) The solution 
is y(x) = 1/(2—cosz)?, which is defined on R. (iii) The solution is y(a) = 
1/[(1/2) — cos z]*, which is defined in (7/3, 57/3). 


1/2 
9.9. y= (2-1), 2 > ($ng)””. 


Lecture 10 


Uniqueness Theorems 


In our previous lectures we have proved that the continuity of the func- 
tion f(a,y) in the closed rectangle S$ is sufficient for the existence of at 
least one solution of the initial value problem (7.1) in the interval J;,, and 
to achieve the uniqueness (i.e., existence of at most one solution) some 
additional condition on f(x,y) is required. In fact, continuous functions 
f(x,y) have been constructed (see Lavrentev [30], Hartman [20]) so that 
from any given point (20, yo) the equation y/ = f(x,y) has at least two 
solutions in every neighborhood of (9, yo). In Theorem 8.1 this additional 
condition was assumed to be the Lipschitz continuity. In the following, we 
shall provide several such conditions which are sufficient for the uniqueness 
of the solutions of (7.1). 


Theorem 10.1 (Lipschitz Uniqueness Theorem). Let 
f(x,y) be continuous and satisfy a uniform Lipschitz condition (7.3) in S. 
Then (7.1) has at most one solution in |” — xo| < a. 


Proof. In Theorem 8.1 the uniqueness of the solutions of (7.1) is proved 
in the interval J;,; however, it is clear that J, can be replaced by the interval 
|x — ao| <a. | 


Theorem 10.2 (Peano’s Uniqueness Theorem). Let f(z, y) 
be continuous in Sy: 29 <a <2 +a, |y— yo| < b and nonincreasing in 
y for each fixed x in a9 < @ < a +a. Then (7.1) has at most one solution 
inz <x2<2p+a. 


Proof. Suppose y:(x) and yo(x) are two solutions of (7.1) in zo < 
x < xo +a which differ somewhere in 79 < x < x +a. We assume that 
yo(x) > yi(a) in ay < & < ay te < ao +a, while y\(x) = yo(x) in 
Lo < @< x, ie., x; is the greatest lower bound of the set A consisting of 
those x for which y2(x) > yi(x). This greatest lower bound exists because 
the set A is bounded below by zo at least. Thus, for all x € (#1, + €) 
we have f(x, yi(a)) > f(x, yo(x)); ie., yi (x) > y(x). Hence, the function 
z(x) = yo(x) — yi(2) is nonincreasing, since if z(%,) = 0 we should have 
2(x) < 0 in (41,21, + €). This contradiction proves that yi(x) = yo(x) in 
Io <e2< ao +a. | 


Example 10.1. The function |y|!/?sgn y, where sgn y = 1 if y > 0, 
and —1 if y < 0 is continuous, nondecreasing, and the initial value problem 
y’ = |y|'/2sen y, y(0) = 0 has two solutions y(x) = 0, y(x) = 27/4 in the 


R.P. Agarwal and D. O’Regan, An Introduction to Ordinary Differential Equations, 68 
doi: 10.1007/978-0-387-71276-5_10, © Springer Science + Business Media, LLC 2008 


Uniqueness Theorems 69 
interval [0,00). Thus, in Theorem 10.2 “nonincreasing” cannot be replaced 
by “nondecreasing.” 

For our next result, we need the following lemma. 


Lemma 10.3. Let w(z) be continuous and increasing function in the 
interval [0,0co), and w(0) = 0, w(z) > 0 for z > 0, with also 


tim, [ nae (10.1) 
«30+ J. w(z) 


Let u(x) be a nonnegative continuous function in [0, a]. Then the inequality 


u(x) < A w(u(t))dt, O<a<a (10.2) 


implies that u(x) = 0 in [0, a]. 


Proof. Define v(x) = maxo<:<x u(t) and assume that v(x) > 0 for 
0 <a <a. Then u(x) < v(x) and for each x there is an 2; < x such that 
u(a1) = v(x). From this, we have 


v(x) = ula) < - w(u(t))dt < [ moeyae 


i.e., the nondecreasing function v(x) satisfies the same inequality as u(x) 
does. Let us set 


va) =f w(u(eyat 
then 0(0) = 0, v(x) < U(x), D(x) = w(vo(x)) < w(B(x)). Hence, for 0 < 


6 <a, we have 
a =! 
| SO) = a <a-6 <a. 
6 


w0(r)) 


However, from (10.1) it follows that 


[ ween” = [ae Mrs We 


becomes infinite when « — 0 (6 — 0). This contradiction shows that v(x) 
cannot be positive, so v(a) = 0, and hence u(x) = 0 in [0, a]. a 


Theorem 10.4 (Osgood’s Uniqueness Theorem). Let 
f(x,y) be continuous in S$ and for all (x, 41), (x, y2) € S it satisfies 


If(@,y1) — F(a, y2)] < w(lys — yal), (10.3) 


where w(z) is the same as in Lemma 10.3. Then (7.1) has at most one 
solution in |x — xo| < a. 
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Proof. Suppose y:(x) and y2(z) are two solutions of (7.1) in |jz—xo| < a. 
Then from (10.3) it follows that 


lyi(x) — yo(x)| < 


fell) — vele)pae). 
Xo 
For any « in [2, %o + a], we set u(x) = |yi(ao + x) — yo(ao + x)|. Then the 
nonnegative continuous function u(x) satisfies the inequality (10.2), and 
therefore, Lemma 10.3 implies that u(a) = 0 in [0, a], i-e., yi(a) = yo(x) in 
[xo, Xo +a]. If x is in [vp—a, xo], then the proof remains the same except that 
we need to define the function u(x) = |y1(%o —2) — y2(a%o — 2)| in [0, a]. | 


For our next result, we shall prove the following lemma. 


Lemma 10.5. Let u(x) be nonnegative continuous function in |r—xo| < 
a, and u(xo) = 0, and let u(x) be differentiable at x = x9 with u’(xo) = 0. 


Then the inequality 
* t 
/ at (10.4) 


u(x) = 


implies that u(x) = 0 in |x — xo| < a. 


Proof. It suffices to prove the lemma only for 7 < x < a +a. We 


define . : 
u(“z) = : “) dt. 
xo t= oa) 


lite es u'(xo) = 0. 
@Z->Xo XL — XL 


This integral exists since 


Further, we have 
Digs UD BO) 
w— XO aL — XO 
and hence d/dz[v(x)/(a — xo)] < 0, which implies that v(x)/(a — x9) is 
nonincreasing. Since v(%o) = 0, this gives v(a) < 0, which is a contradiction 
to v(x) > 0. So, v(x) = 0, and hence u(x) = 0 in [x0, 20 + al. | 


Theorem 10.6 (Nagumo’s Uniqueness Theorem). Let 
f(x,y) be continuous in S and for all (x,y), (x, y2) € S it satisfies 


lf(a,y1) — f(x, y2)| < klx—ao|7"|y1- yl, cA, K<1. (10.5) 


Then (7.1) has at most one solution in |% — xo| < a. 


Proof. Suppose y:(x) and y2(z) are two solutions of (7.1) in |jv—xo| < a. 
Then from (10.5) it follows that 


fle 20l tae) - voto). 


0 


lyi(z) — yo(x)| < 
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We set u(x) = |yi(x) — yo(x)|; then the nonnegative function u(x) satisfies 
the inequality (10.4). Further, since u(x) is continuous in |x — x| < a, and 
u(zo) = 0, from the mean value theorem we have 


u(x + h) — u(xo) 


uw (a) = lim 


h—0 h 
= ly1(20) + hy) (ao + 1h) — yo(20) — hy} (ao + A2h)| 
h-0 h ’ 


0<601, 02 <1 
= (sen h) lim ly (ao + 01h) — yo(vo + O2h)| = 0. 


Thus, the conditions of Lemma 10.5 are satisfied and u(x) = 0, i-e., yi(x) = 
yo(a) in la — xo| <a. | 


Example 10.2. It is easy to verify that the function 


0 O<a<1, y<0 


1 
f(z,y) = G+ oy <2), Ca geal, e>0 


(lt+ea? O<a<l, at*<y 


is continuous and satisfies the condition (10.5) (except k = 1+e > 1) 


in S : [0,1] x R. For this function the initial value problem (7.1) with 
(zo, Yo) = (0,0) has an infinite number of solutions y(a) = cx!**, where c 
is an arbitrary constant such that 0 <c< 1. Thus, in condition (10.5) the 
constant k < 1 is the best possible, i.e., it cannot be replaced by k > 1. 


Theorem 10.7 (Krasnoselski-Krein Uniqueness Theo- 
rem). Let f(z,y) be continuous in § and for all (x,y1), (x, y2) € S it 
satisfies 


lf(a,y1) — f(a, y2)| < k\x — to|~*|yr — yal, x # Xo, k>0 (10.6) 


If(x, 91) — Fla, y2)] < Clys—yl®, C>0, O<a<l, kK1—-a) <1. 
(10.7) 
Then (7.1) has at most one solution in |” — xo| < a. 


Proof. Suppose y:(x) and y2(z) are two solutions of (7.1) in |jz—xo| < a. 


We shall show that yi (a) = y2(a) only in the interval [19,79 + a]. For this, 
from (10.7) we have 


ula) = lnla)-wla)l << f Curae 


and hence Problem 7.5 gives that 


u(x) < [C(L—a)(e-m))°-9" < [Cle ap). 
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Thus, the function v(x) = u(x)/(x — xo)* satisfies the inequality 
0 < u(x) < Co-a)" (g - tp) A-2)*#, (10.8) 


Since k(1—a@) < 1, it is immediate that lim;_.,, v(x) = 0. Hence, if we define 
v(x%o) = 0, then the function v(x) is continuous in [29, Zo + a]. We wish to 
show that v(a) = 0 in [%9, zo +a]. If v(x) > 0 at any point in [x9, x9 +a], then 
there exists a point 21 > £p such that 0 < m = v(a1) = maxgy<2<ay+4a U(Z). 
However, from (10.6) we obtain 


m = v(a1) < (#1—29)7* i k(t — 2o)~*u(t)dt 


0 


< (x1 —29)7* i k(t — 2o)*—1u(t)dt 


0 


< ma — 20)" f k(t — ao)*—1dt 


= m(x1—29) *(a1—20)* = m, 


which is the desired contradiction. So, v(x) = 0, and hence u(x) = 0 in 
[xo0, Xo + al. | 


Theorem 10.8 (Van Kampen Uniqueness Theorem). Let 
f(x,y) be continuous in § and for all (x,y) € S it satisfies 


lf(z,y)| < Ala—ao|?, p>-l1, A>O. (10.9) 
Further, let for all (x, y1), (x, y2) € S it satisfies 
If(z,m) — f(z, y2)| < ——,; 
|x — Xo| 


with g(1+p)-—r=p, p= C(2A)?-!/(p+1)% < 1. Then (7.1) has at most 
one solution in |x — xo| < a. 


ly — yl’, g>1, C>0 (10.10) 


Proof. Suppose y:(x) and y2(z) are two solutions of (7.1) in |jz—xo| < a. 
We shall show that yi (a) = y2(a) only in the interval [a9 — a, xo]. For this, 
from (10.9) we have 


1 = eee = [leno = fovea 


xo 
< 2A f Ce ee 
x ptr 


Using this estimate and (10.10), we obtain 


Lo 1 ; 
u(x) C i Gar” (t)dt 


2AS\? f? 2A 
q(p+1)—r ~ pti 
c(74) | (ao — t) dt = (=) (to — x)?” 


IA 
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Now using this new estimate and (10.10), we get 


ue) < ptt (22) (a — apr" 


ptl 


Continuing in this way, we find 


u(a) < pare soe (ro —-2)?t1, m=1,2,.... 
p+1 
Since g > 1 and p <1, it follows that u(x) = 0 in |x — a, xo]. | 
Problems 


10.1. Consider the initial value problem 


4a? 
y = flay) = ae (x,y) # (0,0) 


0, (x,y) = (0,0) (10.11) 


Show that the function f(x,y) is continuous but does not satisfy the Lips- 
chitz condition in any region containing the origin (see Problem 7.4). Fur- 
ther, show that (10.11) has an infinite number of solutions. 


10.2. Given the equation y’ = xg(x,y), suppose that g and 0g/Oy are 
defined and continuous for all (x,y). Show the following: 


(i) y(a) = 0 is a solution. 
(ii) If y = y(x), x € (a,) is a solution and if y(%) > 0, ro € (a, /), 
then y(x) > 0 for all x € (a, 8). 


(iii) If y = y(x), x € (a,) is a solution and if y(xo) < 0, xo € (a, 8), 
then y(x) <0 for all x € (a, 8). 


10.3. Let f(x,y) be continuous and satisfy the generalized Lipschitz 
condition 


lf(z,y1) — f(a, ye)| < L(x)ly1 — yel 


for all (x, 41), (2, y2) in S, where the function L(«) is such that the integral 
Loe L(t)dt exists. Show that (7.1) has at most one solution in |v—ao| < a. 

10.4. Give some examples to show that the Lipschitz condition in 
Theorem 10.1 is just a sufficient condition for proving the uniqueness of the 
solutions of (7.1) but not the necessary condition. 
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10.5. Let f(x,y) be continuous in Sy and for all (x, y1), (x, y2) in Sy 
with y2 > y; satisfy one sided Lipschitz condition 


f(x, y2) — f(t,y1) < Liye -— 1). 


Show that (7.1) has at most one solution in 2g < « < x +a. 


10.6. Let f(x,y) be continuous in S_: a2 —a<a2 <2, |y—yo| <b 
and nondecreasing in y for each fixed x in 7) —a < & < x. Show that (7.1) 
has at most one solution in 79 —-a < x < Zo. 


10.7. Show that the functions w(z) = Lz® (a > 1), and 


w(z) = ie 


—zInz, 0<z<et 
eres z>et 


satisfy the conditions of Lemma 10.3. 


10.8. Consider the function f(x,y) in the strip T: -—oo <a <1, 
—oo < y < o defined by 
0 -w~o<24<0, -wK<y<aw 
22 O<a<l1l, -w<y<0 
= 4 
F(a, y) on — 2 O<a<1, 0<y<2’? 
x 


—22 0<a<l, x? <y<o. 


Show that the problem y’ = f(x,y), y(0) =0 has a unique solution in the 
interval —co < x < 1. Further, show that the Picard iterates with yo(a) = 0 
for this problem do not converge. 


10.9. Consider the function f(x,y) in the strip T: 0<a<1, -w< 
y < co defined by 


: O<e<1, eV) <y<oo, 0<a<l 
f(z,y) = kyo! (1a) _ p¥ 0<a<1, 0<y<z/0-), k>0 
x 


keel (—@) O0<a<l1, -w<y<0, kK1l-a) <1. 
Show that the problem y’ = f(z, y), y(0) = 0 has a unique solution in [0, 1]. 


*10.10 (Rogers’ Uniqueness Theorem). Let f(x,y) be continuous 
in the strip T:0<a<1, —cw<y<_o and satisfy the condition 


f(x,y) = o(e Ven?) 


uniformly for 0 < y < 6, 6 > 0 arbitrary. Further, let for all (x, y1), (x, y2) 
€ T it satisfy 


\f(n.sn) — Flos) < plan — vel 
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Show that the problem y’ = f(x,y), y(0) = 0 has at most one solution in 
(0, 1]. 


10.11. Consider the function f(x,y) in the strip T:0 << a<1, -w~< 
y < oo defined by 


1 
x 
f(z,y) = see le O<a<1, 0<y<aeV/* 
x 
ee O<z¢<l1, -wox<ys0. 


Show that the problem y’ = f(z,y), y(0) = 0 has a unique solution in [0, 1]. 


10.12. Consider the function f(x,y) in the strip T:0<a<1, -w< 
y < oo defined by 


0 O<ar<l1l, -w<y<0 
flay) < 4 ge OS PS1 OSysev? 
’ aa xv 
ea l/x 
2 O0<a<il, e V® <y <a. 


Show that the problem y’ = f(x,y), y(0) = 0 has an infinite number of 
solutions in [0, 1]. 


Answers or Hints 


10.1. y=c? — Va24 + c4, where c is arbitrary. 
10.2. (i) Verify directly. (ii) Use Theorem 10.1. (iii) Use Theorem 10.1. 
10.3. Since Cas L(t)dt exists, Corollary 7.4 is applicable. 


10.4. Consider the Problem 8.3(i), or y’ = yln(1/y), y(0) =a > 0. 


10.5. Suppose two solutions y1(a) and yo(x) are such that yo(x) > y1(z), 
w<a<ate<aot+aand yi(xz) = yo(x), ro < vw < x). Now apply 
Corollary 7.4. 


10.6. The proof is similar to that of Theorem 10.2. 
10.7. Verify directly. 


10.8. The given function is continuous and bounded by 2 in T. Also it 
satisfies the conditions of Theorem 10.2 (also, see Problem 10.6). The only 
See hae 0, -wK<2x<0 Saat be aha 
solution is y(a) = { PB 0S Si. The successive approximations are 


Yom—1(2) = a, Yom (2) = ar m= 1,2, sean 68 
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10.9. Show that conditions of Theorem 10.7 are satisfied. The only solution 
is y(x) = k(1 — a)aVC-% /[k(1 — a) +1). 


10.11. Show that conditions of Problem 10.10 are satisfied. The only so- 
lution is y(a) = xe“ V/*, 


10.12. Show that the condition f(x,y) = 0 (e~!/x~?) of Problem 10.10 is 
not satisfied. For each 0 < ¢ <1, y(x) = ce~/* is a solution. 


Lecture 11 


Differential Inequalities 


Let the function f(z, y) be continuous in a given domain D. A function 
y(x) is said to be a solution of the differential inequality y’ > f(a,y) in 
J = [x0,%0 + a) if (i) y’() exists for all a € J, (ii) for all x € J the points 
(x, y(x)) € D, and (ii y'(x) > f(x, y(x)) for all « € J. The solutions of 
the differential inequalities y’ > f(x,y), y! < f(x,y), and y’ < f(z,y) 
are defined analogously. For example, y(#) = cot is a solution of the 
differential inequality y’ < —y? in the interval (0,7). 


Our first basic result for differential inequalities is stated in the following 
theorem. 


Theorem 11.1. Let f(x,y) be continuous in the domain D and y;(z) 
and y2(«) be the solutions of the differential inequalities 


ti S fm), ge > f(e,y2) (11.1) 
on J. Then yi(%o) < y2(xo) implies that 

yi(z) < yo(x) forall we J. (11.2) 
Proof. If (11.2) is not true, then the set A= {x:2 € J, y:(x) > yo(x)} 


is nonempty. Let x* be the greatest lower bound of A, then zg < x* and 
yi(a*) = yo(x*). Now for h < 0 we have y1(a* +h) < yo(a* +h), and hence 


* 


yi(a* +h) — ya") 


F * — li 
yi (x* — 0) jim h 
. Ya(2* + h) — yo(2*) ip 
> = — 0). 
> jim h y(x* — 0) 


Therefore, from (11.1) we obtain f(x*,yi1(a@*)) > f(a*,y2(a*)), which is 
a contradiction to y1(2*) = y2(x*). Hence, the set A is empty and (11.2) 
follows. | 


Obviously, Theorem 11.1 holds even when we replace < by < and > by 
> in (11.1). 


Corollary 11.2. Let f(x,y) be continuous in the domain D. Further, 
we assume the following: 


(i) y(a) is a solution of the initial value problem (7.1) in J = [%o, 20 +a). 
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(ii) yi(x) and y2(x) are the solutions of the differential inequalities y{ < 
f(a, y1), Yd > f(x, y2) in J. 

(iii) yi (0) < yo S y2(xo). 

Then y;(x) < y(x) < yo(x) for all x € (x9, x9 + a). 


Proof. We shall prove only y(x) < yo(x) in the interval (ao, xo + a). 
If yo < Yy2(Xo), then the result follows from Theorem 11.1. Thus, we shall 
assume that yo = Yyo(xo). Let z(x) = yo(x) — y(x), then z’(x9) = yh (x0) — 
y'(xo) > f(x, y2(ao)) — f(vo,y(ao)) = 0, ie., z(x) is increasing to the 
right of zo in a sufficiently small interval [29,29 + 6]. Therefore, we have 
y(ap +6) < yo(x%o + 6). Now an application of Theorem 11.1 gives that 
y(x) < yo(a) for all x € [ap + 6,29 + a). Since 6 can be chosen sufficiently 
small, the conclusion follows. a 


In Theorem 11.1, and consequently in Corollary 11.2, several refinements 
are possible, e.g., it is enough if the inequalities (11.1) hold in J except at 
a countable subset of J. 

Example 11.1. Consider the initial value problem 


/ 


y = y tex’, y(0) = 1, we (0,1). (11.3) 
For the function yi(x) = 1+ 23/3, yi(0) = 1 and for x € (0,1), we have 


3 2 
yi(x2) = e< (+2) +7 = yi(e) + 2. 


Similarly, for the function yo(x) = tan(x+7/4), y2(0) = land for x € (0,1), 
we find 


y3(z) = sec? (w+ =) = tan? («+ *) +1 > 98(2)4+ 2”. 
Thus, from Corollary 11.2 the solution y(a) of the problem (11.3) can be 


bracketed between y:(x) and yo(x), ie., 


hea 


Lag < y(xz) < tan(x +7), x € (0,1). 


As the first application of Theorem 11.1, we shall prove the following 
result. 


Theorem 11.3. Let f(z, y) be continuous in the domain D and for all 
(x,y), (v,z) in D with x > 4%, y>z 


f(w,y) — f(a,z) < Lly- 2). (11.4) 
Further, we assume that conditions (i)—(iii) of Corollary 11.2 with strict 
inequalities in (ii) replaced by with equalities are satisfied. Then y;(a) < 
y(x) < yo(x) for all x € J. 
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Proof. We define 2(«) = yi(a) — ee**-*), where € > 0 and A> L. 
Then from the above assumptions, we obtain 


A(x) = yi(a)—dre@-*) << f(x,y1(w)) — edeX-20) 
< f(a, 2(x)) + (LZ — A)e*@-*0) 
< f(z, 21 (a 


Similarly, for the function z2(a) = yo(a) + ee*(*-*0), we find 
25(x) > f(w, 22(2)). 


Also, 21(a0) < yi(ao) < yo < ye(ao) < z2(x%0) is obvious. Hence, the 
conditions of Theorem 11.1 for the functions z,(2) and z2(x) are satisfied, 
and we get 

a(x) < y(a) < 22(a) (11.5) 
for all a € J. The desired conclusion now follows by letting « — 0 in 
(11.5). if 


Corollary 11.4. Let the conditions of Theorem 11.3 with (11.4) re- 
placed by the Lipschitz condition (7.3) be satisfied for all x > ao, and 
let (iii) of Corollary 11.2 be replaced by yi(%o) = yo = yo2(#o). Then for 
any x, € J such that x1 > xo, either yi(@1) < y(@1) (y(ai) < ya(a1)) or 
ys(2) = y(2) (y(a) = yo(a)) for all x € [1,21]. 


Proof. For x > 29 and y > z the Lipschitz condition (7.3) is equivalent 
to the following 


—Liy—2z) < flay) — fz) < Ly-2) (11.6) 


and hence from Theorem 11.3 it follows that y,(x) < y(x) < yo(a). Now 


Zz 
since yi(%o) = y(o) = y2(xo), unless y(x) = yi (x) Gore yo(x)), there 
is some 21 > 2 at which yi(21) < y(a1) (y(@1) < yo(@1)). owe from 
(11.6) we find 


yi(z)-—y'(z) < f(e,n(z))—-fle,y(a)) < Ly@) -n(s)), 


which is the same as 


Hence, the function e&*(y;(x) — y(x)) cannot increase and for any x > 21 


e“*(yi(x) —y(z)) S e”**(y1(e1) — y(a1)) < 0. 


Thus, y1(a) < y(a) for all x > x,. Consequently, if y(a1) = y1(a1) at any 
point x1, then y(x) = yi (2x) in [xo, x4]. | 
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For our next application of Theorem 11.1, we need the following defini- 
tion. 


Definition 11.1. A solution r(x) (p(x)) of the initial value problem 
(7.1) which exists in an interval J is said to be a maximal (minimal) solution 
if for an arbitrary solution y(x) of (7.1) existing in J, the inequality y(x) < 
r(x) (p(x) < y(x)) holds for all x € J. 


Obviously, if the maximal and minimal solutions exist, then these are 
unique. The existence of these solutions is proved in the following theorem. 


Theorem 11.5. Let f(x,y) be continuous in Sy : 2 < @ < a+ 
a, |y— yo| < 6 and hence there exists a M > 0 such that |f(z,y)| < M fo 
all (x,y) € S4. Then there exist a maximal solution r(x) and a minima 
solution p(x) of (7.1) in the interval [29,79 +a], where a = min{a, b/(2M+ 


b)}. 


Proof. We shall prove the existence of the maximal solution r(z) only. 
Let 0 < € < b/2, and consider the initial value problem 


5B 


any 


y' = flz,y) +, y(o) = Yor e. (11.7) 


Since the function f.(x, y) = f(z, y) +€ is continuous in S.: a9 <x < a+ 
a, |y—(yot+€)| < b/2, and S$, C $4 we find that |f.(a,y)| < M+6/2 in S,. 
Hence, from Corollary 9.2 it follows that the problem (11.7) has a solution 
y(x,¢€) in the interval [zo,2o + aj, where a = min{a,b/(2M + b)}. For 
0<€, <a < €, we have y(x9, €2) < y(xo, €1) and y’ (x, €2) = f(x, y(a, €2))+ 
€2, y/(v,e1) > f(x, y(a,e1)) + €2, & € [x0,%0 + a]. Thus, Theorem 11.1 is 
applicable and we have y(a,€2) < y(x,e1) for all « € [29,209 + a]. Now 
as in Theorem 9.1 it is easy to see that the family of functions y(z,€) 
is equicontinuous and uniformly bounded in [29,20 + a], therefore, from 
Theorem 7.10 there exists a decreasing sequence {e,,} such that €, — 0 as 
n — oc, and limn—+oo y(Z, €n) exists uniformly in [79,79 +a]. We denote this 
limiting function by r(x). Obviously, r(ao) = yo, and the uniform continuity 
of f, with 


x 


(le) = eRe / [F(t,u(t€n)) + enlat 


ro 


yields r(x) as a solution of (7.1). 


Finally, we shall show that r(z) is the maximal solution of (7.1) in 
[%9,% + a]. For this, let y(x) be any solution of (7.1) in [x9, 7% + a]. Then 
y(to) = Yo < yt € = y(zo,€), and y'(x) < f(x,y(x)) +¢, y/(z,€) = 
f(x, y(z,e)) + € for all x € [xo,%9 + a] and 0 < e < 6/2. Thus, from 
Theorem 11.1 it follows that y(x) < y(a,6), x € [xo,2%9 + a]. Now the 
uniqueness of the maximal solution shows that y(x,¢) tends uniformly to 
r(a) in [%o, 2% +a] ase — 0. | 
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Obviously, the process of continuation of the solutions of (7.1) discussed 
in Lecture 9 can be employed for the maximal solution r(x) as well as for 
the minimal solution p(x). 


Example 11.2. For the initial value problem y’ = |y|'/?, y(0) = 0 it 
is clear that r(x) = x7/4, p(x) = 0 if x > 0; r(x) = 0, p(x) = —x?/4 if 
x <0; and 


2 . 
x if 2>0 0 if «>0 
r(x) = 4 p(x) = ee 
0 if r<0, 4. eS 


Finally, as an application of maximal solution r(x) we shall prove the 
following theorem. 


Theorem 11.6. Let f(x,y) be continuous in the domain D, and let 
r(a) be the maximal solution of (7.1) in the interval J = [xo, 7p +a). Also, 
let y(x) be a solution of the differential inequality 


y'(x) < f(x,y(x)) (11.8) 
in J. Then y(2o) < yo implies that 


y(z) < r(z) forall weJ. (11.9) 


Proof. For 2 € (xo, xo+a) an argument similar to that for Theorem 11.5 
shows that there exists a maximal solution r(a, €) of (11.7) in [xo, x1] for all 
sufficiently small e« > 0 and lim,.9 r(x, €) = r(x) uniformly in x € [x0, x1]. 
Now for (11.7) and (11.8) together with y(xo) < yo < r(xo,€), Theorem 
11.1 gives 

y(z) < r(z,e) (11.10) 


in [xo, v1]. The inequality (11.9) follows by taking ¢ > 0 in (11.10). | 


Problems 


11.1. Give an example to show that in Theorem 11.1 strict inequalities 
cannot be replaced with equalities. 


11.2. Let y(x) be a solution of the initial value problem y’ = y — 
y”, y(0) = yo, 0 < yo < 1. Show that yo < y(x) < 1 for all x € (0,00). 


11.3. Let y(x) be a solution of the initial value problem y! = y? — 
x, y(0) = 1. Show that 1+ < y(x) < 1/(1—2) for all x € (0,1). 


11.4. Let fi(a,y) and fo(x,y) be continuous in the domain D, and 
fila,y) < fo(x,y) for all (a, y) € D. Further, let yi (a) and yo(x) be the 
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solutions of the DEs yj = fi (x, y1) and ys = fo(x, y2), respectively, existing 
in J = [xo,%o + a) such that y1(%o) < ye(xo). Show that yi(x) < yo(x) for 
allae J. 


*11.5. For a given function y(x) the Dini derivatives are defined as 
follows: 


h)— 
D'y(x) = limsup (ew) (upper-right derivative) 


h)— 
Dzy(z) = liminf (ew) (lower-right derivative) 


D-y(«) = imsup ( Gas ae (upper-left derivative) 
h-0- 
h)— 
D_y(x) = lim inf (eaten) (lower-left derivative). 
n— 07 


In case Dt y(x) = D+y(x), the right-hand derivative denoted by y/, (x) 
exists and y/, (2) = Dty(x) = Dyy(z). 


In case D~y(x) = D_y(x), the left-hand derivative denoted by y’_() 
exists and y’_ (x) = D-y(x) = D_y(a). 

In case y', (x) = y/_ (a), the derivative exists and y'(a) = y/, (x) = y/_ (2). 
Conversely, if y’(x) exists, then all the four Dini derivatives are equal. 

Clearly, D, y(x) < D*y(ax) and D_y(x) < D~y(a). Show the following: 
(i) If y(x) € Clao, xo + a), then a necessary and sufficient condition for 
y(x) to be nonincreasing in [29,29 + a) is that Dy(x) < 0, where D isa 
fixed Dini derivative. 
(ii) If y(x), z(x) € Clvo,20 +a), and Dy(x) < z(x), where D is a fixed 
Dini derivative, then D_y(x) < z(2). 
(iii) Theorem 11.1 remains true when in the inequalities (11.1) the deriva- 
tive is replaced by any fixed Dini derivative. 
(iv) Ify(x) € C™ x9, o+a), then z(x) = |y(a)| has a right-hand derivative 
z',(a) and 2, (0) < |y'(2)| 


*11.6. Let f(x,y) be continuous in the domain D, and y(a) be a 
solution of the differential inequality D_y < f(z,y) in (xo — a,x] and 
y(%o) => yo. Show that p(x) < y(«) as far as the minimal solution p(x) of 
(7.1) exists to the left of xo. 


Answers or Hints 


11.1. The problem y' = y?/°, y(0) = 0 has solutions y; (x) = 3/27, y2(2) 
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= 0 in (0,00). For these functions equalities hold everywhere in Theorem 
11.1. However, x3/27 < 0 in (0,00). 


11.2. Let yi(x) = yo, yo(x) = 1+.€, € > 0 and use Theorem 11.1 and 
Corollary 11.2. 


11.3. Let yi(a) =1+4+ 2, yo(a) = 1/(1 — x) and use Corollary 11.2. 


11.4. Define f(x,y) a (fi(x,y) ce fa(x,y))/2 so that yj s f(x,y), Yd > 
f(x, y2) and y1 (20) < ye(a%o). Now use Theorem 11.1. 


Lecture 12 


Continuous Dependence 
on Initial Conditions 


The initial value problem (7.1) describes a model of a physical problem 
in which often some parameters such as lengths, masses, temperatures, etc., 
are involved. The values of these parameters can be measured only up to 
certain degree of accuracy. Thus, in (7.1) the initial condition (a, yo) as 
well as the function f (2, y) may be subject to some errors either by necessity 
or for convenience. Hence, it is important to know how the solution of (7.1) 
changes when (9, yo) and f(, y) are slightly altered. We shall answer this 
question quantitatively in the following theorem. 


Theorem 12.1. Let the following conditions be satisfied: 


(i) f(x,y) is continuous and bounded by M in a domain D containing 
the points (xo, yo) and (#1, y1). 


(ii) f(x,y) satisfies a uniform Lipschitz condition (7.3) in D. 
(iii) g(x,y) is continuous and bounded by Mj in D. 
(iv) y(a) and z(a), the solutions of the initial value problems (7.1) and 


/ 


z = f(a,z)+9(2,z), 2(41) = 1, 


respectively, exist in an interval J containing xo and 2. 


Then for all x € J, the following inequality holds: 


ly(x) — 2(x)| < (Ivo — val + (M+ wher — nal + Gm) (12.1) 


1 
x exp (L|x% — xo|) — 7M. 


Proof. From Theorem 7.1 for all x € J it follows that 


ae) = n+ f “Lilt. 2(2)) + 9(t, 2(#))]at 


= nt f se zoyas [ seaoacs fot, 2toyae 


x 
L1 
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and hence, we find 


y(a)—2(0) = w-nt f [fly(t)) - £e2)]et 
i Ae ¥ (12.2) 
+f fe,a(t))at — f g(t, z(t)) dt. 
xO ry 
Now taking absolute values on both sides of (12.2) and using the hypotheses, 
we get 


ly(z) —2(z)| < |yo— yl + (M+ My)|21 — x0] + Milx — xo| 


[ito - 200 ae ve 


+L 


Inequality (12.3) is exactly the same as that considered in Corollary 
7.6 with co = |yo — yi| + (M+ Mj)|a1 — zol, cr = Mi, co = L and 
u(x) = |y(x) — z(x)|, and hence the inequality (12.1) follows. | 


From the inequality (12.1) it is apparent that the difference between 
the solutions y(a) and z(a) in the interval J is small provided the changes 
in the initial point (20, yo) as well as in the function f(x,y) do not exceed 
prescribed amounts. Thus, the statement “if the function f(x,y) and the 
initial point (20, yo) vary continuously, then the solutions of (7.1) vary 
continuously” holds. It is also clear that the solution z(x) of the initial 
value problem z’ = f(x,z) + g(x, z), z(%1) = yi need not be unique in J. 


Example 12.1. Consider the initial value problem 


/ 


y = sin(zy), y(0) = 1 (12.4) 
in the rectangle S$ : |z| < 1/2, |y—1| < 1/2. To apply Theorem 8.1 we 
note that a = 1/2, b = 1/2 and maxg|sin(ry)| < 1 < M, and from 
Theorem 7.2 the function sin(xy) satisfies the Lipschitz condition (7.3) in 
S, and maxz|acos(ry)| = 1/2 = L. Thus, the problem (12.4) has a unique 
solution in the interval |x| < h < 1/2. 

As an approximation of the initial value problem (12.4), we consider 


oe, SO = as (12.5) 


which also has a unique solution z(x) = 1.1 exp(«?/2) in the interval |a| < 
1/2. Now by Taylor’s formula, we find 


j 1 3 3 
= F = Be 3 etna (ee = = — = M,. 
lg(x, y)| |sin(xy) — ry| < gzyl = 6 (5) (5) 128 
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Using Theorem 12.1 for the above initial value problems, we obtain an 
upper error bound for the difference between the solutions y(x) and z(z) 


9 ea 9 1 
— Ss : — eS <a 
ly(a) — 2(a)| < (0 1+ a) exp ( 5 ) 64 for all |a| < 5 


To emphasize the dependence of the initial point (xo, yo), we shall denote 
the solution of the initial value problem (7.1) as y(a,2o, yo). In our next 
result we shall show that y(z, xo, yo) is differentiable with respect to yo. 
Theorem 12.2. Let the following conditions be satisfied: 


(i) f(x,y) is continuous and bounded by M in a domain D containing 
the point (Zo, yo). 


(ii) Of(a,y)/Oy exists, continuous and bounded by L in D. 


(iii) The solution y(2, 20, yo) of the initial value problem (7.1) exists in an 
interval J containing x9. 


Then we have that y(2, xo, yo) is differentiable with respect to yo and z(x) = 
Oy(x, x0, yo)/Oyo is the solution of the initial value problem 


woe Fo (ular to,w))2 (12.6) 
z(zo) = 1. (12.7) 


The DE (12.6) is called the variational equation corresponding to the solu- 
tion y(2, XO, Yo): 


Proof. Let (zo,y1) € D be such that the solution y(x,20,y1) of the 
initial value problem y’ = f(x,y), y(vo) = yi exists in an interval J;. Then 
for all « € Jg = JN J1, Theorem 12.1 implies that 


L|x—x9 
) 


ly(x, x0, yo) — y(x,20,41)| < lyo- mle 
ie., |y(x, Zo, Yo) — y(x, Zo, y1)| > 0 as |yo — | — O. 
Now for all x € Ja it is easy to verify that 
y(x, £0, Yo) — y(@, 0, 41) — 2(@)(Yo — yr) 
= | P(e. u(t 20.) = fltawtto.1n)) SE (6 u(t20.90))-(0)(v0—) dt 


0 


= [ sat y(t, Xo, yo))[y(t, Lo, Yo) — y(t, Lo, y1) — 2(t)(Yo — yr) ]dt 


0 


+f d{y(t, Lo, Yo), y(t, Lo, yi) dt, 
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where d{y(2, 20, yo), Y(t, 0,41) — 0 as |y(x, 20,40) — y(%, 20, y1)| > 9, 
iLe., as |yo — yi] — 0. 

Hence, we find that 

ly(x, £0, Yo) — y(X, o, 91) — 2(X)(Yo — ¥2)| 


< 21 J Inlt,20.00) - u(t ro) — 2(E)(¥o — wn) lat] + ofl — val). 


Now applying Corollary 7.6, we get 
ly(x, 20, yo) — y(x, 0,91) — 2(@)(Yo — ¥1)| S O(lyo — y1|) exp(L|a — xo)). 


Thus, |y(x, 70, yo) — y(x, @0, 91) — 2(@)(Yo — y1)| > 0 as [yo — | — 0. 
This completes the proof. | 


In our next result we shall show that the conditions of Theorem 12.2 are 
also sufficient for the solution y(a, 20, yo) to be differentiable with respect 
to Lo. 


Theorem 12.3. Let the conditions of Theorem 12.2 be satisfied. Then 
the solution y(z,2o,Yo) is differentiable with respect to x and z(x) = 
Oy(x, Xo, yo) /OXo is the solution of the variational equation (12.6), satisfying 
the initial condition 

z(t0) = — f (Xo, yo). (12.8) 


Proof. The proof is similar to that of Theorem 12.2. | 


We note that the variational equation (12.6) can be obtained directly 
by differentiating the relation y'(z, 20, yo) = f(x, y(x, 20, Yo)) with respect 
to yo (or xo). Further, since y(xo, 20, Yo) = Yo, differentiation with respect 
to yo gives the initial condition (12.7). To obtain (12.8), we begin with the 
integral equation 


y(x, Lo, Yo) a w+ | f(t, y(t, 20, yo) )dt 


and differentiate it with respect to xo, to obtain 


Oy (a, Xo, Yo) 


Ox9 = ot f(o, Yo): 


x@r=2O 


Finally, in this lecture we shall consider the initial value problem 


y" = f(x,y, r), y(Zo) = Yo; (12.9) 


where \ € R is a parameter. The proof of the following theorem is very 
similar to earlier results. 
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Theorem 12.4. Let the following conditions be satisfied: 


(i)  f(x,y,A) is continuous and bounded by M in a domain D Cc R? 
containing the point (29, yo, Ao). 


(ii) Of(a,y,A)/Oy, Of (a, y, A)/OA exist, continuous and bounded, respec- 
tively, by Z and Ly in D. 
Then the following hold: 


(1) There exist positive numbers h and € such that given any A in the 
interval |A — Ao| < ¢€, there exits a unique solution y(a,A) of the initial 
value problem (12.9) in the interval |a — xo| < h. 

(2) For all Ay, Az in the interval |A — Ao| < €, and x in |x — xo| < h the 
following inequality holds: 


ly(x, A1) — y(@, A2)| S 


HIN Al (exp(L|a—ao|)—1). (12.10) 


(3) The solution y(a, A) is differentiable with respect to A and z(x, A) = 
Oy(x, A)/OA is the solution of the initial value problem 


0 a) 
zZ(#,A) = F(a, A), A)e(,X) + a 


(a, y(x, A), A), (12.11) 
z(a9,A) = 0. (12.12) 


If \ is such that |A — Ao| is sufficiently small, then we have a first-order 
approximation of the solution y(x, A) given by 


wie.) = yle2o) += do) [24 d) 


= y(a, Ao) + (A — Ao) 2(2, Ao). 


A=Ao (12.13) 


We illustrate this important idea in the following example. 
Example 12.2. Consider the initial value problem 
y = Ay? 41, y(0) = 0 (A>) (12.14) 


for which the solution y(#,) = (1/WA)tan(VX2) exists in the inter- 
val (—1/(2VX), 7/(2VA)). Let in (12.14) the parameter \ = 0, so that 
y(x,0) = x. Since Of /Oy = 2Ay and Of /OA = y”, the initial value problem 
corresponding to (12.11), (12.12) is 


z'(x,0) = x”, 2(0,0) = 0, 
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whose solution is 2(z,0) = 23/3. Thus, for \ near zero, (12.13) gives the 
approximation 


1 3 
y(z,A) = tanya Lo = t+ r=. 


Problems 


12.1. Let y(x,) denote the solution of the initial value problem 


y+p(r)y = q(x), y(xo) = A 
in the interval xo < x < co. Show that for each fixed x > xo and for each 
positive number ¢ there exists a positive number 6 such that |y(a, +A.) — 
y(a, A)| < €, whenever |AA| < 4, ie., the solution y(a, A) is continuous with 
respect to the parameter 1. 


12.2. Prove Theorem 12.3. 
12.3. Prove Theorem 12.4. 


12.4. For the initial value problem 


/ 


y = x+e*sin(ry), y(0) = 0 = % 
estimate the variation of the solution in the interval [0, 1] if yo is perturbed 
by 0.01. 


12.5. For the initial value problem y’ = 4+ cosy, y(0) = 0 obtain an 
upper estimate for |y(x, A1) — y(a, Az)| in the interval [0, 1]. 


12.6. For sufficiently small find a first-order approximation of the 
solution y(x, A) of the initial value problem y! = y + A(x + y”), y(0) = 1. 


12.7. State and prove an analog of Theorem 12.1 for the initial value 
problem (7.9). 


12.8. Find the error in using the approximate solution 


y(x) = exp(—2*/6) 
for the initial value problem y”+ay = 0, y(0) =1, y’(0) = 0 in the interval 
|z| < 1/2. 


Answers or Hints 


12.1. Let z(”) = y(w, A+ AA) —y(a, A). Then 2/(2)+p(x)z(x) = 0, z(x0) = 
AX, whose solution is z(x) = AAexp (- f p(t)dt) ; 


x 
xO 
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12.2. The proof is similar to that of Theorem 12.2. 


12.3. For the existence and uniqueness of solutions of (12.9) see the remark 
following Theorem 16.7. To prove inequality (12.10) use Corollary 7.6. 


12.4. 0.01e°. 
12.5. |Ay — As|(e— 1). 
12.6. e% + A(e?* —x-1). 


12.7. The result corresponding to Theorem 12.1 for (7.9) can be stated 
as follows: Let the conditions (i)—(iii) of Theorem 12.1 be satisfied and 
(iv) y(a) and z(a), the solutions of (7.9) and 2” = f(x, z)+g(a,z), 2(#1) = 
zo, 2/(41) = 21, respectively, exist in J = (a, G) containing vp and 2. Then 
for all x € J, the following inequality holds: 


ly(x) — 2(@)| < {[lyo — 20] + [21 — vol (l21] + (9 — a)(M + M1))) + 7} 
x exp(L(8 — a)|x — xol) — 7; 


where ¥ = [|y1 — 21| + Mi(8 — a)|/L(8 — a). 
12.8. (17/512)e/". 


Lecture 13 


Preliminary Results from 
Algebra and Analysis 


For future reference we collect here several fundamental concepts and 
results from algebra and analysis. 


A function P,,(a) defined by 
P(t) = ap +@yr+-+-+Gnz" = ait, an #0 
i=0 


where a; € R, 0 < i < n, is called a polynomial of degree n in a. If 
P,,(#1) = 0, then the number x = 2 is called a zero of P,,(x). The following 
fundamental theorem of algebra of complex numbers is valid. 


Theorem 13.1. Every polynomial of degree n > 1 has at least one 
ZerO. 


Thus, P,,(a) has exactly n zeros; however, some of these may be the 
same, i.e., P,(a) can be written as 


P,(x) = a,(x@ — 21)" (a — 42)" +++ (a — ap), 17> 1 


9 


where Sy r, =n. If r; = 1, then x; is called a simple zero, and if r; > 
1, then multiple zero of multiplicity r;. Thus, if x; is a multiple zero of 
multiplicity r;, then PS) (2;) =0, 0<j <r; —1and P)(x,;) 40. 


A rectangular table of m xn elements arranged in m rows and n columns 


ai ai2 Gin 
a21 a22 a2n 
aml aAm2 bani Amn 


is called an m x n matrix and in short represented as A = (a;;). We shall 
mainly deal with square matrices (m = n), row matrices or row vectors 
(m = 1), and column matrices or column vectors (n = 1). 


A matrix with a,; =0, 1 <i,j <n, is called null or zero matrix, which 
we shall denote by 0. 
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A matrix with aj; =0, 1<i4j < nis called a diagonal matriz; if, in 
addition, a;, = 1, 1 <i<n, then it is an identity matrix which we shall 
denote by J. 

The transpose of a matrix denoted by A? is a matrix with elements a,j. 
A matrix is called symmetric if A= A’. 

The sum of two matrices A = (a;;) and B = (b;;) is a matrix C' = (c;;) 
with elements Cig = Aig + biz. 

Let a be a constant and A be a matrix; then @A is a matrix C = (c;) 
with elements ¢,; = aaj;. 

Let A and B be two matrices; then the product AB is a matrix C' = (c;;) 
with elements cj; = S~;_, Gikbpj;. Note that in general AB # BA, but 
(AB) =.B" A 

The trace of a matrix A is denoted by Tr A and it is the sum of the 
diagonal elements, i-e., 

n 
TrA = S- Aji: 
i=1 


Associated with an n x n matrix A = (a;;) there is a scalar called the 
determinant of A 


Q41 G12 ***) Ain 

a21 a22 *': ag 
det A = mo 

anl aAn2 hors. ann 


An (n — 1) x (n — 1) determinant obtained by deleting ith row and jth 
column of the matrix A is called the minor aj; of the element aij. We 
define the cofactor of aj; as aj; = (—1)'t/4;;. In terms of cofactors the 
determinant of A is defined as 


det A = So aijaiis = S 5 aij0%j.- (13.1) 
j=l i=1 
Further, 
SS aijon; = 0 if ifk. (13.2) 
j=l 


The following properties of determinants are fundamental: 


(i) If two rows (or columns) of A are equal or have a constant ratio, then 
det A = 0. 


(ii) If any two consecutive rows (or columns) of A are interchanged, then 
the determinant of the new matrix A, is —det A. 

(iii) If a row (or column) of A is multiplied by a constant a, then the 
determinant of the new matrix A; is adet A. 
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(iv) Ifaconstant multiple of one row (or column) of A is added to another, 
then the determinant of the new matrix A, is unchanged. 


(v) det A? = det A. 
(vi) det AB = (det A)(det B). 


A linear system of n equations in n unknowns is a set of equations of 
the following form: 


a11U1 “++ GinUn = 61 
a21uU1 +++ AanUn = bg (13 3) 
AniUy +++++4nnUn = bn, 


where a;; and b;, 1 < 7,7 <n, are given real numbers and n unknowns are 


The system (13.3) can be written in a compact form as 
Au = b, (13.4) 


where A is an n x n matrix (a;;), bis an n x 1 vector (;), and u is ann x 1 
unknown vector (u;). If b = 0, the system (13.4) is called homogeneous, 
otherwise it is called nonhomogeneous. 


The following result provides a necessary and sufficient condition for the 
system (13.4) to have a unique solution. 


Theorem 13.2. The system (13.4) has a unique solution if and only 
if det A F 0. Alternatively, if the homogeneous system has only the trivial 
solution (u = 0), then det A 4 0. 


If det A = 0 then the matrix A is said to be singular; otherwise, non- 
singular. Thus, the homogeneous system has nontrivial solutions if and 
only if the matrix A is singular. The importance of this concept lies in 
the fact that a nonsingular matrix A possesses a unique inverse denoted 
by A~!. This matrix has the property that A4A~! = A~!A = I. Moreover, 
A7! = (Adj A)/(det A), where Adj A is an n x n matrix with elements jj. 


A real vector space (linear space) V is a collection of objects called 
vectors, together with an addition and a multiplication by real numbers 
which satisfy the following axioms: 


1. Given any pair of vectors u and v in V there exists a unique vector u+v 
in V called the sum of u and v. It is required that 

(i) addition be commutative, ie., u+u=vu+tu; 

(ii) addition be associative, ie., u+ (vu +w) = (utv)+u; 

(iii) there exists a vector 0 in V (called the zero vector) such that u+0 = 
0+u=u for all u in V; 
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(iv) for each u in V, there exists a vector —u in V such that u+(—u) = 0. 


2. Given any vector u in V and any real number a, there exists a unique 
vector a uin V called the product or scalar product of a and u. Given any 
two real numbers a and ( it is required that 

(i) a(u+v) =aut+au, 

(ii) (a+ B)u= aut Bu, 
(iii) (a8)u = a(Bu), 
( 


iv) lu=u. 


A complex vector space is defined analogously. 


There are numerous examples of real (complex) vector spaces which are 
of interest in analysis, some of these are the following: 


(a) The space IR”(C”) is a real (complex) vector space if for all u = 
(u1,.--,;Un), UV = (U1,..., Un) in R"(C”), and a € R(C), 


utv = (uy tv1,...,Un + Un) 
au = (au,...,@Un). 


(b) The space of all continuous functions in an interval J denoted by C(J) 
is a real vector space if for all y(x), z(x) € C(J), anda € R, 


(y+ 2z)(@) = y(2) + 2(2) 
(ay)(a) = ay(2). 


(c) The function u(x) = (ui(x),...,Un(x)), or (u1(x),...,Un(z))", where 
u(x), 1<i<n, are continuous in an interval J, is called a vector-valued 
function. The space of all continuous vector-valued functions in J denoted 
by C;,(J) is a real vector space if for all u(x), v(a) € Cy(J) anda eR 


(u+v)(x) = (u(x) + v1(2),...,Un (x) + vn(2)) 
(au)(2) = (aui(x),...,QUn(x)). 


(d) The matrix A(x) = (a;;(x)), where a;;(x), 1 < i,j <n, are continuous 
in an interval J, is called a matrix-valued function. The space of all con- 
tinuous matrix-valued functions in J denoted by Cy,xn(J) is a real vector 
space if for all A(x), B(~) € Crxn(J) andaeR 


(A+ B)(z) = (aij(x) + bi; (2)) 
(aA)(x) = (aaj;(2)). 


The space of all m (nonnegative integer) times continuously differen- 
tiable functions in J denoted by C”)(J) is also a vector space. Similarly, 


ck” (J) and ol) (J), where the derivatives of the function u(x) and of 


nxn 
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the matrix A(a) are defined as u’(x) = (ui(x)) and A’(x) = (ai,(a)), re 
spectively, are vector spaces. 


From the definition of determinants it is clear that for a given matrix 
A(x) € co (J) the function det A(x) € C(™(J). Later we shall need 
the differentiation of the function det A(«) which we shall now compute by 
using the expansion of det A given in (13.1). Since 


det A(x > ayy (x yoag (a 


it follows that 


Adet A(z) _ on 
aj; (2) =. ig ( , 


and hence 


n 


“Sh Adet A(x jal i 
(det A(x erg: “ aij(2) ul = Dd ewlaal 


1 


which is equivalent to 


ay,(Z) +++ @4,(2) ay1(Z) +++ Gin (2) 
(det A(x))! & aa (2) ee a2n(x) ah (2) as 5,,(Z) eee 
GQni(Z) +++ Ann(x) Gni(L) +++ Ann (x) 
ay1(2) eS Ain(x) 
rs aa (2) “++ Aan (2) 
Gy 1 (@) Onn (X) 
(13.5) 
Let V be a vector space and let v!,...,v™ € V be fixed vectors. 
These vectors are said to be linearly independent if the choice of con- 
stants Q1,...,Qm for which ajv! +--+: +amv™ = 0 is the trivial choice, 
ie., Q] = ++: = Am = 0. Conversely, these vectors are said to be lin- 
early dependent if there exist constants a@1,...,Q@m not all zero such that 
ayut +++++ amv” = 0. The set {vt,...,v™} is a basis for V if for ev- 
ery v € V, there is a unique choice of constants aj,...,Q@m for which 
v=ayv't+---+a,v™. Note that this implies v!,...,v™ is independent. If 
such a finite basis exists, we say that V is finite dimensional. Otherwise, it is 
called infinite dimensional. If V is a vector space with a basis {v',...,u™}, 


then every basis for V will contain exactly m vectors. The number m is 
called the dimension of V. A nonempty subset W C V is called a subspace 
if W is closed under the operations of addition and multiplication in V. 


For a given nxn matrix A, its columns (rows) generate a subspace whose 
dimension is called the column (row) rank of A. It is well known that the 
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row rank and the column rank of A are equal to the same number r. This 
number r is called the rank of A. If r = n,i.e., det A 4 0, then Theorem 13.2 
implies that the system (13.4) has a unique solution. However, if r <n, 
then (13.4) may not have any solution. In this case, the following result 
provides necessary and sufficient conditions for the system (13.4) to have 
at least one solution. 


Theorem 13.3. If the rank of A is n—m (1 < m < n), then the 
system (13.4) possesses a solution if and only if 


Bb = 0; (13.6) 


where B is an m x n matrix whose row vectors are linearly independent 
vectors 6’, 1 <i<™m, satisfying b'A = 0. 


Further, in the case when (13.6) holds, any solution of (13.4) can be 
expressed as 


m 
“= ye cu’ + Sb, 
i=l 


where cj, 1 <i <m, are arbitrary constants, u’, 1 <i<™m, are m linearly 
independent column vectors satisfying Au’ = 0, and S is an n x n matrix 
independent of b such that ASv = v for any column vector v satisfying 
Bu =0. 


The matrix S' in the above result is not unique. 


Lecture 14 


Preliminary Results from 
Algebra and Analysis (Contd.) 


The number A, real or complex, is called an eigenvalue of the matrix 
A if there exists a nonzero real or complex vector v such that Av = Xv. 
The vector v is called an eigenvector corresponding to the eigenvalue A. 
From Theorem 13.2, A is an eigenvalue of A if and only if it is a solution 
of the characteristic equation p(X) = det (A — AI) = 0. Since the matrix 
Ais nxn, p(A) is a polynomial of degree exactly n, and it is called the 
characteristic polynomial of A. Hence, from Theorem 13.1 it follows that A 
has exactly n eigenvalues counting their multiplicities. 


In the case when the eigenvalues \1,..., An of A are distinct it is easy to 
find the corresponding eigenvectors v!,...,v”. For this, first we note that 
for the fixed eigenvalue »,; of A at least one of the cofactors of (aj; — ;) 
in the matrix (A — \j;I) is nonzero. If not, then from (13.5) it follows 
that p’(A) = —[cofactor of (a1; — )] — --- — [cofactor of (ann — A)], and 
hence p/(A;) = 0; ie., Aj was a multiple root, which is a contradiction to 
our assumption that A; is simple. Now let the cofactor of (az, — A;) be 
different from zero, then one of the possible nonzero solution of the system 
(A —A;I)v? = 0 is v} = cofactor of a,j in (A— AD), 1<i<n, iF#k, 
vy, = cofactor of (azx — Aj) in (A — A;1). Since for this choice of v4, it 
follows from (13.2) that every equation, except the kth one, of the system 
(A — A; 1)v’ = 0 is satisfied, and for the kth equation from (13.1), we have 


S- ai [cofactor of axi]+ (ake —A;) [cofactor of (a@x~n—A,;)] = det (A—A,;J), 
iZk 
which is also zero. In conclusion this v is the eigenvector corresponding to 
the eigenvalue A;. 


Example 14.1. The characteristic polynomial for the matrix 


2 1 0 
A= Le 6 
0 1 2 


is p(A) = —A3 + 7A? — 14. +8 = —(A- 1)(A - 2)(A — 4) = 0. Thus, the 
eigenvalues are Aj = 1, A» = 2 and A3 = 4. To find the corresponding 
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eigenvectors we have to consider the systems (A — A;J)v’ = 0, i = 1,2,3. 
For A; = 1, we find 


fe 10 
(Aap Sy Mio: \4 
Ort a 


Since the cofactor of (a;; — A,) = 1 4 0, we can take vj} = 1, and then 
vi = cofactor of aig = —1, v4 = cofactor of a13 = 1, i-e., vt = [1 —1 1]. 


Next for Ag = 2 we have 


0 1 0 

(A= Set Soa 1 <a 

0 1 0 
Since the cofactor of (a2 — Az) = 0, the choice v3 = cofactor of (az2 — 2) is 
not correct. However, cofactor of (@11—A2) = cofactor of (a33—A2) = -1 # 
0 and we can take v7? = —1 (v? = —1), then v3 = cofactor of a12 = 0, v3 = 


cofactor of a13 = 1 (v? = cofactor of a3; = 1, v} = cofactor of azz = 0), 
tec a? = (601) (vo = 112) 


Similarly, we can find v? = [1 2 1]”. 


For the eigenvalues and eigenvectors of an n x n matrix A, we have the 
following basic result. 


Theorem 14.1. Let \j,..., A be distinct eigenvalues of an n x n 
matrix A and v!,...,v™ be corresponding eigenvectors. Then v!,...,v™ 
are linearly independent. 


Since p(A) is a polynomial of degree n, and A™ for all nonnegative 
integers m is defined, p(A) is a well-defined matrix. For this matrix p(A) 
we state the following well-known theorem. 


Theorem 14.2 (Cayley-Hamilton Theorem). Let A be an 
n xX n matrix and let p(A) = det (A — AI). Then p(A) = 0. 


If A is a nonsingular matrix, then In A is a well-defined matrix. This 
important result is stated in the following theorem. 


Theorem 14.3. Let A be a nonsingular n x n matrix. Then there 
exists an n X n matrix B (called logarithm of A) such that A= e?. 


A real normed vector space is a real vector space V in which to each 
vector u there corresponds a real number ||u||, called the norm of u, which 
satisfies the following conditions: 


(i) |Ju|| > 0, and |/u|| = 0 if and only if u = 0; 


Preliminary Results from Algebra and Analysis (Contd.) 99 
(ii) for each c€ R, ||cu|] = |c||lull; 
(iii) the triangle inequality ||u + v|| < ||u|| + |Ju]]. 
From the triangle inequality it immediately follows that 
[Nell — loll] < llu— ol. (14.1) 


The main conclusion we draw from this inequality is that the norm is a 
Lipschitz function and, therefore, in particular, a continuous real-valued 
function. 


In the vector space IR” the following three norms are in common use 
13) g 


n 
absolute norm ||u\l; = S— |uil, 
i=l 


“ 1/2 
Euclidean norm ||w||2 = (>: rl) ; 
i=1 
and 
maximum norm ||u||,. = max |u|. 
1l<i<n 
The notations || - ||1, || - |l2, and || - ||. are justified because of the fact 


that all these norms are special cases of a more general norm 


"a 1/p 
lUll> = (sh) ¢ Spe 


i=l 


The set of all n x n matrices with real elements can be considered as 
equivalent to the vector space IR” , with a special multiplicative operation 
added into the vector space. Thus, a matrix norm should satisfy the usual 
three requirements of a vector norm and, in addition, we require 


(iv) ||AB|| < ||Al|||B]| for all n x n matrices A, B; 


(v) compatibility with the vector norm; i.e., if || - ||, is the norm in R", 
then ||Au||. < ||All||ul|. for all wu € IR” and any n x n matrix A. 


Once in IR” a norm || - || is fixed, then an associated matrix norm is 
usually defined by 
Aull 
Al] = sup “4 (14.2) 
uz0 (lull. 


From (14.2) condition (v) is immediately satisfied. To show (iv) we use 
(v) twice, to obtain 


|ABul|. = |A(Bu)||. < [AlBall. < [AMP 
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and hence for all u # 0, we have 


es Illa, 
or AB 
JAB] = sup !ABule < jaqyay. 
als 


The norm of the matrix A induced by the vector norm ||u||, will be denoted 
by ||Al|,.. For the three norms ||u|l1, ||u\|2 and ||u||.. the corresponding 
matrix norms are 


|All: = max S° lai], [Alle = /e(ATA) and ||Alloo = max J |aiyl, 
i=l j=l 


1<j<n 1si<n 


where for a given nxn matrix B with eigenvalues \1,..., A, not necessarily 
distinct p(B) is called the spectral radius of B and is defined as 


p(B) = max{|r\;|, 1<i<n}. 


A sequence {u’”} in a normed linear space V is said to converge to 
u € V if and only if ||u — u™|| > 0 as m — oo. In particular, a sequence of 
nxn matrices {Am} is said to converge to a matrix A if ||A — A,,|| - 0 
as m — oo. Further, if Am = (a 
he — ay; for alll <i, 7 <n. Combining this definition with the Cauchy 
criterion for sequences of real numbers, we have the following: the sequence 
{Am} converges to a limit if and only if ||A, — Ag|| > 0 as k, € — oo. The 
series )>;° 9 Ax is said to converge if and only if the sequence of its partial 
sums {)0 7.9 Ax} is convergent. For example, the exponential series 


A AR 
e et a 
k=1 


converges for any matrix A. Indeed, it follows from 


) and A = (a;;), then it is same as 


Sa 204 - yo a Sy Wa Al 
t eli A Bi et 
k=0 k=0 k=m+1 k=m-+1 


Hence, for any n x n matrix A, e4 is a well-defined n x n matrix. Fur- 
ther, from Problem 14.3 we have e4e-4 = e(4-4) = J, and hence 
(det e4) (det ez) =1;i., the matrix e4 is always nonsingular. 


Ax 


Similarly, for a real number x, e*” is defined as 


os k 
est — fey) 
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Since each element of e4* is defined as a convergent power series, e4” is 


differentiable and it follows that 


Ax 


Kk pk—1 oo k-1 
Ag\l __ Aker ay Ax _ Ax 
(e ) _ (k— ! Su gee p icee ea = Ae = ev. 
k=1 k=1 
In a normed linear space V norms ||- || and ||- ||. are said to be equivalent 


if there exist positive constants m and M such that for all u € V, mllul| < 
l|u||x < MM ]/ul|. It is well known that in IR” all the norms are equivalent. 
Hence, unless otherwise stated, in IR” we shall always consider || - ||; norm 
and the subscript 1 will be dropped. 


Problems 


14.1. Let A1,...,An be the (not necessarily distinct) eigenvalues of an 
n xX n matrix A. Show the following: 
i) The eigenvalues of A’ are \1,...,An- 


ii) es any constant a the eigenvalues of aA are a\j,...,QAn. 


iv) Ta Ai = det A. 

v) If A7! exists, then the eigenvalues of A~* are 1/1,...,1/An- 

vi) For any polynomial P,,(x) the eigenvalues of P,(A) are Py(A1),.-.-, 
Py(An)- 

(vii) If A is upper (lower) triangular, i.e., a;; =0, i > 7 (i < J), then the 
eigenvalues of A are the diagonal elements of A. 


( 
( 
(iii 
( 
( 
( 


(viii) If A is real and A; is complex with the corresponding eigenvector v!, 
then there exists at least one i, 2 <i <n, such that A; = A, and for such 
an i, 0! is the corresponding eigenvector. 


14.2. Let n x n matrices A(x), B(x) € Gh: and the function 
u(a) € CMs). Show the following: 


() 2 4@)B@) = 2a@) + 4). 
Gi) 2(a@u(ay = Au) + a@S. 
(iii) £(A\(a)) = — Aa) A a(n), provided A~!(z) exists. 


14.3. Prove the following: 
(i) ||A*I| < |All", & =0,1,.... 
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(ii) For any nonsingular matrix C, C~'e4C = exp(C7!AC). 
(iii) e4%eB* = e(A+8)® and Be4* = e4*B for all real x if and only if 
BA= AB. 


(iv) For any function u(a) € C,[a, 6], 


| [wwe < [ wcoree 


Answers or Hints 


14.1. For each part use the properties of determinants. In particular, for 
(iii), since 

det (A — AT) = (-1)"(A= At) - + (A= An) 

= (a1; — A) - cofactor (a1, — A) + ie ay; + cofactor ay;, 

and since each term a1; - cofactor a,; is a polynomial of degree at most 
n — 2, on comparing the coefficients of \”—!, we get 

(—1)"*1 Su Ai = coefficient of A”~* in (ay, — A) - cofactor (a1; — 4). 
Therefore, an easy induction implies 


(—1)"41 SM Ai = coefficient of A”~* in (ai, — A)- ++ (an — A) 
He a Deen ere 
14.2. For part (iii) use A(z) A7!(a) = I. 
14.3. (i) Use induction. (ii) C7! (S07, A*/i!) C = _(C71AC)*/il. 
(iii) (A+ B)? = A? +AB+4+ BA+ B? = A? 42AB + B? if and only if 
AB = BA. (iv) Use the fact that || i ult)\dt|| = S704 iW? uj(t)dt}. 


Lecture 15 


Existence and Uniqueness 
of Solutions of Systems 


So far we have concentrated on the existence and uniqueness of solutions 
of scalar initial value problems. It is natural to extend these results to a 
system of first-order DEs and higher-order DEs. We consider a system of 
first-order DEs of the form 


Uy = gil(,u,.--,Un) 
Us = G2(Z,U1,---,Un) (15 1) 
Ur. Pe. OR (BSUS) 


Such systems arise frequently in many branches of applied sciences, espe- 
cially in the analysis of vibrating mechanical systems with several degrees 
of freedom. Furthermore, these systems have mathematical importance in 
themselves, e.g., each nth-order DE (1.6) is equivalent to a system of n 
first-order equations. Indeed, if we take y = wj41, 0 < i <n—1, then 
the equation (1.6) can be written as 


Ue = W411, L<i<n-l 


/ 
t 15.2 
Un = PGstiissesy ty); ( ) 
which is of the type (15.1). 
Throughout, we shall assume that the functions g),...,g, are continu- 
ous in some domain EF of (n+ 1)-dimensional space R”t’. By a solution of 
(15.1) in an interval J we mean a set of n functions u1(x),...,Un(x) such 


that (i) ui (a),...,ul,(x) exist for all x € J, (ii) for all x € J the points 
(a, ui(@),...,Un(x)) € FE, and (iii) ui(x) = gi (x, ui(a),...,Un(x)) for all 
x € J. In addition to the differential system (15.1) there may also be given 
initial conditions of the form 


= .40 _ 0 _ 20 
U1(%o) = Uz, Ua(%o) = Uy,-..,Un(%o) = Up, (15.3) 
where xo is a specified value of x in J and u},...,u® are prescribed numbers 


such that (ao, u?,...,u2) € E. The differential system (15.1) together with 
the initial conditions (15.3) forms an initial value problem. 


To study the existence and uniqueness of the solutions of (15.1), (15.3), 
there are two possible approaches, either directly imposing sufficient con- 
ditions on the functions g),..., gn and proving the results, or alternatively 
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using vector notations to write (15.1), (15.3) in a compact form and then 
proving the results. We shall prefer to use the second approach since then 
the proofs are very similar to the scalar case. 


By setting 
u(x) = (ui(x),...,Un(@)) and g(a,u) = (g1(2,u),...,gn(x, u)) 


and agreeing that differentiation and integration are to be performed com- 
ponent-wise, i.e., u’(x) = (u4(a),...,u/,(a)) and 


i u(a)de = (/’ un(o)de,.... fo sale) 


the problem (15.1), (15.3) can be written as 
wu’ = g(z,u), u(to) = uv, (15.4) 


which is exactly the same as (7.1) except now u and w’ are the functions 
defined in J; and taking the values in IR”, g(a,u) is a function from FE C 
IR"? to IR” and u° = (u9,...,u2). 


The function g(x, u) is said to be continuous in E if each of its compo- 
nents is continuous in £. The function g(x, u) is defined to be uniformly 
Lipschitz continuous in F if there exists a nonnegative constant L (Lipschitz 
constant) such that 


Ilg(2, u) — g(@,v)|| < Dlju— oll (15.5) 


for all (z,u), (a,v) in the domain E. For example, let g(x, u) = (aiyu1 + 
a12U2, 421U1 + a22U2) and # = R°, then 


Ilg(x, u) — g(x, v)]|| 
= |\(@11(u1 — v1) + a12(u2 — v2), a@21(u1 — v1) + a22(u2 — v2))|| 


= |aii(t1 — v1) + a@12(t2 — v2)| + [aa1 (ur — v1) + a22(u2 — v2)| 


< laqi||ur — v1] + |arg||u2 — ve| + lagilur — vi] + |a2g||ue — vel 
= [l@i1| + |@2i|)/ua — v1] + [lar2| + la22|]/u2 — vel 
< max{|ai1| + la2i|, |a12| + laze] } [ler — v1] + |u2 — val] 


= max{|azi|+ lazi|, |ar2| + laze] }|lu — oI]. 
Hence, the Lipschitz constant is 
EL = max{la11|+ |@ei|, |ar2| + |a2e|}. 


The following result provides sufficient conditions for the function g(z, 
u) to satisfy the Lipschitz condition (15.5). 
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Theorem 15.1. Let the domain E be convex and for all (x, u) in E the 
partial derivatives 0g/Ou,, k =1,...,n exist and ||Og/Oul| < L. Then the 
function g(x, u) satisfies the Lipschitz condition (15.5) in EF with Lipschitz 
constant L. 


Proof. Let (z,u) and (z,v) be fixed points in E. Then since EF is convex, 
for all0 <t < 1 the points (x, v+t(u—v)) are in E. Thus, the vector-valued 
function G(t) = g(z,v+t(u—v)), 0<t <1 is well defined, also 


fe) 
Git) = (u-u) I (ey +t(u—v)) +. 
Ou 
re) 
+(Un = Un) (a, Ut t(u _ v)) 
OuUn 
and hence 
ION < S72] (ev4u— wp far — vy] 4 
a j=l Out : 
> O9i (z,v + t(u—v))} lun — vn| 
= OUn >” 
< Lui —uz| +--+ +|un— al] = Lllu- ll. 


Now from the relation 


g(a.) — gle.) = G0) GQ) =f arar 


we find that 


1 
lg(x, u) — g(x, v)|| < | |G'(t)||dt < Lilu—v|. oF 
ty) 
As an example once again we consider 
g(@,u) = (au + ay2t2, A211 + az2QU2). 
Since 3 
g g 
—— = (a11, G21), —— = (42, 22), 
ae (11, G21) Dus (12, G22) 
Og 
aul = max{|ai1| + |@ai|, |@12| + |a22|} = LZ, 


as it should be. 


Next arguing as in Theorem 7.1, we see that if g(a, u) is continuous in 
the domain E, then any solution of (15.4) is also a solution of the integral 
equation 


u(x) = u® +f g(t, u(t))dt (15.6) 


i) 
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and conversely. 


To find a solution of the integral equation (15.6) the Picard method of 
successive approximations is equally useful. Let u°(a) be any continuous 
function which we assume to be an initial approximation of the solution, 
then we define approximations successively by 


u™ P(e) = ul + / g(t,u™(t))dt, m=0,1,... (15.7) 


(0) 


and, as before, if the sequence of functions {u’"(x)} converges uniformly 
to a continuous function u(x) in some interval J containing xo and for all 
x € J, the points (x, u(x)) € E, then this function u(x) will be a solution 
of the integral equation (15.6). 


Example 15.1. For the initial value problem 


uy = rt+upg 
uy = otuy (15.8) 
wi(0) = 1, uw(0) = -1 


we take u°(x) = (1,—1), to obtain 


. ie x 
ul(z) = a+ fw-1e+nae= (1 xa+—,-l+24 ) 
0 2 2 
x t2 t? 
wir) = a.-1)+ f (: 1+t+—,t+1-t4 5) 
0) 


2 
2 3 3 
= (i045 ay 14042) 
fe) = (ines ag, ates +) 
fa) = (nate Tag tes +g) 
= (-a+0)+ (24 +4845), 


Hence, the sequence {u’"(x)} exists for all real 2 and converges to u(x) = 
(-—(l+a)+e%+e7*, —(14+ 2) +e? —e7*), which is the solution of the 
initial value problem (15.8). 


Now we shall state several results for the initial value problem (15.4) 
which are analogous to those proved in earlier lectures for the problem (7.1). 
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Theorem 15.2 (Local Existence Theorem). Let the following 
conditions hold: 


(i) g(x, u) is continuous in 2 : |v —ao| < a, ||u—u®l| < 6 and hence there 
exists a M > 0 such that ||g(a, u)|| < M for all (a, u) € Q. 

(ii) g(,u) satisfies a uniform Lipschitz condition (15.5) in 2. 

(iii) w°(a) is continuous in |x — xo| < a and ||u°(x) — u®|| < b. 

Then the sequence {w'”(x)} generated by the Picard iterative scheme (15.7) 
converges to the unique solution u(x) of the problem (15.4). This solution 
is valid in the interval J), : |x — xo| < h = min{a,b/M}. Further, for all 
x € Jp, the following error estimate holds 


Lh)™ 
Ju(z) — u'™(x)|| < Nel min {1,4 \. m=0,1,... 
m! 


where ||ut(x) — u°(x)|| < N. 


Theorem 15.3 (Global Existence Theorem). Let the follow- 
ing conditions hold: 


(i) g(x, u) is continuous in A: |x — xo| < a, |lul| < oc. 
(ii) g(,u) satisfies a uniform Lipschitz condition (15.5) in A. 
(iii) u(x) is continuous in |x — xo| < a. 


Then the sequence {w'”(x)} generated by the Picard iterative scheme (15.7) 
exists in the entire interval |a—29| < a, and converges to the unique solution 
u(a) of the problem (15.4). 


Corollary 15.4. Let g(x,u) be continuous in R"** and satisfy a 
uniform Lipschitz condition (15.5) in each A, : |z| < a, |lul| < co with 
the Lipschitz constant L,. Then the problem (15.4) has a unique solution 
which exists for all x. 


Theorem 15.5 (Peano’s Existence Theorem). Let g(z,u) 
be continuous and bounded in A. Then the problem (15.4) has at least one 
solution in |x — xo| < a. 


Definition 15.1. Let g(zx,u) be continuous in a domain EZ. A function 
u(a) defined in J is said to be an «approximate solution of the differential 
system wu’ = g(x, u) if (i) u(x) is continuous for all x in J, (ii) for all « € J 
the points (x,u(a)) € E, (iii) u(#) has a piecewise continuous derivative 
in J which may fail to be defined only for a finite number of points, say, 
X1,02,---,Xg, and (iv) |lu’(x) — g(a, u(x))|| < ¢ forallaec J, «Aaj, i= 


i ee) 


Theorem 15.6. Let g(x, u) be continuous in 2, and hence there exists a 
M > Osuch that ||g(x, u)|| < M for all (x, u) € O. Then for any € > 0, there 
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exists an €-approximate solution u(x) of the differential system u’ = g(a, u) 
in the interval J;, such that u(x) = u®. 

Theorem 15.7 (Cauchy—Peano’s Existence Theorem). 
Let the conditions of Theorem 15.7 be satisfied. Then the problem (15.4) 
has at least one solution in Jp. 


Lecture 16 


Existence and Uniqueness 


of Solutions of Systems 
(Contd.) 


In this lecture we shall continue extending the results for the initial 
value problem (15.4) some of which are analogous to those proved in earlier 
lectures for the problem (7.1). 


Theorem 16.1 (Continuation of Solutions). Assume that 
g(x, u) is continuous in F& and u(x) is a solution of the problem (15.4) in 
an interval J. Then u(x) can be extended as a solution of (15.4) to the 
boundary of EF. 


Corollary 16.2. Assume that g(z,u) is continuous in 
Fi, = {(@,u)e EB: xo <a<apt+a, a<ov, |lul| < oo}. 


If u(x) is any solution of (15.4), then the largest interval of existence of u() 
is either [9,79 + a] or [%,%0 +a), a < aand ||u(x)|| — co ast > apo +a. 


Theorem 16.3 (Perron’s Uniqueness Theorem). Let 
f(z,y), f(x,0) = 0, be a nonnegative continuous function defined in the 
rectangle 1% < « < a +a, 0< y < 2b. For every x © (20,20 + a), 
let y(x) = 0 be the only differentiable function satisfying the initial value 
problem 

y' = f(x,y), y(xo) = 0 (16.1) 


in the interval [xo, x1). Further, let g(x, u) be continuous in Q4 : a2 <a < 
xo +a, |lu—u®|| < band 


Ilg(x, u) — g(a, v)|| < F(x, lu — vf)) (16.2) 


for all (x, u), (x, v) € Q4. Then the problem (15.4) has at most one solution 
in [zo, 20 + a]. 


Proof. Suppose u(x) and v(z) are any two solutions of (15.4) in [z9, to + 
aj. Let y(x) = ||u(a) — v(x)||, then clearly y(vo) = 0, and from Problem 
11.5 it follows that 


Dry(x) < |lu'(x)—v'(2)|| = llg(@, u(x) — g(a, o(2))II. (16.3) 
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Using inequality (16.2) in (16.3), we obtain Dt y(x) < f(x, y(x)). Therefore, 
from Theorem 11.6 it follows that y(x) < r(a), x € [%o,21) for any 7 € 
(%9,%o + a), where r(x) is the maximal solution of (16.1). However, from 
the hypothesis r(a) = 0, and hence y(x) = 0 in [x0,21). This proves the 
theorem. | 


In Theorem 16.3 the function f(x,y) = h(x)y, where h(x) > 0 is contin- 
uous in [79,209 + a] is admissible, i.e., it includes the Lipschitz uniqueness 
criterion. 


For our next result we need the following lemma. 


Lemma 16.4. Let f(x,y) be a nonnegative continuous function for 
Lo <<U<a+a, 0< y < 2b with the property that the only solution y(z) 
of the DE y’ = f(x,y) in any interval (#,21) where 21 € (%0, 20 + a) for 
which y/, (vo) exists, and 


y(to) = y4 (wo) = 0 (16.4) 


is y(x) = 0. Further, let fi(2,y) be a nonnegative continuous function for 
Lo <x<ata,0<y< 2b, fi(x,0) =0 and 


filz,y) < f(x,y), 2A 20. (16.5) 


Then for every x1 € (%0,2%0 +4), yi(x) = Ois the only differentiable function 
in [xo, v1), which satisfies 


ym = filt,y), yilto) = 0. (16.6) 


Proof. Let r(x) be the maximal solution of (16.6) in [zo,21). Since 
fi(x,0) =0, yi (x) = 0 is a solution of the problem (16.6). Thus, r(x) > 0 
in [#o, 21). Hence, it suffices to show that r(x) = 0 in [x%o, 21). Suppose, on 
the contrary, that there exists a 72, % < %2 < 21 such that r(a2) > 0. 
Then because of the inequality (16.5), we have 


r(x) < f(a,r(x)), wt <u <2. 
If p(x) is the minimal solution of 
y = f(x,y), y(v2) = r(22), 
then an application of Problem 11.6 implies that 
pa) < r(@) (16.7) 
as long as p(x) exists to the left of x2. The solution p(x) can be continued 


to x = 2. If p(a3) = 0, for some x3, Xo < w3 < X2, we can affect the con- 
tinuation by defining p(x) = 0 for xp < x < x3. Otherwise, (16.7) ensures 
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the possibility of continuation. Since r(xo) = 0, lim, p+ p(x) = 0, and we 
define p(ao) = 0. Furthermore, since f(x,y) is continuous at (%,0) and 
fi(xo,0) = 0, r/, (wo) exists and is equal to zero. This, because of (16.7), im- 
plies that p/, (ao) exists and p', (xo) = 0. Thus, p(x) = f(a, p(x)), p(xo) = 
0, p4 (vo) = 0, and hence from the hypothesis on f(x,y) it follows that 
p(x) = 0. This contradicts the assumption that p(%2) = r(x2) > 0. There- 
fore, r(x) = 0. | 


Theorem 16.5 (Kamke’s Uniqueness Theorem). Let 
f(z,y) be as in Lemma 16.4, and g(z,wu) as in Theorem 16.3, except that 
the condition (16.2) holds for all (#,u), (@,v) € Q4, « # xX. Then the 
problem (15.4) has at most one solution in [2,29 + a]. 


Proof. Define the function 


fy(z,y) = sup |lg(z,u) — g(x, )I (16.8) 


|u—v|l=y 


for ro < @ < apt+a, 0< y < 2b. Since g(x, u) is continuous in 01, the 
function f,(z,y) is continuous for 79 < « < a +a, 0 < y < 20. From 
(16.8) it is clear that the condition (16.2) holds for the function f,(«, y). 
Moreover, f(x,y) < f(z,y) for r9 <e¢<ao+a, O< y < 20. Lemma 16.4 
is now applicable with f;(x,y) = f,(x, y) and therefore f,(z, y) satisfies the 
assumptions of Theorem 16.3. This completes the proof. | 


Kamke’s uniqueness theorem is evidently more general than that of Per- 
ron and it includes as special cases many known criteria, e.g., the following: 
1. Osgood’s criterion in the interval [%o,v% +a]: f(x,y) = w(y), where 
the function w(y) is as in Lemma 10.3. 


2. Nagumo’s criterion in the interval [%o, 20 + a]: f(x,y) = ky/(x — 20), 
k<1. 


3. Krasnoselski-Krein criterion in the interval [9,2 + a] : 


f(z,y) = min { ky ou}, C>0, 0<a<l, k1-a)<l. 
Lt 


Theorem 16.6 (Continuous Dependence on Initial Con- 
ditions). Let the following conditions hold: 


(i) g(a, u) is continuous and bounded by M in a domain F containing 
the points (xo, u®) and (21, u"). 

(ii) g(,u) satisfies a uniform Lipschitz condition (15.5) in E. 
(ii) AC, 1) 


(iv) u(x) and v(x) are the solutions of the initial value problems (15.4) 


is continuous and bounded by My in E. 


vu = g(a,v)+h(a,v), v(ai) = w', 
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respectively, which exist in an interval J containing xg and 2}. 


Then for all x € J, the following inequality holds: 


1 
\ju(x) — v(x)|| < G —ul|| + (M+ M,)|x1 — xo] + 7M) 
1 
x exp (L|z — xo|) — Fae 


Theorem 16.7 (Differentiation with Respect to Initial 
Conditions). Let the following conditions be satisfied: 

(i) g(x, u) is continuous and bounded by M in a domain F containing 
the point (xo, u°). 

(ii) The matrix Og(x,u)/Ou exists and is continuous and bounded by L 
in EL. 

(iii) The solution u(x, 29, u°) of the initial value problem (15.4) exists in 
an interval J containing xo. 

Then the following hold: 

1. The solution u(2, x9, u°) is differentiable with respect to u°, and for each 
j(1<j<n), v)(x) = u(x, xo, u°)/Ou} is the solution of the initial value 
problem 


3) 
= Fu (#,u(a, 20, u®))o (16.9) 


v(xp) = ef = (0,...,0,1,0,...,0). (16.10) 


2. The solution u(z, 29, u°) is differentiable with respect to xp and v(x) = 
Ou(x, 29, u°) /Oxp9 is the solution of the differential system (16.9), satisfying 
the initial condition 


v(zo) = —g(2o,u°). (16.11) 
Finally, in this lecture we shall consider the differential system 
= GEN, (16.12) 


where \ = (\j,..-;Am) € R”™ is a parameter. 


If in (16.12) we treat Ay,...,Am as new variables, then 
Tae = 0, l<i<m. (16.13) 
dx 


Thus, the new system consisting of (16.12) and (16.13) is exactly of the 
form (15.1), but instead of n, now it is (n-+m)-dimensional. Hence, for the 
initial value problem 


i 


ul = g(z,u,r), u(to) = w, (16.14) 
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the result analogous to Theorem 12.4 can be stated as follows. 


Theorem 16.8. Let the following conditions be satisfied: 

(i) g(x,u,) is continuous and bounded by M ina domain E Cc R"t™* 
containing the point (79, u®, \°). 

(ii) The matrix Og(x,u, )/Ou exists and is continuous and bounded by L 
in EL. 

(iii) The nx m matrix 0g(x, u, A)/OA exists and is continuous and bounded 
by Ty in E. 

Then the following hold: 

1. There exist positive numbers h and € such that for any 4 satisfying 
\|A — A°|| < €, there exists a unique solution u(a, A) of the problem (16.14) 
in the interval |x — xo| < h. 

2. For all A such that ||\° — A°|| < €, i = 1,2, and z in |x — 2o| < h the 
following inequality holds: 


llu(x, AY) — ula, r*)|| < FM! — ?I\(exp(Llx — 20) — 1). 


3. The solution u(z,) is differentiable with respect to \ and for each 
j(l<j<m), v)(x,A) = Ou(a, A)/OA, is the solution of the initial value 
problem 


u'(#,A) = 28 (~,u(a,d),d)v(@,d) + Fe (eule 9). A) (16.15) 


v(xao,A) = 0. (16.16) 


Problems 


16.1. Solve the following problems by using Picard’s method of succes- 
sive approximations: 


(i) ale | wo =[9 | 
(ii) w= ata ea uo =| 3 |. 


16.2. Show that the problem (1.6), (1.8) is equivalent to the integral 
equation 


y(x) = S So toy fe ft Oy Oa. UV @)ae. 


0 
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16.3. Let the following conditions hold: 


(i) f(x, 60,---,¢n—1) is continuous in 
n-1 
M1: |r—zl<a, So |di—yil <b 
#=0 


and hence there exists a M > 0 such that supa, |f(x, ¢0,.--,¢n—1)| < M. 


(ii) f(x, ¢0,.--,@n-1) satisfies a uniform Lipschitz condition in 1, ie., 
for all (a, ¢0,.--,¢n—1), (@,W0,---,Wn-1) € Q1 there exists a constant L 
such that 


n-1 
If (2,60, ---bn—1) — f(#, Por---,%n—a)l < LS” |di- vil. 
i=0 
Show that the problem (1.6), (1.8) has a unique solution in the interval 
Jn: |e — Xo| < h = min{a,b/M,}, where Mj = M+b+ pear lyi|- 
16.4. Let y(x) and z(x) be two solutions of the DE 
y™ + pr(x)y-Y 4 +++ pa(x)y = r(x) (16.17) 
in the interval J containing the point xo. Show that for all x in J 


u(xo) exp(—2K |x — ao|) < ul) < u(x) exp(2K|x — xo)), 


where 
n n-1 ; 
K = 1+ ¢suplpi(z)| and ua) = ye) - 2 @)?. 
i=1 7 i=0 


*16.5. Consider the initial value problem 


y" +aly,y y+ By) = f(z), yO) = yw, y(0) =m 


where a(y,y’), (y) are continuous together with their first-order partial 
derivatives, and f(a) is continuous and bounded on R, a > 0, yf(y) = 
0. Show that this problem has a unique solution and it can be extended 
to [0, 00). 


16.6. Using an example of the form 
uy = Ue 
uy = -uUy 


observe that a generalization of Theorem 11.1 to systems of first-order DEs 
with inequalities interpreted component-wise is in general not true. 


Existence and Uniqueness of Solutions of Systems (Contd.) 115 


16.1. 
16.2. 
16.3. 
16.4. 


2hu(ax 


16.6. 
e<l. 


Answers or Hints 


(i) (sinz,cosx)?. (ii) (e? + 2e7* — x —1,e7 —2e-* — x —-1)?. 
Use Taylor’s formula. 

Write (1.6), (1.8) in system form and then apply Theorem 15.2. 
Use the inequality 2|a||b] < a? + b? to get —2Ku(x) < w(x) < 


). 


Let J =[0,7), u(x) = (sinz, cosz)? and v(x) = (—e, 1-€)7, 0< 


Lecture 17 


General Properties 
of Linear Systems 


If the system (15.1) is linear, i.e., 
gi(@,U) = aj(a)ur + ajo(x)ug + +++ + Gin(a)Un + di(@), L<i<n, 
then it can be written as 
uo = A(x)u+ (2), (17.1) 


where A(x) is an n x n matrix with elements a,,;(x), b(x) is an n x 1 
vector with components b;(a), and u(x) is an n x 1 unknown vector with 
components u;(x). 


The existence and uniqueness of solutions of the differential system 
(17.1) together with the initial condition 


u(t) = u? (17.2) 


in an interval J containing x9 follows from Corollary 15.4 provided the 
functions a;;(x), b;(@), 1 <i, 7 <n are continuous in J which we shall 
assume throughout. 


The principle of superposition for the first-order linear DEs given in 
Problem 5.2 holds for the differential system (17.1) also, and it is stated as 
follows: If u(a) is a solution of the differential system u’ = A(x)u + b'(«) 
and v(z) is a solution of vu’ = A(x)v + b?(z), then ¢(x) = c1u(x) + cov0(z) 
is a solution of the differential system 6’ = A(x)¢ + c1b' (x) + c2b?(x). For 
this, we have 


P(x) = cu'(x) + c2v'(a) 
= ¢(A(a)u(x) + bY(x)) + e2(A(@)v(a) + b°(2)) 
= A(x)(cyu(x) + e2v(x)) + erb" (x) + e2b?(a) 
= A(x)(x) + e1b*(x) + cab?(x). 


In particular, if b'() = b?(x) = 0, ie., u(x) and v(x) are solutions of 
the homogeneous differential system 


uo = A(z)u, (17.3) 


R.P. Agarwal and D. O’Regan, An Introduction to Ordinary Differential Equations, 116 
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then cyu(a%) + cgv(a) is also a solution. Thus, solutions of the homoge- 
neous differential system (17.3) form a vector space. Further, if 6'(x) = 
b?(a), cy =1, cg = —1 and u(z) is a solution of (17.1), then v(z) is also a 
solution of (17.1) if and only if u(#) — v(a) is a solution of (17.3). Thus, the 
general solution of (17.1) is obtained by adding to a particular solution of 
(17.1) the general solution of the corresponding homogeneous system (17.3). 


To find the dimension of the vector space of the solutions of (17.3) we 
need to define the concept of linear independence and dependence of vector- 
valued functions. The vector-valued functions u+(a),...,u’"(a) defined in 
an interval J are said to be linearly independent in J, if the relation cu! (x)+ 
-+--+¢,u™ (x) = 0 for all x in J implies that c) = --- = Cm = 0. Conversely, 
these functions are said to be linearly dependent if there exist constants 
C1,.-+,€m not all zero such that cyut(x) + +++ +¢mu™(x) = 0 for all x € J. 


Let m functions u'(a),...,u’"(a) be linearly dependent in J and c, 4 0; 
then we have 


u(x) = 


= Cc 
u(x) —--- Ck Lyk-1(q) — Ch+1 k+1 (yp) Lapis mr), 
Ck Ck Ck Ck 
ie., u*(x) (and hence at least one of these functions) can be expressed as a 
linear combination of the remaining m— 1 functions. On the other hand, if 
one of these functions, say, u*(a), is a linear combination of the remaining 
m — 1 functions, so that 
u®(x) = cyul(a) +--+ eg_yu® l(a) + egg uP h(x) + ++ + emu™(a), 

then obviously these functions are linearly dependent. Hence, if two func- 
tions are linearly dependent in J, then each one of these functions is iden- 
tically equal to a constant times the other function, while if two functions 
are linearly independent, then it is impossible to express either function as 
a constant times the other. The concept of linear independence allows us 
to distinguish when the given functions are “essentially” different. 


Example 17.1. (i) The functions 1,z,...,2™~! are linearly inde- 
pendent in every interval J. For this, cy + cot +++: +¢ma™ ! = 0 in J 
implies that c) =--- = cm = 0. If any cy were not zero, then the equation 
cy + coe +++: + em2™—! = 0 could hold for at most m — 1 values of 2, 
whereas it must hold for all x in J. 


(ii) The functions 


v= (2), a0= [2] 


are linearly independent in every interval J. Indeed, 


eX e2t 
C1 et ag C2 3¢e24 =) 
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implies that c,e” + c2,e?” = 0 and c,e” + 3c2e”* = 0, which is possible only 
for cy = co = 0. 


(iii) The functions 


are linearly dependent. 


For the given n vector-valued functions ut(z),...,u"(x) the determi- 
nant W(u',...,u”)(x) or W(x), when there is no ambiguity, defined by 
uy (x) ul (2) 
U(x) us (2) 
Un (2) un(2) 


is called the Wronskian of these functions. This determinant is closely 
related to the question of whether u'(x),...,u”(a) are linearly independent. 
In fact, we have the following result. 


Theorem 17.1. If the Wronskian W(z) of n vector-valued functions 
u'(x),...,u"(2) is different from zero for at least one point in an interval 
J; then these functions are linearly independent in J. 


Proof. Let u1(z),...,u"(x) be linearly dependent in J, then there exist 
n constants c,...,C, not all zero such that S°"_, c;u"(x) = 0 in J. This is 
the same as saying the homogeneous system of equations 507", ui(x)c; = 
0, 1<k<n, x € J, has a nontrivial solution. However, from Theorem 
13.2 this homogeneous system for each x € J has a nontrivial solution if 
and only if W(x) = 0. But W(a) 4 0 for at least one x in J, and, therefore 
ul(x),...,u"(x) cannot be linearly dependent. 


In general the converse of this theorem is not true. For instance, for 


ula) = rar ela) = liar 


which are linearly independent in any interval J, W(u!,u?)(x) = 0 in J. 
This example also shows that W(u,u?)(x) #4 0 in J is not necessary for 
the linear independence of u+(x) and u?(x) in J, and W(ut,u?)(a) = 0 in 
J may not imply that u!(x) and u?(a) are linearly dependent in J. Thus, 
the only conclusion we have is W(x) 4 0 in J implies that u!(x),...,u"(x) 
are linearly independent in J, and linear dependence of these functions in 
J implies that W(x) =0 in J. 
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The converse of Theorem 17.1 holds if u+(x),...,u"(z) are the solutions 
of the homogeneous differential system (17.3) in J. This we shall prove in 
the following theorem. 


Theorem 17.2. Let ul(x),...,u"(x) be linearly independent solutions 
of the differential system (17.3) in J. Then W(x) 4 0 for all a € J. 


Proof. Let xo be a point in J where W(a9) = 0, then from Theorem 13.2 
there exist constants c),...,¢, not all zero such that $7, cju’(xo) = 0. 
Since u(x) = 5j_, cul (x i is a solution of (17.3), and u(z9) = 0, from the 
uniqueness of the solutions it follows that u(x) = S7i_, qu’(x) = 0 in J. 
However, the functions u+(x),...,u”(a) are linearly independent in J so we 
must have cy = --: = c, = 0. This contradiction completes the proof. a 


Thus, on combining the results of Theorems 17.1 and 17.2 we find that 
the solutions u!(x),...,u"(x) of the differential system (17.3) are linearly 
independent in J if and only if there exists at least one point x9 € J such 
that W (xo) 4 0, i.e, the vectors ut(xo),..., u" (xo) are linearly independent. 
Hence, the solutions u!(z),...,u”(a) of the system (17.3) satisfying the 
initial conditions 


Uap) Se. SS Thigh (17.4) 


are linearly independent in J. This proves the existence of n linearly inde- 
pendent solutions of the differential system (17.3) in J. 


Now let u(x) be any solution of the differential system (17.3) in J 
such that u(zo) = u°. Then from the existence and uniqueness of the 
solutions of the initial value problem (17.3), (17.2) it is immediate that 
u(x) = Soy, u? u'(x), where u'(x) is the solution of the problem (17.3), 
(17.4). Thus, every solution of (17.3) can be expressed as a linear combina- 
tion of the n linearly independent solutions of (17.3), (17.4). In conclusion, 
we find that the vector space of all solutions of (17.3) is of dimension n. 


Finally, in this lecture we shall prove the following result, which gives a 
relation between the Wronskian W(«) and the matrix A(z). 


Theorem 17.3 (Abel’s Formula). Let u!(x),...,u"(z) be the 
solutions of the differential system (17.3) in J and a € J. Then for all 
zed, 


x 


W(x) = W(xo) exp ( i TA(Hat) (17.5) 


0 


Proof. In view of (13.5) the derivative of the Wronskian W(x) can be 
written as 
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ut(o) ui(@) 
| ub ala) 3s why G@) 

Wa) = Sof ub@) at) |. me 
i=1 thei (2) tae ups (2) 


In the ith determinant of the right side of (17.6) we use the differential 


system (17.3) to replace ud ‘(a) by S7?_, ain(x)uj (x), and multiply the 


i 
first row by aj;1(x), the second row by aj2(x), and so on—except the ith 
row—and subtract their sum from the ith row, to get 


W'(x) = So au(x)W(x) = (Tr A(x))W(2). (17.7) 
i=1 
Integration of the first-order DE (17.7) from zo to x gives the required 
relation (17.5). | 


Example 17.2. For the differential system 


0 1 
uo = 2 2(x +1) u, #-1+V2 
(a2? +2¢e—1) (a?+ 22-1) 


it is easy to verify that 


iG = heel peri Cope | oo 


are two linearly independent solutions. Also, 


a+l1l 2?+4+1 
W(u!,w2)(x) = aes 
1 22x 
and 
z x 2(t +1) v+2r¢+1 
Bs ( : Tr A(t) = exp (/ mr") > ga pep = 
Xo 70 

ao #-14 V2. 


Substituting these expressions in (17.5) we see that it holds for all x. 


We finish this lecture with the remark that the relation (17.5) among 
other things says that W(a) is either identically zero or never zero in J. 
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Problems 


17.1. Show that the linear differential system (17.1) remains linear 
after the change of the independent variable x = p(t). 


17.2. Matrices of the form 


0 1 0 0 
0 0 1 0 
0 0 0 1 
Pn Pn-1 Pn-2 *'° Pi 


are called companion matrices. Show the following: 


(i) If y(a) satisfies the nth-order linear homogeneous DE 
y™ + py (x)y-) +--+. + palx)y = 0 (17.8) 


and if the vector-valued function u(2) is defined by u(x) = y°-P(a), i= 
1,2,...,”, then u’ = A(x)u with A(a) in the companion form. 


(ii) If yx(a), 1 < k < nare n solutions of (17.8), then 


uk(x) = (ye(x),ye(@),---.¥p "(@))7, lsksn 
satisfy the system u! = A(a)u. 


(iii) W(u',...,u")(z) = W(u',...,u")(ao) exp (- [ ounar), 


17.3. The Wronskian of n functions yi(2),...,Yn(x) which are (n — 1) 
times differentiable in an interval J is defined by the determinant 


yi(x Yn(2) 
W(y1,---5Yn)(@) = n(a Yn (2) 
yr (x) yd (x) 


Show the following: 
(i) If W(yi,---,Yn)(2) is different from zero for at least one point in J, 
then the functions yi(x),...,Yn(x) are linearly independent in J. 


(ii) Ifthe functions yi(x),...,Yn(x) are linearly dependent in J, then the 
Wronskian W(y1,.--,Yn)(“) = 0 in J. 


(iii) The converse of (i) as well as of (ii) is not necessarily true. 
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(iv) If W(y,.--,Yn)(%) = 0 in J, but for some set of (n — 1), y’s (say, 
without loss of generality, all but y,(%)) W(y1,---,Yn—1)(“) # 0 for all 
x € J, then the functions y1(x),...,Yn(a) are linearly dependent in J. 


17.4. Let y:(x),...,Yn(x) be n times continuously differentiable func- 
tions in an interval J and W(y,.--,Yn)(z) #0. Show that 


Wy, pias Yn; y)(x) 
Wy, Pa : Yn) (zx) 


is an nth-order linear homogeneous DE for which yi(«),...,Yn(a) are so- 
lutions. 


17.5. Show that the DE (17.8) can be transformed to its normal form 


of™) qo(x)z'"-?) fs qa(x)z"—9) +++ +on(2)z = 0, 


<(v) = y(eyexn (+ [ ioat), 


provided p;(2) is (n — 1) times differentiable in J. In particular for n = 2, 
the normal form of (17.8) is 


where 


4 (vata) = sla) = to) z= 0. 


17.6. Let ¢1(2) 4 0 in J be a solution of the DE (17.8). If ve,..., Un 
are linearly independent solutions of the DE 


FO ies oe ae Inge?) + pi(x)(n — 1)g-?) +:+++pn_-i(x)diJu = 0 


and if uv, = u,, k = 2,...,n, then $1, ued1,...,Ung1 are linearly indepen- 
dent solutions of (17.8) in J. In particular, for n = 2 the second linearly 
independent solution of (17.8) is given by 


bala) = x(a) f canoe (-/ pi(s)ds) at 


17.7. Let u(x), v(x) and w(x) be the solutions of the DE y’” + y = 0 
satisfying u(0) = 1, u’(0) = 0, w’(0) = 0; v(0) = 0, v’(0) = 1, v”(0) =0; 
w(0) = 0, w’(0) = 0, w”(0) = 1. Without solving the DE, show the 
following: 
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(iii) w’(x) = (2). 


(iv) W(u,v,w) =u? — v3 + w? + 3uvw = 1. 


Answers or Hints 
17.1. For each k, 0< k <n it is easy to find 


dk k dé 
Arg = ea; Pri (t) GF, 
where pxi(t) are some suitable functions. 


17.2. To show (i) and (ii) write the equation (17.8) in a system form. 
part (iii) follows from Abel’s formula (17.5). 


17.3. (i) If y(x), 1 <i <n are linearly dependent, then there exist non- 
trivial c;, 1 <i < nsuch that >", ciy;(x) = 0 for all x € J. Differentiating 
this, we obtain )7i"_, ciy* ar )=0, k=0,1,...,n—1 for all x € J. But, 
this implies W(x) = 0. (ii) Clear from part (i). (iii) Consider the functions 
yi(x) = 2°, yo(x) = x? |2|. (iv) W(y1,---,;Yn—1,y)(x) = 0 is a linear homo- 
geneous DE such that the coefficient of y"~) (a) is W(y1,-..,Yn—1)(a) 4 0. 
For this (n — 1)th-order DE there are n solutions y;(x), 1<i<n. 


17.4. See part (iv) of Problem 17.3. 
17.5. Use Leibnitz’s formula. 


17.6. Since ¢1(z) is a solution of the DE (17.8), y = ud, will also be 
its solution provided 0 = (u@,)™ a \(ug)@-Y) 4 --- + p(x) (ud1) = 
gv") + (nd + pi(a)gr)v $+ + (nf) + (n= Vpi(a)of" + 

-++Dn—1(@)b1)v, where v = uw’. Te coefficient of v'"—)) is 6, and hence 
¢1(x) # Oin J, then the above (n—1)th-order 7 4 n—-1 ie indepen- 
dent solutions v2,...,Un, in J. If ao € J, and uz(2 = fr. up(t)dt, 2<k<n 
then the functions by, uz1,--.-;Und1 are ee of (17. 8). To show that 
these solutions are linearly independent, let c.¢@,+c2u2¢1+: + :-+centnd1 = 0, 
where not all cj,...,¢, are zero. However, since ¢, 4 0 in J, this im- 
plies that cy + cova +--+ CaUn = 0, and on differentiation we obtain 
CoUh +++ + enul, = 0, ie, cove +++: + Cnn = 0. Since v2,...,Un are 
linearly independent cg = --- = cp, = 0, which in turn also imply that 
C= 0. 


17.7. Since W(u,v,w)(0) = 1, u,v, w are linearly independent solutions of 
y’” +y = 0. Now since (u’)’/” + (u’) =0, wu’ is also a solution of y/” + y = 0. 
Hence, there exist nonzero constants c1,c2,c3 such that u’(x) = cyu(a) + 
c2u(x) + c3w(a). Part (iv) follows from parts (i)—(iii) and Abel’s formula. 


Lecture 18 


Fundamental Matrix Solution 


In our previous lecture we have seen that any solution u(x) of the dif- 
ferential system (17.3) satisfying u(zo) = u° can be written as u(x) = 
Soe, uPu’(x), where u'(zx) is the solution of the initial value problem (17.3), 
(17.4). In matrix notation this solution can be written as u(x) = ®(x, zo)u®, 
where (zx, 29) is an n xX n matrix whose ith column is u'(x). The matrix 
®(2, 20) is called the principal fundamental matrix; however, some authors 
prefer to call it evolution or transition matriz. It is easy to verify that 
®(x, Xo) is a solution of the matrix initial value problem 


d® 


Gp = Ala)®, ®(e0) = 1. (18.1) 


The fact that the initial value problem (18.1) has a unique solution 
®(x, 20) in J can be proved exactly as for the problem (17.1), (17.2). More- 
over, the iterative scheme 


Get) = r+ [ awyen(@oat = OA ess (18.2) 


6 (xr) = I (18.3) 


converges to ®(x,%9), and 


B(x, x9) = r+ f amas ff A(t)A(ty)dtydt +++». (18.4) 


The series (18.4) is called Peano—Baker series for the solution of (18.1). If 
Ais ann xn constant matrix, then it can be taken out from the integrals 
and (18.4) becomes 


®(x,29) = rea fara ff anaes 
= i yy ee ae = exp(A(a — 2)). 


mi 


m=1 
Summarizing this discussion, specifically we have proved the following 


theorem. 
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Theorem 18.1. The matrix 
®(x,x%9) = exp(A(x — 20)) (18.5) 
is the principal fundamental matrix of the system 
u’ = Au, (18.6) 


where A is a constant matrix. 


Example 18.1. For the matrix A = oe | it is easily seen that 


-1 0 
ASeTt SA Alte i De ATS A ANT eT for py 0, 15. sand 
hence the series (18.4) can be summed, to obtain 


cos(2— 29)  sin(a — 20) | . 


—sin(a—29) cos(x — 2) 


In our previous lecture we have also proved that the solutions ut(z),..., 
u”(ax) of the differential system (17.3) are linearly independent in J if and 
only if there exists at least one point xo € J such that W(a2o) 4 0. If these 
solutions are linearly independent, then the set u'(zx),...,u"(x) is called 
a fundamental system of solutions of (17.3). Further, the n x n matrix 
W(x) = [ut(x),...,u"(ax)] is called the fundamental matrix of (17.3). For 
this matrix U(a), we shall prove the following result. 


Theorem 18.2. If U(x) is a fundamental matrix of the differential 
system (17.3), then for any constant nonsingular n x n matrix C, U(x)C 
is also a fundamental matrix of (17.3), and every fundamental matrix of 
(17.3) is of the form V(x)C for some constant nonsingular n x n matrix C. 


Proof. Obviously, U’(x) = A(x)W(zx), and hence W’/(x)C = A(x) V(a)C, 
which is the same as (U(x)C)’ = A(x)(U(2z)C), i.e., U(x) and U(x)C both 
are solutions of the same matrix differential system ®’ = A(x)®. Further, 
since det U(x) # 0 and detC F 0 it follows that det (U(x)C) # 0, and 
hence W(2)C is also a fundamental matrix solution of (17.3). Conversely, 
let W1(2) and W2(x) be two fundamental matrix solutions of (17.3). If 
Wz! (x) V(x) = C(a), ie., Vy(x2) = V2(x)C(ax), then we find that U(x) = 
W(x) C(x) + Vo(x)C’(x) which is the same as 


A(x)Wy(2) = A(ax)Wo2(x)C(x) + V2(x)C’ (x) = A(x)V1 (x) + Vo(x)C' (x); 


Le., Wo(x)C’(x) = 0, or C’(a) = 0, and hence C(x) is a constant matrix. 
Further, since both W;(2) and V2(a) are nonsingular, this constant matrix 
is also nonsingular. a 


As a consequence of this theorem, we find 


G(a, 29) = U(x) 0! (a9) (18.7) 
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and the solution of the initial value problem (17.3), (17.2) can be written as 
u(x) = W(x)W~*(a9)u®. (18.8) 


Since the product of matrices is not commutative, for a given constant 
nonsingular matrix C, CW(a) need not be a fundamental matrix solution of 
the differential system (17.3). Further, two different homogeneous systems 
cannot have the same fundamental matrix, i.e., U(«) determines the matrix 
A(a) in (17.3) uniquely by the relation A(x) = W’(x)W~!(ax). However, from 
Theorem 18.2 the converse is not true. 


Now differentiating the relation U(x)W~!(x) = I, we obtain 
U'(x)¥*(x) + U(x)(Y"(az))’ = 0 


and hence 


which is the same as 
(E7@)7)! = — AM @)\(O"(@))”. (18.9) 
Therefore, (Y~1(x))7 is a fundamental matrix of the differential system 
ul’ = —AT(x)u. (18.10) 


The system (18.10) is called the adjoint system to the differential system 
(17.3). This relationship is symmetric in the sense that (17.3) is the adjoint 
system to (18.10) and vice versa. 


An important property of adjoint systems is given in the following result. 


Theorem 18.3. If U(x) is a fundamental matrix of the differential 
system (17.3), then x(a) is a fundamental matrix of its adjoint system 
(18.10) if and only if 

x7 (x)U(x) = C, (18.11) 


where C’ is a constant nonsingular n x n matrix. 


Proof. — If U(x) is a fundamental matrix of the differential system 
(17.3), then from (18.9) it follows that (W~1!(z))” is a fundamental matrix 
of the differential system (18.10), and hence Theorem 18.2 gives x(x) = 
(W-1(x))7 D, where D is a constant nonsingular n x n matrix. Thus, on us- 
ing the fact that (W~!(x))” is a fundamental matrix we have U7 (zx)y(x) = 
D, which is the same as x7 (x)W(x) = D?. Therefore, (18.11) holds with 
C = D?. Conversely, if U(x) is a fundamental matrix of (17.3) satisfying 
(18.11), then we have ©7(x)y(x) = C™ and hence x(x) = (W7(x))~!C7. 
Thus, by Theorem 18.2, y(a) is a fundamental matrix of the adjoint system 
(18.10). 
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As a consequence of this theorem, if A(z) = —A7 (zx), then (W7(x))~} 
being a fundamental matrix of (18.10) is also a fundamental matrix of the 
differential system (17.3). Thus, Theorem 18.2 gives U(x) = (W7(x))~!C, 
which is the same as U7 (x)W(x) = C. Hence, in this particular case the 
Euclidean length of any solution of the differential system (17.3) is a con- 
stant. 

Now we shall show that the method of variation of parameters used in 
Lectures 5 and 6 to find the solutions of nonhomogeneous first and second- 
order DEs is equally applicable for the nonhomogeneous system (17.1). 
For this, we seek a vector-valued function v(#) such that ®(x,x%9)v(x) is a 
solution of the system (17.1). We have 


©! (x, %9)u(x) + ®(x, x0)u'(x) = A(x) ®(x, x9) v(x) + (x), 


which reduces to give 
O(x,x9)u'(x) = O(a); 
and hence from Problem 18.2, it follows that 


u(x) = B(x, 19)6(x) = ©(a0,2)6(2). 
Thus, the function v(x) can be written as 


v(a@) = v(ao) +f (00, do(0)at 


0 


Finally, since u(x) = ®(29,%9)v(%o) = v(%o), the solution of the initial 
value problem (17.1), (17.2) takes the form 


u(e) = O(e,29)u° + (0,00) | O(a0, f(a (18.12) 
xO 
which from Problem 18.2 is the same as 
u(x) = ®(a,29)u° +f ®(x, t)b(t) dt. (18.13) 
xo 


If we use the relation (18.7) in (18.12), then it is the same as 
u(a) = woe f U(x) U1 (t)d(t) dt, (18.14) 
xo 


where the constant vector c = W~!(a29)u°. Hence, we have an explicit rep- 
resentation of the general solution of (17.1) in terms of any fundamental 
matrix V(x) of the differential system (17.3). 


In the case when A(x) is a constant matrix A, relation (18.5) can be 
used in (18.13), to obtain 


u(x) = eA@ toa 4 i. eA (t)dt. (18.15) 
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Example 18.2. Consider the system 


= les s}et{i]- (18.16) 


For the corresponding homogeneous system 


eet] Os: 


it is easy to verify that the principal fundamental matrix is 


ete? 2 -l 
7 e® Qe?” —1 1 , 


Thus, the solution of (18.16) satisfying u(0) = u° can be written as 


Qe% — e2t et + ez 


Qe® — Qe?” —e* + 26?” 


P(2,0) = 


I 


Qe% — e2t er 4+ ez 


Problems 


18.1. Show that the vector-valued function 


u(x) = exp (f (vat) u° 


is not a solution of the differential system (17.3) unless A(x) and i A(t)dt 
commute for all a. 


18.2. Let ®(x, 29) be the principal fundamental matrix of the system 
(17.3) in an interval J. Show that ®(2, 29) = ®(x, x,)®(x1, 20), where x, € 
J, and hence, in particular, ®~!(x, x79) = ®(xo, x), and ®(x,z) = I for all 
CEJ. 


18.3. For the n x n matrix ®(x,t) appearing in (18.13), show the 
following: 


(i) O®(ax,t)/Ox = A(x) ®(z, t). 
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(ii) O®(x,t)/Ot = —®(x, t) A(t). 
(iii) ®(2,t) =I+ f" A(s)®(s, t)ds. 
(iv) ®(x,t) =I+ f” (2, s)A(s)ds. 


18.4. Show that a square nonsingular matrix ®(.,.) which depends on 
two arguments and is differentiable with respect to each argument in J isa 
principal fundamental matrix if ®(a9, 79) = I for all xo in J and the matrix 


| O(on)| ©~ (x, 20) 


depends on x alone. 


18.5. Let ®(x) = ®(x,0) be the principal fundamental matrix of the 
system (18.6). Show the following: 


(i) For any real 2, ®1(#) = ®(a# — x) is a fundamental matrix. 


(ii) (2 — xp) = O(x)®(—x9) = (x)6~1(xq), and hence ®(—zx9) = 
©~! (2x9). 


18.6. The linear differential system (17.3) is said to be self-adjoint when 
A(x) = —A? (a) for all x in J. Let ®(x,29) be the principal fundamental 
matrix of the system (17.3), and U(z,x9) be the principal fundamental 
matrix of the adjoint system (18.10). Show that the differential system 
(17.3) is self-adjoint if and only if ®(x, 29) = VU" (zo, 2). 


18.7. Let the matrix A(x) be such that a;;(x) > 0 for all i ¥ 7 and all 
x > Xp. Show the following: 


(i) Every element of the principal fundamental matrix ®(x, 2x9) of the 
system (17.3) is nonnegative for all 2 > xp. 


(ii) If u(x) and v(x) are two solutions of the differential system (17.3) 
satisfying u;(ao) > vi(xo), 1 <i <n, then uj(x) > v;(a), 1 <i <n for all 
L> Xo. 


18.8. Equations of the form 

por”y™ + pra” ty" 4+---+ pny = 0, 2>0, po #0 (18.17) 
are called Euler’s DEs. Show that there exist u;(x),...,U,(x) such that the 
differential system (18.17) can be converted to u!(x) = 2~'Au(zx), where A 


is an n X n constant matrix. 


18.9. For the given n linearly independent solutions yi(x),...,Yn(x) 
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of the homogeneous DE (17.8) in an interval J, we define 


_ wila)Ar(t) +--+ + yn(@)An(t) 
FS Wiel) 
yi(t) +++ Y(t) 

! ee ! y(t) ets Yn (t) 

ate a WO we) | 

(n—2)(4) 5, (m2) os | 

a m i a fo OG es OG 

(n-1) 


ie, Aj(t) is the cofactor of the element y 
W(y1,---,Yn)(t). Show the following: 

(i) AH (a,t) is defined for all (#,t) in J x J. 
(ii) O°H(a,t)/Ox', 0 <i < xn, are continuous for all (x,t) in J x J. 

(iii) For each fixed t in J the function z(x) = H(z,t) is a solution of the 
DE (17.8) satisfying z(t) =0, 0<i<n—2, 2™-V(t) =1. 

(iv) The function 


(t) in the Wronskian 


4 


ya) =f H(e,tyr(ey 
xo 
is a particular solution of the nonhomogeneous DE (16.17), satisfying 
y (ao) =0, O<i<n-1. 
(v) The general solution of (16.17) can be written as 


ya) = Dewey + [ H(e, trae 


where c;, 1 <i <n, are arbitrary constants. 


18.10. Let v(x) be the solution of the initial value problem 


y + pry?) + & ais’ + DPny = 0 


18.18 
yO0) = 0, O<i<n-2, yO) = 1. — 
Show that the function 
y(“z) = / v(a — t)r(t)dt 
xo 
is the solution of the nonhomogeneous DE 
y”) pyr) +--+ pny = r(a) (18.19) 


satisfying y (xg) =0, O<i<n-1. 
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18.11. Open-loop input-output control systems can be written in the 
form 


ul = Aut+by(z), z = chutdy(z), 


where the functions y(x), z(a) and the constant d are scalar. Here y() is 
the known input and z(z) is the unknown output. Show that if u(0) = u° 
is known, then 


(i) u(x) = Aru + f eA(@—9 by(t)dt; 
0 


(ii) 2(a) = cP eA®u? + dy(ax) + [ (cTeA@-A9) y(t)dt. 
0 


The function h(t) = c’e4*) is called the impulse response function for the 
given control system. 


Answers or Hints 


18.1. Expand exp (Ca A(t)dt) and then compare u’(x) and A(x)u(z). 


18.2. Verify that U(x) = ®(x, 71)6(21, 29) is a fundamental matrix solu- 
tion of (18.1). The result now follows from the uniqueness. 
18.3. Use ®(2,t) = ®(x)®~1(t). 


18.4. [46(2x,29)] ®-1(x,29) = A(z) is the same as + 6(x,29) = A(z) 


x ®(x, 20). 
18.5. (i) Verify directly. (ii) From Theorem 18.2, ®(a — x9) = ®(x)C. 
18.6. Use Theorem 18.3 and Problems 18.2 and 18.3. 
18.7. (i) If aij(z) > 0, 1 <i,7 <n, then the sequence {@™(x)} generated 
by ®°(r) = J, 

Gets) = J +f A(t)®™(t)dt, m=0,1,..., 

ro 

converges to ®(#, 29) and obviously each ®” (x) > 0, and hence ®(x, 29) > 
0 for all x > xo. Now note that (17.3) is the same as 


n 

u, — ai(x)uz = y ayj(a)uj, L<i<n. 
j=l 
jH#t 


(ii) Use the representation u(x) = ®(x, x9) u(x). 
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18.8. For n = 3 let y = wi, ru, = ug so that uy = cul tui, uy = 
cui!’ + 2u/. Next let cu, = ug so that us = cus + uy = a(xuy’ + Qu) + uh 


and hence 


TUs = Tuy! + 2x7 ul + cu, = ES ay (2 ee =P) U2 4 (3 P) U3. 
Po 


Now write these equations in the required system form. 
18.9. Verify directly. 


18.10. For each fixed t, z(x) = u(x — t) is also a solution of (18.18) satis- 
fying z(t) =0, 0<i<n—2, 2(—Y(t) = 1. Now use Problem 18.9(iv). 


18.11. Use (18.15). 


Lecture 19 


Systems with 
Constant Coefficients 


Our discussion in Lecture 18 has restricted usage of obtaining explicit 
solutions of homogeneous and, in general, of nonhomogeneous differential 
systems. This is so because the solution (18.4) involves an infinite series 
with repeated integrations and (18.14) involves its inversion. In fact, even if 
the matrix A() is of second order, no general method of finding the explicit 
form of the fundamental matrix is available. Further, if the matrix A is 
constant, then the computation of the elements of the fundamental matrix 
e“” from the series (18.4) may turn out to be difficult, if not impossible. 
However, in this case the notion of eigenvalues and eigenvectors of the 
matrix A can be used to avoid unnecessary computation. For this, the first 
result we prove is the following theorem. 


Theorem 19.1. Let \4,...,An be the distinct eigenvalues of the matrix 
A and v!,...,v" be the corresponding eigenvectors. Then the set 


ul(x) = view™®, --»  ,u™(a2) = v%ern® (19.1) 


is a fundamental set of solutions of (18.6). 


Proof. Since v’ is an eigenvector of A corresponding to the eigenvalue 
Ai, we find 


(u®(a))’ os (vier?) = A\yui'eri” of AvierXi® = Au’ (a) 
and hence u(x) is a solution of (18.6). To show that (19.1) is a funda- 
mental set, we note that W(0) = det [ut,...,v"] 4 0, since v!,...,v” are 
linearly independent from Theorem 14.1. Thus, the result follows from 
Theorem 17.1. a 
Obviously, from Theorem 19.1 it follows that 
eAt = pore a sirerrt | fo 


outa (19.2) 


and the general solution of (18.6) can be written as 


u(x) = siewe, (19.3) 
i=l 
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Example 19.1. Using the results of Example 14.1, Theorem 19.1 
concludes that the set 


1 -1 1 
u(#) = -1 |e’, wiz) = 0. |e, we) = 2° | e* 
1 1 1 


is a fundamental set of solutions of the differential system 
2 1 0 
uo = 13 1fu. 
0 1 2 


Unfortunately, when the matrix A has only k < n distinct eigenvalues, 
then the computation of e4* is not easy. However, among several exist- 
ing methods we shall discuss only two which may be relatively easier as 
compared with others. The first method is given in the following result. 


Theorem 19.2. Let \1,...,A”, k <n be distinct eigenvalues of the 


matrix A with multiplicities r,,...,1r,, respectively, so that 
P(A) = (A= Ar) (A= ARS (19.4) 
then 
k r,—-1 1 ; ; 
eAt = S- e*®a;(A)qi(A) S- {q4- xa’ : (19.5) 
i=1 j=0 
where 
aid) = PAYA)", 1 <iK<k (19.6) 


and a;(A), 1 < i < k are the polynomials of degree less than r; in the 


expansion 
1 _ ay (A) ak (A) 
pr). A= Ay (A= Ag)re 


Proof. Relations (19.6) and (19.7) imply that 
1 = ay(A)qi(A) +--+ + ae (A)age (A). 


(19.7) 


This relation has been derived from the characteristic equation p(X) = 0 
of A, and therefore, using the Cayley-Hamilton Theorem 14.2, we have 


I = ai(A)qi(A) +--+ + ax(A)ax (A). (19.8) 


Ayla 


Since the matrices A;J and A—;J commute and e = ei" J, we have 


eAt = crite (A-AiDe = ey {aa-xpie}. 


j=0 S°" 
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Premultiplying both sides of this equation by a;(A)qi(A), and observing 
that g;(A)(A — A)" = p(A) = 0, and consequently, g;(A)(A — Ai)? = 0 
for all 7 > r;, it follows that 


ai(A)as(A)e*® = e*ax(A)ax(A) Yo | (Addit 


j=0 

Summing this relation from i = 1 to & and using (19.8), we get (19.5). | 

Corollary 19.3. If k =n, i., A has n distinct eigenvalues, then 
a;(A) = (1/qi(A;))Z, and hence (19.5) reduces to 

Ar _ “ qi(A) ere 
g(r) 
_ y (A-AiD) ++ (A= AAD (A Aig) + (A= Anl) 4 
Oe = Aa) Oe tea) Og = Avg) OE Ap) 


4a 


i=l 


(19.9) 


Corollary 19.4. If k =1, ie., A has all the eigenvalues equal to \;, 
then a;(A) = q;(A) = J, and hence (19.5) reduces to 


n-1 


eS ey {a4 iz runyiet} (19.10) 


j=0 


Corollary 19.5. If k=2 andr; =(n—1), re =1 then we have 


a1(A) = Ox _ al [2 Ate = (A — MD)" "] (A = del), 
qi(A) = (A- A2l), a2(A) = opoxyet! qo(A) = (A— Relies 


A PO ee 3 
Ac _ (A12 r-{ ) ye { A= ay | 
; : | d2— 1 ge 


il ag A=-AI\""* 
x {alas ie’ | + ee ( za ) ; 
=0 ; 
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Now since (A — AgI) = (A— Ai) — (A2 — Ax), we find 
(A=—AVD)"™ (A= dolT) = (A= ALD" — Oo — A) (A—AL)™ |. 


Thus, by the Cayley-Hamilton Theorem 14.2, we get (A — AI)" = (A2 — 
\1)(A—Ai1)”~+. Using this relation repeatedly, we obtain (A—A,I)"*I7! = 
(Az — A1)9(A — A, 1)"~+. It, therefore, follows that 


n—-2 
1 ae 
eat = oS { F(A aye} 


Oe 


n—2 n-1 
1 wns A— XI 
A2Qu 7 Aix x I od 1 
+ ]e € ) {402 Ai )ia \ (—") : 


j=0 


(19.11) 
The second method is discussed in the following theorem. 
Theorem 19.6 (Putzer’s Algorithm). Let \i,...,An be the 


eigenvalues of the matrix A which are arranged in some arbitrary, but 
specified order. Then 


where Pp = 1, Pj = [BA — Appl), jf =1,...,n and ri(x),...,7n(x) are 
recursively given by 
ri(z) = Airi(x), m2(0) = 1 


r(x) = Agrg(@) + 7j-1(@), 750) = 0, JF =2,.-.,0. 


(Note that each eigenvalue in the list is repeated according to its multiplic- 
ity. Further, since the matrices (A — \,;J) and (A — A; I) commute, we can 
for convenience adopt the convention that (A — \,J) follows (A — A,J) if 
i>j.) 

Proof. It suffices to show that ®(x) defined by 


n—1 


B(2) = DV riale)P; 


& 


satisfies ®’ = A®, (0) = I. For this, we define ro(x) = 0. Then it fol- 
lows that 


n-1 n—1 


B(x) — An B(x) = So (Ajgary4a(2) + 7y(2)) Pj — An D> rj41(2)P; 


j=0 j=0 
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n—-1 n-1 
= (Aj44 > An) Pj 41(£)P3 oe Osa ae 
j=0 j=0 
n—-2 n—2 
= Soy — Anny (@) Py + 0 p41 (@) Ppt 
j=0 j=0 
n—-2 


=D {Ajti-An) Pj + (A Aja) Pi} rj4i(@) (19.12) 


= (A=) Pirjsilo) 
j=0 
= (A— A, I) (®(2) — rn (x) Pp_1) 
= (A— XI) ®(2) — n(x) Pr, (19.13) 


where to obtain (19.12) and (19.13) we have used Pj41 = (A—Aj411)P; and 
P, = (A= AnI)Pn—1, respectively. Now by the Cayley-Hamilton Theorem 
14.2, P, = p(A) = 0, and therefore (19.13) reduces to ®’(x) = A®(x). 
Finally, to complete the proof we note that 


n—1 


(0) = 75 41(0)P; = ry (O)L Stal, | 


Example 19.2. Consider a 3 x 3 matrix A having all three eigenvalues 
equal to 41. To use Theorem 19.6, we note that rj(x) = e™*, ro(x) = 
re™!®, r3(x) = (1/2)x7e™1” is the solution set of the system 


n= Mi? 1; r1(0) =1 


5 = Aire TT1; r2(0) = 0 
rs = A1r3 +T TQ; r3(0) => 0. 
Thus, it follows that 
1 
eft — eM 174 ¢(A— 2d, J) 5 (A Nels (19.14) 


which is exactly the same as (19.10) for n = 3. 


In particular, the matrix 


2 1 -l 
A= -3 -1 1 
9 3. A 


has all its eigenvalues equal to —1, and hence from (19.14) we obtain 
24+62—3x? Qe 2a + x? 
€ = =e —6x 2 22 
18¢—92? 6x 2-—6x+32? 
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Example 19.3. Consider a3 x 3 matrix A with eigenvalues 1, 1, 2. 
To use Theorem 19.6, we note that r,(x) = e*!”, ro(x) = re”, 


Xx Agu _ ere 


Ee _& 


re (1-2) (Ar = 2)? 


and hence 
(A2-Ai)@ _ 4 
Az _ (Ax v \ € \ | 
ey =e I+a2(A-—41)4 A-A,I)*|, 
e Koresn (Ai — Az)? ( im 
(19.15) 
which is precisely the same as (19.11) for n = 3. 
In particular, the matrix 
-1 0 4 
A= 0 -l1 2 
0 O 1 
has the eigenvalues —1,—1,1 and hence from (19.15) we find 
e* 0 2(e* —e~*) 
eft = OF ses® “eS res 
0 0 e 
Problems 
19.1. (i) IfA= One , Show that 
—B a 
Se2 ar | cosBx sin Bx 
er = e : 
—sinGx cos Gx 
ay tea! OO Aa ahaa that 
(ii) =| _1 _9g |» Show tha 
—6x ( 6 : ) 1 —6@ G: 
e coswx + — siInwxr —e sIn wx 
Ay wW WwW 
€ 7 ’ 
1 —6@ G: —é6a ( 6 : ) 
—-e **sinwa e€ coswax — — sinwa 
7) 7) 


where w = V1 — 02. 


Systems with Constant Coefficients 139 


(iii) If 
0 1 0 O 
3w? 0 0 2w 
in 0 0 0 1 : 
0 -2n6 0 O 
show that 
Les 2 
4 — 3coswa — sinwx 0 —(1 — cosw) 
Ww Ww 
ae ow sin wr COs wx 0 2 sin wx 
e = 


2 1 
6(—wa + sinwz) ou —coswx) 1 (swe + Asinwx) 
6w(—1 + coswx) —2sinwax 0 —34+4coswa 
(iv) If A? = aA, show that e4* = I+ [(e®* —1)/a]A 


19.2. Let A and P be n x n matrices given by 


A» 1 0 0 0 10 0 -::: O 
0 Al 0 0 01 0 -:: O 
A — ce : P — eee 
0 0 0 1 0 0 0 0 1 
0 0 0 r 0 0 0 0 0 
Show the following: 
(i) P"=0. 
(Gi) CADP = P(QI). 
1 1 
(iii) eAt — Qr¥ [rear peer bet ep), 
19.3 (Kirchner’s Algorithm). Let \1,...,% be distinct eigenvalues 
of the matrix A with multiplicities r,,...,r,, respectively. Define 


k k 
= [TO-A)", a) = PAA-—AI™, GA) = DEG 


m1 


f(t) = L+e+---+-———, pi(A) = (@(A))“*0:(A). 
Show that 


= Say Beau ((A— dj D)x)e* 


Further, deduce the result nod) when k = 1. 
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19.4. Let A and B be two n x n matrices. We say that A and B 
are similar if and only if there exists a nonsingular matrix P such that 
P~'AP = B. Show the following: 


(i) v(x) is a solution of the differential system v’ = Bv if and only if 
u(az) = Po(x), where u(x) is a solution of the differential system (18.6). 
Gi); 2°" = Pere ps, 


19.5. Let u(z) be a solution of the differential system (18.6). Show 
that both the real and imaginary parts of u(x) are solutions of (18.6). 


19.6. Show the following: 


(i) Every solution of the differential system (18.6) tends to zero as 7 — 00 
if and only if the real parts of the eigenvalues of the matrix A are negative. 


(ii) Every solution of the differential system (18.6) is bounded in the 
interval [0, oo) if and only if the real parts of the multiple eigenvalues of the 
matrix A are negative, and the real parts of the simple eigenvalues of the 
matrix A are nonpositive. 


19.7. Find the general solution of the differential system (18.6), where 
the matrix A is given by 


Oat 1-1 4 
(i) E eaoa 5 | i 1.0 4 jx (iv) | 38) 62> 1 
ee 2 1 -1 

-1 1 0 5 -3 -2 

(v) | 0 -1 0}. (vi) | 8 -5 -4 

0 0 8 4 3 8 


19.8. Find the general solution of the nonhomogeneous differential 
system u’ = Au+b(x), where the matrix A and the vector b(x) are given by 


(i) E ah oe 


iy [72 ~4 1440 7. 
‘s =i a ||? (3/2)x2 |? 
aio > & e® 
QU) f| a, SS SE hee: HN cee, 

t-.3 4 4 

re en? 2-2 
(iv) | -1 0 0 |, i 

fee Sp «2 l-« 


19.9. Find the solutions of the following initial value problems: 
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(ii) uw = | = : | u, Ur(m) =—1, ue(z) = 0. 
1 0 O 0 
(iii) ue =} 2 1 -2 fut 0 , uz(0) = 0, ue(0) = 1, u3(0) = 1. 
3.2 1 e* cos 2x 
-1 0 4 e* 
(iv) uo =] O -1 2 | ut] e~* |, u,(0) =0, u2(0) = 1, u3(0) = 0 
0 0 il 0 
2 1 -1 0 
(v) uw’=|]—-3 -1 1 J|ut+] a }, u(0) =0, u2(0) =3, u3(0) = 0 
9 3. A 0 
2 1 £1 1 
(vi) w=] 0 2 0 wt | 0). tO) HT, wa (0) = 1, vg(0) = 1 
0 0 3 x 


19.10. Consider the DE (18.18). Show the following: 


(i) Its characteristic equation is 
p(A) = AM + pA" +--+ Pn = 0. (19.16) 


(ii) If Ay 4 Ao 4 ++: F An are the roots of (19.16), then e**, 1 <i<n 
are n linearly independent solutions of the DE (18.18). 

(iii) If Ay A Ag A+++ F Ax (Kk <n) are the roots of (19.16) with multiplici- 
ties r1,..., 7%, respectively, then e***, xe”, ..., 2 —Ver%*, 1 <i<kare 
n linearly independent solutions of the DE (18.18). 


Answers or Hints 


19.1. Verify directly. 


19.2. (i) Observe that in each multiplication the position of 1 is shifted 
by one column, so in P? the nth and (n — 1)th rows are 0. (ii) Obvious. 
(iii) Since A = AI + P, we can use parts (i) and (ii). 

19.3. Clearly, q(A) is a polynomial, and since q(\;) = gi(Ai) 4 0, 2 
1,...,k it follows that p(A) and q(A) have no common factor. Thus, there 
exist polynomials q,(A) and p,(A) such that g(A)gqx(A) + p(A)ps(A) = 1. 
Hence, in view of p(A) = 0 we obtain q(A)q.(A) = J, i-e., q(A) = q(A)71. 
Thus, g(A)~! exists and is expressible as a polynomial in A. Now 


eAt — q(A)~!q(A)e4” = q(A)-! sa qj(A)e(4-AsD2 rile, 
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Finally, use q;(A)(A — A;J)’ = 0 for all « > r;. For k = 1 note that 
q(A) = q(A) = 1 and hence g(A)~'q,(A) = I. 


19.4. (i) Verify directly. (ii) Since P~-'AP = B implies A= PBP~', e4* 
PBP ‘er 
=e ' 


19.5. If u(x) = p(w)+i¢(x) is a solution of u’ = A(x)u, then p'(x)+iq'(x) = 
A(x)p(x) + A(x) q(a). 


19.6. Let A; = aj;+i18;, 1 <j <k < nbe distinct eigenvalues of the matrix 
A with multiplicities r;, 1 <7 < k, respectively. If a = max;<;<, a, and 
r = maxi<j;<k‘7;, then there exists x1; > x9 > 0 sufficiently large such that 
for all x > a, the relation (19.5) gives ||e4*|| < Ce® 2". 


2c, cos 3x + 2co sin 3x 


7 3a 
HOS Me | c1(cos 8x + 3sin 3x) + co(sin 3x — 3cos3z) 


9 3 eee ee # 0 C1 
1) cye + c2e . (ul e Ee C2 
ii 10x 3a ose 22 0 x 
: 2 e?= —e-® —e-* C3 
—1 1 1 
(iv) c1e 4 | +ep9e72” | -1 | + e338" | 2 
-1 1 
0 -e~* «re~* C1 1 O 2x C1 
(v) 0 0 es C2 (vi)e” |] 0 2 Aa C2 
3 0 0 C3 2 -3 -—22-1 C3 


2 1 3 ce * + ter +i¢%_4 
(iii) é 2 1 -3 cge?* — e& + 8? —4 
—2 2 O eget et ze%" 
1 sin x cos & 0 
(iv) ce” | —1 | +cg} cosx | +c3] —sing | + 
0 sin & cos & 1 
19.9. (i) 6 —2cosx+sinx | (ii) | cos x | 
cos & —sina 
0 5(e* —e7*) 
(iii) e* | cos2e—(1+42x)sin2xe |. (iv) | e7*(a@+1) 
(1+ 52) cos 2a + 3 sin 2x 0 
2(1+ 2x)e"*+a-—2 
(v) 4e~* +x—-1 


6(1 + 2a)e~* + 3(a — 2) 
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40e°* + 36xe2” + 9e?” + 6x — 13 
(vi) = 3667” 
40e2* — 124 —4 


19.10. (i) In system form the DE (18.18) is equivalent to (18.6), where 


0 1 0 0 0 

0 0 1 0 0 
A= 

0 0 0 0 1 

Pn Pn-1 Pn-2 *** —p2 —Pp1 


Now in det (A — AI) = 0 perform the operation C, + ACp +--- +A"~!C),. 
(ii) If A; is a simple root of p(A) = 0, then for the above matrix A, 


[1, Ai, A?,...,A”-"]” is the corresponding eigenvector. In fact, 

(A . AD)(1, Nis shat 9 ae = (0, Robs ,0, —p(Ai)]* = (0, sudvie 50]? 
Thus, corresponding to A; the solution vector of u! = Au is u(x) = 
[e**, Nem, ..., AP ten | . 
(iii) If A; is a multiple root = PPA) = = 0 with multiplicity r;, then pY (Aj) = 
0,0<j<rj—1. Let b= “+p, 4+--++ pn, so that (18.18) can be 
written as L[y] = 0. Since L [e**] = p(A)e**, j times differentiation with 


respect to A gives 


2 [eX] es L| ge “| = L[rie] = ba i 0 (PMA! em, 


Now to prove linear independence suppose we have n constants cj;, 1 < 
i<k, 0O<3<7r;—1 such that 


Dies Pi(z)e** = 0, 
where P;(x) = Sahar cia). If all constants c;; are not zero, then there will 


be at least one, say, P,(a) not identically zero. The above relation can be 
written as 


Py(x) + Px(x)eQ2—Av# fee P,(ax)eQe—0)# =0. 
Differentiating this r; times reduces P;(x) to 0, and we obtain 
Qo(a)eQ2—Ar)® 4... 4 Qy(ax)eAr—Av® = 0, 


or 


Qo(x)er2* +++ + Qe (x)e*** = 0, 
where deg Q;(x) = deg P;(a), 2 <i < k and Qx(x) 4 0. Continuing this 
process, we arrive at 
Ry (x)er*** = 0, 


where deg Ry(x) = P;(x) and R;(x) 4 0. However, the above relation 


implies that R;,(x) 
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Periodic Linear Systems 


A function y(z) is called periodic of period w > 0 if for all x in the 
domain of the function 


y(x@+w) = y(a). (20.1) 


Geometrically, this means that the graph of y(x) repeats itself in successive 
intervals of length w. For example, the functions sin x and cos x are periodic 
of period 27. For convenience, we shall assume that w is the smallest positive 
number for which (20.1) holds. If each component u;(x), 1 <i <n of u(x) 
and each element a;;(x), 1 < 1,7 <n of A(z) are periodic of period w, then 
u(x) and A(a) are said to be periodic of period w. Periodicity of solutions 
of differential systems is an interesting and important aspect of qualitative 
study. Here we shall provide certain characterizations for the existence of 
such solutions of linear differential systems. 


To begin with we shall provide necessary and sufficient conditions for 
the differential system (17.1) to have a periodic solution of period w. 


Theorem 20.1. Let the matrix A(x) and the function b(x) be contin- 
uous and periodic of period w in IR. Then the differential system (17.1) has 
a periodic solution u(x) of period w if and only if u(0) = u(w). 


Proof. Let u(x) be a periodic solution of period w, then by definition 
it is necessary that u(0) = u(w). To show sufficiency, let u(x) be a solution 
of (17.1) satisfying u(0) = u(w). If v(x) = ula +w), then it follows that 
u(x) =u (a+w) = A(a+w)u(a+w)+b(a+w) = A(x)v(x) +0(x); ie., v(x) 
is a solution of (17.1). However, since v(0) = u(w) = u(0), the uniqueness 
of the initial value problems implies that u(x) = v(x) = u(a+w), and hence 
u(x) is periodic of period w. | 


Corollary 20.2. Let the matrix A(z) be continuous and periodic of 
period w in R. Further, let U(x) be a fundamental matrix of the differential 
system (17.3). Then the differential system (17.3) has a nontrivial periodic 
solution u(a) of period w if and only if det (¥(0) — U(w)) = 0. 


Proof. We know that the general solution of the differential system 
(17.3) is u(x) = W(x)c, where c is an arbitrary constant vector. This u(x) 
is periodic of period w if and only if V(0)c = U(w)c, ie., the system (U(0)— 
W(w))c = 0 has a nontrivial solution vector c. But, from Theorem 13.2 this 
system has a nontrivial solution if and only if det (¥(0) — U(w)) = 0. | 
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Corollary 20.3. The differential system (18.6) has a nontrivial periodic 
solution of period w if and only if the matrix (J — e4”) is singular. 


Corollary 20.4. Let the conditions of Theorem 20.1 be satisfied. Then 
the differential system (17.1) has a unique periodic solution of period w if 
and only if the differential system (17.3) does not have a periodic solution 
of period w other than the trivial one. 


Proof. Let U(x) be a fundamental matrix of the differential system 
(17.3). Then from (18.14) the general solution of (17.1) can be written as 


u(x) = wee [ U(x)! (t)b(t)dt, 


where c is an arbitrary constant. This u() is periodic of period w if and 
only if 


V(O)c = weet [vow onde 


i.e., the system 


(W(0) —V(w))e = ‘a U(w) U1 (t)b(t)dt 


has a unique solution vector c. But, from Theorem 13.2 this system has a 
unique solution if and only if det (¥(0) — U(w)) # 0. Now the conclusion 
follows from Corollary 20.2. a 


In the case when the conditions of Corollary 20.2 are satisfied, the fun- 
damental matrix (a) can be represented as a product of a periodic matrix 
of period w and a fundamental matrix of a differential system with constant 
coefficients. This basic result is known as Floquet’s theorem. 


Theorem 20.5 (Floquet’s Theorem). Let the conditions of 
Corollary 20.2 be satisfied. Then the following hold: 


(i) The matrix y(z) = U(x +w) is also a fundamental matrix of the 
differential system (17.3). 


(ii) There exists a periodic nonsingular matrix P(x) of period w and a 
constant matrix R such that 


U(r) = P(a)e®*. (20.2) 


Proof. Since W(x) is a fundamental matrix of the differential system 
(17.3) it follows that 


(a) = W(atw) = A(etw)U(e+w) = Ale)x(a); 


ie., x(x) is a solution matrix of the differential system (17.3). Further, 
since det V(a + w) # 0 for all x, we have det y(x) 4 0 for all x. Hence, 
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we conclude that x(a) is a fundamental matrix of the differential system 
(17.3). This completes the proof of part (i). 


Next we shall prove part (ii), since U(x) and U(a#+w) are both funda- 
mental matrices of the differential system (17.3) from Theorem 18.2 there 
exists a nonsingular constant matrix C’ such that 


U(irtw) = V(a2\C. (20.3) 


Now from Theorem 14.3 there exists a constant matrix R such that C = 
e®” Thus, from (20.3) it follows that 


U(r+w) = W(aje®., (20.4) 
Let P(x) be a matrix defined by the relation 
P(x) = W(x)e7**. (20.5) 
Then using (20.4) we have 


P(a+w) = U(r+w)e" Ft) = b(z)eP eRe) = W(r)e“F* = P(x). 


—Rx 


Hence, P(x) is periodic of period w. Further, since W(x) and e are 


nonsingular det P(x) # 0 in R. | 


In relation (20.3) the matrix C is in fact ¥~1(0)W(w), and hence e®” = 
W—'(0)W(w), which gives the matrix R = In(W~1(0)W(w))/w. Thus, in 
(20.5) if the matrix U(a) is known only in the interval [0,w] the periodic- 
ity property of P(«) can be used to determine it in the whole interval R. 
Hence, from (20.2) the fundamental matrix U(2) can be determined in the 
interval IR provided it is known only in the interval [0, w]. 


Theorem 20.5 is particularly interesting because it suggests a transfor- 
mation which reduces the differential system (17.3) to a differential system 
of the type (18.6). Precisely, we shall prove the following result. 


Theorem 20.6. Let P(x) and R be the matrices obtained in Theorem 
20.5. Then the transformation u(x) = P(x)v(a) reduces the differential 
system (17.3) to the system 


=" Tie: (20.6) 
Proof. Since W’(x) = A(x) W(z), the relation (20.2) gives 
(P(a)e**)' = A(x)P(x)e**, 


which yields 
P'(x) + P(z)R—A(x)P(x) = 0. (20.7) 
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Now using the transformation u = P(x)v in the differential system (17.3), 
we obtain 
P(x)v' + P'(x)v = A(x)P(x)v, 


which is the same as 
P(a2)v' + [P’(x) — A(x)P(x)]v = 0. (20.8) 
Combining the relations (20.7) and (20.8) we get (20.6). B 


Once again we assume that the conditions of Corollary 20.2 are satisfied, 
and W (a) is another fundamental matrix of the differential system (17.3). 
Then from Theorem 18.2 there exists a nonsingular matrix M such that 
W(x) = V,(x)M holds. Thus, from (20.4) it follows that Uy(a +w)M = 
Wi (rz)Me®, ice., 


Wi(e+w) = U1 (2)Me®M-?. (20.9) 


Hence, we conclude that every fundamental matrix W,(2) of the differ- 
ential system (17.3) determines a matrix Me*’M~—! which is similar to 
e® Conversely, if M is any constant nonsingular matrix, then there ex- 
ists a fundamental matrix 1(2) of the differential system (17.3) such that 
the relation (20.9) holds. The nonsingular matrix C’ associated with the 
fundamental matrix W(x) in (20.3) is called the monodromy matrix of the 
differential system (17.3). For example, monodromy matrix for V,(z) is 
Me®*’ M~—!. The eigenvalues of C are called the multipliers of (17.3), and 
the eigenvalues of R are called the exponents of (17.3). 


Let o1,...,0n and Aj,...,An, respectively, be the multipliers and ex- 
ponents of (17.3), then from the relation C = e®” it follows that o; = 
eX”, 1 <i <n. It should be noted that the exponents of (17.3) are de- 
termined only mod(27i/w), because even though C is determined uniquely, 
the matrix R is not unique. Further, since the matrix C’ is nonsingular, 
none of the multipliers o1,..., 0 of (17.3) is zero. 


From the relation (20.4), we have U(w) = U(0)e*”, and hence we con- 
clude that o1,...,, are the eigenvalues of U~1(0)W(w), or of the matrix 
®(w,0) if U(x) = ®(2,0), ie., U(x) is the principal fundamental matrix of 
(17.3). Thus, from Theorem 17.3 and Problem 14.1 it follows that 


det ®(w,0) = ll o; = det (0,0) exp (fo A\t)dt) = exp (>: 0) | 
i=1 0 i=1 
(20.10) 


The final result is a direct consequence of Theorem 20.5. 


Theorem 20.7. Let the conditions of Corollary 20.2 be satisfied. Then 
a complex number A is an exponent of the differential system (17.3) if and 
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only if there exists a nontrivial solution of (17.3) of the form e**p(x), where 
p(a + w) = p(x). In particular, there exists a periodic solution of (17.3) of 
period w (2w) if and only if there is a multiplier 1 (—1) of (17.3). 


Proof. Suppose u(x) = e**p(x), p(a+w) = p(x) is a nontrivial solution 
of (17.3) with u(0) = u°, then u(x) = ®(x,0)u° = e>*p(x), where ®(z,0) 
is the principal fundamental matrix of (17.3). From Theorem 20.5, we also 
have u(x) = ®(2,0)u° = P(x)e*®*u°, where P(x) is a periodic matrix of 
period w. Therefore, e+”) p(a) = P(x)e®@+")u°, which is the same as 
P(a)e®* (eI — e®) uo = 0, and hence det (e*”I — e®”) = 0, ie., X is an 
exponent of the differential system (17.3). Conversely, if is an exponent 
of (17.3), then we have e®*u° = eA*u° for all x, and hence P(x)e**u° = 
P(x)u°e*”. However, u(x) = P(x)e**u is the solution of (17.3), and hence 
the conclusion follows. To prove the second assertion it suffices to note 
that the multiplier of (17.3) is 1 (—1) provided \ = 0 (mi/w), and then 
the solution e*”p(x) reduces to p(x)(e™*/“p(a)) which is periodic of period 
w (2w). | 


Example 20.1. In system form Hill’s equation y” + p(x)y = 0, where 
p(x) is periodic of period 7, can be written as 


ho ee ae (20.11) 


This, as a special case, includes Mathieu’s equation for p(x) = A+16d cos 22. 


Obviously, in (20.11) the matrix A(x) is periodic of period 7. Thus, 
for the principal fundamental matrix ®(a,0) of (20.11) the relation (20.3) 
gives ®(a+7,0) = ®(x,0)C, and hence C = ®(z,0). Further, in the system 
(20.11), Tr A(a) = 0, and hence Theorem 17.3 gives det ®(x,0) = 1 for all 
xz. Thus, from Problem 14.1 the eigenvalues 01 and 02 of C are the roots of 
the quadratic equation 0? — ao + 1 = 0, where a = ut(7) + u3(m). Let Ay 
and 2 be the exponents of (20.11), then it follows that 0; = e**™, i= 1,2. 


Now we shall discuss various cases. 
(i) Ifa> 2, then o; and o2 are real, distinct, and positive, and hence the 
exponents are real and distinct. 
(ii) Ifa < —2, then o; and o2 are real, distinct, and negative, and hence the 
exponents are complex with real and imaginary parts different from zero. 
(iii) If ja] < 2, then o; and o2 are complex conjugates with the absolute 
value 1, and hence the exponents are purely imaginary. 


If the roots 0; and o2 are unequal, then there exists a pair of linearly 
independent solutions p;(x)e™”, po(x)e*2” where p;(2) and p2(zx) are con- 
tinuous periodic functions of period 7. 


(iv) If ja] = 2, then the quadratic equation has a double root. When 
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a = 2, the double root is o = 1, and if a = —2, the double root is 0 = —1. 
In this case two linearly independent solutions of (20.11) are +p,(a) and 
+xp2(x). One of these solutions is periodic with period 7 for o = 1, period 
2m for o = —1, and the other is unbounded. 


Problems 


20.1. Consider the equation y’ = ay+sin z. Discuss the cases (i) a = 0, 
(ii) a > 0, and (iii) a < 0 separately for the existence of a unique periodic 
solution. 


20.2. Verify that in the DE y’ = (cos? x)y even though the function 
cos’ x is periodic of period 7, the solutions are not periodic. 


20.3. Consider the DE y” + y = cosz. 
(i) Show that the general solution of this DE is 


1 
y(x) = c,sin(w@+ ce) + gzsing, 


where c; and c are arbitrary constants. Observe that y(a) is not periodic. 
(ii) Does this example contradict Corollary 20.4? 


20.4. Consider the DE y” + y = sin 2a. 


(i) Show that y(#) = —(1/3)sin2z is a solution of this DE and it is 
periodic of period 27. 

(ii) Show that the DE y” +y = 0 also admits nontrivial periodic solutions 
of period 27. 


(iii) Does this contradict Corollary 20.4? 


20.5. The DE for the undamped mass-spring system with a given 
periodic external force can conveniently be written as y” + k2y = Acoska, 
where ko is the natural frequency of the system and k the applied frequency. 


If k ¥ ko, a particular solution of this DE is given by 


A 
£) = ~~, coskea. 
Thus, if the applied frequency k is close to the natural frequency ko, then 
this particular solution represents an oscillation with large amplitude. This 
phenomenon is called resonance. If k = ko, a particular solution cannot be 
obtained from this solution. Show that this particular solution is given by 


y(“) = Bho” sin koz, 
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which is nonperiodic. 


20.6. Let yi(x) and yo(x) be two solutions of the DE y” + p(x)y = 0 
such that y:(0) = 1, y{ (0) = 0; y2(0) = 0, y$(0) = 1. Further, let p(x) be 
continuous and periodic of period w in R. Show the following: 


(i) The Wronskian W(y1, y2)(x) = 1 for all x € R. 

(ii) There is at least one nontrivial periodic solution y(2) of period w if 
and only if y:(w) + yh(w) = 2. 

(iii) There is at least one nontrivial antiperiodic solution y(x), i.e., y(a + 
w) = —y(x), x € R if and only if yi(w) + yh(w) = —-2. 


20.7. Consider the DE (6.19), where p;(2) and po(a) are continuous 
and periodic of period w in IR. Show that a nontrivial solution y(z) is 
periodic of period w if and only if y(0) = y(w) and y/(0) = y/(w). Further, 
if yi(a) and yo(a) are two solutions such that yi(0) = 1, yj (0) = 0; yo(0) = 
0, y$(0) = 1, then show that there exist constants a,b,c,d such that for 
all x, 

y(a+w) = ayr(z) + bye(2) 
yo(a+w) = cyi(x) + dyp(2). 


20.8. Let f(a,y) be a continuous function defined for all (x,y) € IR?. 
Further, let f(z, y) satisfy a Lipschitz condition in y, f(«#+w,y) = f(x,y) 
for some w > 0, and f(x, yi) f(x, y2) < 0 for all 2 and some y1, yo. Show 
that the DE (1.9) has at least one periodic solution of period w. Apply this 
result to the DE (5.2) where p(a) # 0 and q(x) are continuous periodic 
functions of period w. 


*20.9. Let p(x) be continuous and p(x +7) = p(x) £0 for all x. If 


0O< nf |p(t)|dt < 4, 
0 


then show that all solutions of the DE y” + p(x)y = 0 are bounded on R. 


Answers or Hints 


20.1. (i) Infinite number of periodic solutions of period 27. (ii) and 
(iii) (asin x — cos x) /(1 + a”) is the only periodic solution of period 27. 


20.2. The general solution is cexp (5 (a + $ sin 2x)) : 


20.3. (i) Verify directly. (ii) The corresponding homogeneous system has 
nontrivial periodic solutions of period 27. 


20.4. The function 3 sin 2a is periodic of period 7 (smallest period). 
20.5. Verify directly. 
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20.6. (i) Use (6.3). (ii) Use Corollary 20.2. (iii) See the proof of Corol- 
lary 20.2. 


20.7. Use Theorem 20.1. 


20.8. A continuous function mapping a closed interval into itself has at 
least one fixed point. 


Lecture 21 


Asymptotic Behavior of 
Solutions of Linear Systems 


In this lecture we shall begin with the study of ultimate behavior of 
solutions of linear differential systems. In particular, we shall provide suf- 
ficient conditions on the known quantities in a given system so that all its 
solutions remain bounded or tend to zero as x — oo. Thus, from the prac- 
tical point of view the results we shall discuss are very important because 
an explicit form of the solutions is not needed. 


We begin with the differential system (18.6) and note that Problem 
19.6 does provide necessary and sufficient conditions for all its solutions to 
remain bounded or tend to zero. Further, if in Theorem 19.2 each A; = 
aj +78; and a = max;<j<p aj, and r = maxi<j;<,‘7;; then there exists 
an #1; > 2 > 0 such that for all x > x, the relation (19.5) gives ||e4*|| < 
ce°* x", where c is some suitable constant. Let a < 7, then there exists a 
Z2 > x, such that for all x > x2 the inequality e°*x2" < e” holds. Thus, 
for x > x2 it follows that 

I|e4” || < ce”. (21.1) 


However, since the interval [0, x] is finite in (21.1) we can always choose c 
sufficiently large so that it holds for all x > 0. 


From (21.1) it is immediate that for any solution u(a) of (18.6) 
llu(z)|| < cre”, (21.2) 
where c; is some suitable constant. 


Now we shall consider the differential system 
vo = (A+ B(a))v, (21.3) 


where B(x) is an nx n matrix with continuous elements 6;;(a), 1 <i,j <n 
in the interval [%o, 0o). System (21.3) can be regarded as a perturbed system 
of (18.6). Our first result gives sufficient conditions on the matrix B(a) so 
that all solutions of the differential system (21.3) remain bounded provided 
all solutions of (18.6) are bounded. 


Theorem 21.1. Let all solutions of the differential system (18.6) be 
bounded in [0,co). Then all solutions of the differential system (21.3) are 
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bounded in [%9, 00) provided 
/ ||B(t)||dt < oo. (21.4) 


Proof. In (18.15) let the nonhomogeneous term b(x) be B(x)v, so that 
each solution v(x) such that v(a9) = v° of the differential system (21.3) 
satisfies the integral equation 


v(x) = eA(®—t0)_0 4 i eA@—9 Bit)u(t)dt. (21.5) 


Now since all solutions of (18.6) are bounded there exists a constant c such 
that sup,>o \|e4*|| = c. Hence, for all 2 > x9 we have 


llu(z)l|_< ate f BE) Molle, (21.6) 


where cp = ¢||v°||. 


Applying Corollary 7.6 to the inequality (21.6), we obtain 


le(z)I| < coexp (« i Eo 


for all x > xo. The result now follows from (21.4). | 


Our next result gives sufficient conditions on the matrix B(x) so that all 
solutions of the differential system (21.3) tend to zero as 7 — oo provided 
all solutions of (18.6) tend to zero as 7 — oo. 


Theorem 21.2. Let all solutions of the differential system (18.6) tend 
to zero as « > oo. Then all solutions of the differential system (21.3) tend 
to zero as x — oo provided 


||B(xz)|| > 0 as to. (21.7) 


Proof. Since all solutions of (18.6) tend to zero as 2 — 00, Problem 19.6 
ensures that all eigenvalues of A have negative real parts. Thus, there exist 
constants c and n = —6 (6 > 0) such that (21.1) holds, ice., ||e4*|| < ce~*” 
for all 2 > 0. Further, because of (21.7) for a given constant c; > 0 there 
exists a sufficiently large 7; > xo such that ||B(x)|| < c, for all x > 2}. 
Hence, for all « > 2 equation (21.5) gives 


llo(x)|| << ce F*—#0) py] 4 / * ce~8(2-H |] B(4)|Io(d) a 


+ i. ce (9, |ly(t) ||dt, 


1 


154 Lecture 21 


which is the same as 
wa) < @te | w(t, (21.8) 


where w(x) = ||v(z)|le™*, 


co = cet 09 +0 f 


ro 


Ly 
e'"|| B(t)||llo(é)|lat, 
and cp = Cc}. 
Now in view of Corollary 7.6 from inequality (21.8), we obtain 
w(x) < co exp(co(x — 21)) 


and hence 
|u(x)|| < co exp((co — 6)a — c221). (21.9) 


Finally, because of (21.7) we can always choose c; so small that cz = cc, < 6, 
and then the result follows from (21.9). 


Conditions (21.4) and (21.7) are restricted to a smallness property on 
B(x) as x — oo. Obviously, condition (21.4) is stronger than (21.7) and 
hence in Theorem 21.2 condition (21.7) can be replaced by (21.4); however, 
in Theorem 21.1 condition (21.4) cannot be replaced by (21.7). For this, 
we have the following example. 


Example 21.1. Consider the differential systems 


ul 0 1 uy 
eerie = 
OH 7 0 1 V1 
U5 > —-1 0 oD) 


where a and 0 are positive constants. 


and 


0 0 on 

Ele ss |: (21. 

0 
ax+b 


A fundamental system of solutions of (21.10) is [cosa, —sinz]", [sin a, 
cos xz]? and hence all solutions of (21.10) are bounded. However, a funda- 
mental system of solutions of (21.11) is 


(ax + b)sina 


asin x — (ax + b) cosa acosx + (ax + b)sinz 
; (ax + b) cosa 
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and hence all nontrivial solutions of (21.11) are unbounded as x — on. 
Further, we note that || B(a)|| > 0 as « > ov, while 


mare b\? 
| || B(t)||dt = | Oe ofp ts n( ) =e 
0 9 ax+b b 


as T > ©. 


Next we shall consider the differential system 
vo = Av+0(a), (21.12) 


where (a) is an n x 1 vector with continuous components b;(a), 1<i<n 
in the interval [29, 00). Once again we shall consider (21.12) as a perturbed 
system of (18.6) with the perturbation term b(a). From (18.15) we know 
that each solution v(x) such that v(xvo) = v° of the differential system 
(21.12) satisfies the integral equation 


v(x) = eA(®-20) 4,9 +f eA b(t) dt. 
xo 
Hence, for all 2 > xo inequality (21.1) gives 
lv(2)l| < coe? +e i en) 1(t)|| dt, (21.13) 


ro 
where cy = ce~?°||v® ||. 
From (21.13) the following result is immediate. 
Theorem 21.3. Suppose the function b(x) is such that 
|>(x)|| < cse”* (21.14) 


for all large x, where c3 and vy are constants with cz > 0. Then every solution 
v(x) of the system (21.12) satisfies 


llv(z)|| < cae’* (21.15) 
for all x > xo, where cy and ¢ are constants with cy > 0. 


Proof. From the given hypothesis on b(x) there exists an x; > 29 such 
that (21.14) holds for all « > x1. Hence, from (21.13) if v 4 n, we have 


© e 
lv(x)|| < e™ eo +e f e~™ \|b(t)||dt + ccs | ema 

x0 21 
wy 

Soe eo + cf e~™ ||b(t)||dt + E38 _(e(v-n)e = ae) 
xo Y—%1 
wy 

< e% eo + ef e~™ llb(t)||dt + cC3 eo] ie CC3_ ava 
ro |v—n| |v—n| 
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where ¢ = max{n,v}, and 


Ly 
ice late / e~"llb(t)||dt + — (<r-m= +1)]. 
xo |v — | 


For the case vy = 7, the above proof requires obvious modifications. a 


As a consequence of (21.15) we find that every solution of the system 
(21.12) tends to zero as 7 — oo provided ¢ < 0. 


Now we shall study the behavior of solutions of the differential system 
(17.3) as  — oo. We shall prove two results which involve the eigenvalues 
of the matrix (A(x) + A?(x)), which obviously are functions of x. 


Theorem 21.4. Let the matrix A(x) be continuous in [:9,00) and 
M(z) be the largest eigenvalue of the matrix (A(x) + A?(zx)). Then every 
solution of the differential system (17.3) tends to zero as « — oo provided 


a M(t)dt = —oc. (21.16) 


Proof. Let u(x) be a solution of the differential system (17.3), then 
|u(ax)|? = u? (x)u(x). Thus, it follows that 


S\u(x) = ul (a)u'(x) + (u?(2))'u(z) 
= u'(x)A(x)u(x) + ul (x) A? (x)u(z) 
= ul (x)(A(z) + AT(z))u(z). 


eigenvalue, it is clear that 
u" (x)(A(x) + AT(a))u(z) < M(a)|u(x)|?. 


Hence, for all x > xo it follows that 
0 < Ju(z)? < Ju(ao)/? +f M(t)lu(t)[Pae. 
xo 


Next using Corollary 7.6, we obtain 


|u(x)|? < |u(ao)|? exp Ga M(t iu) (21.17) 
| 


The result now follows from (21.16). 


If in Theorem 21.4 the condition (21.16) is replaced by [°° M(t)dt < 0x, 
then (21.17) implies that the solution u(x) of (17.3) remains bounded as 
L— OO. 
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Theorem 21.5. Let the matrix A(x) be continuous in [xo, 00), and 
m(a) be the smallest eigenvalue of the matrix (A(z) + A7(x)). Then every 
solution of the differential system (17.3) is unbounded as x — oo provided 


limsup f m(t)dt = oo. (21.18) 
Proof. As in the proof of Theorem 21.4 for all x > 29, it is easy to see 
that 


x 


ju(ae)|2 > Ju(eo) | + / m(t)|u(t) Pat, 


xO 


which implies that 


jue)? > Ju(vo)lexp ( f m(eyat). 
xo 
Now the conclusion follows from (21.18). | 
Example 21.2. For the matrix 
1 2 
A(z) = | (+2)? 
—x? —1 
we have 
2 0 
(A(z) + A7(z)) = | (+2)? 
0 —2 
and hence 
M(x) ora fo miae eres dt 2< 
rv) = —= => Co. 
Gta » Ute 


Thus, all solutions of the differential system u’ = A(x)u remain bounded 
as L— OO. 


Example 21.3. For the matrix 


1 2 
A(x) = “l+e2 Oe : 
—(1+ 27) —2 
we have 
7 2 
(A(z) + AT (a)) = 1+a 
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and hence 


i [mwa = [-cRe = ~o. 


Ll+a2’ 1+¢ 


Thus, all solutions of the differential system u’ = A(x)u tend to zero as 
vO}. 


Lecture 22 


Asymptotic Behavior of 


Solutions of Linear Systems 
(Contd.) 


With respect to the differential system (17.3) we shall consider the per- 
turbed system 
vo = (A(x) + B(x))v, (22.1) 


where B(x) is ann x n matrix with continuous elements 6;;(7), 1 <i,j7 <n 
in the interval [29,00). We begin with an interesting example which shows 
that the boundedness of all solutions of (17.3), and the condition (21.4) do 
not imply boundedness of solutions of the differential system (22.1), ie., 
when the matrix A is a function of x, then the conclusion of Theorem 21.1 
need not be true. 


Example 22.1. Consider the differential system 


OS (22.2) 
us = (sinna+coslIna—2a)uz, 1<2a<1+e7/2 
whose general solution is 
u(x) = ce % 
U2(x) = cpexp((sinIn az — 2a)z). 
Since a > 1/2, every solution of (22.2) tends to zero as 7 — oo. 
Now we consider the perturbed differential system 
Vv, = av, 
(22.3) 
ve = (sinlna+coslnag — 2a)vo + e7% 14; 


i.e., the perturbing matrix is 
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It is easily seen that [~ || B(t)||dt < oo, and the general solution of the 
differential system (22.3) is 


vy(a) = ce 


v(x) = exp((sinInz — 2a)x) (c + a | exp(-tsin nd) : 
0 


(22.4) 
Let « = %, = exp((2n+ 1/2)7), n=1,2,... then we have 


sinlInz, = 1 
—sinint>1/2 forall exp((2n—1/2)m) < t < exp((2n — 1/6)z), 


ie., for all z,e7" <t < ¢,e727/8. 


Thus, it follows that 


In exp((2n—1/6)7) 
| exp(—tsinInt)dt > i) exp(—t sin In t)dt 
0 exp((2n—1/2)7) 
20/3 


Ve ett (22.5) 


ne ™ 


IV 


1 
> exp (Sene*) (ean? —e )an. 


Therefore, if c, > 0 (ci < 0) we have 


1 
v2(n) > (<) eft-24)2n (ce + ¢1an(e727/3 — e-7) exp (Sene*)) 


1 
= coe -24)" 4 ern (e7 27/3 — e-™) exp (1 —2a+ 5°") vn) : 


Since 2a < 1 +e~7/2, we see that v9(a,) — oo (—oo) as n > oo. Thus, 
v2(a) remains bounded only if c, = 0. 


This example also shows that for (17.3) and (22.1) Theorem 21.2 need 
not hold even when condition (21.7) is replaced by the stronger condition 
(21.4). Therefore, to prove results similar to Theorems 21.1 and 21.2, we 
need some additional conditions on A(x). The following result is analogous 
to Theorem 21.1. 


Theorem 22.1. Let all solutions of the differential system (17.3) be 
bounded in [29, oo), and the condition (21.4) be satisfied. Then all solutions 
of the differential system (22.1) are bounded in [29, 00) provided 


zr—Cco 


timint [ TrA(t)dt > —oo, or TrA(az) = 0. (22.6) 
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Proof. Let U(x) be a fundamental matrix of the differential system 
(17.3). Since all solutions of the differential system (17.3) are bounded, 
||@(a)|| is bounded. Next from Theorem 17.3, we have 


det U(x) = det U(x) exp ([ Tr Atta) 


0 
and hence 


w-\(a) = adj U(x) of adj (2) . (22.7) 


det V(x) det W(x9) exp Ce a A(t)at) 


Thus, from (22.6) it follows that ||¥~1(z)|| is bounded. 


Now in (18.14) let the nonhomogeneous term b(%) be B(x)v, so that 
each solution v(x) such that v(x) = v° of the differential system (22.1) 
satisfies the integral equation 


v(2) = Va) *(eo)e” + [Wey (BUWo(eat (22.8) 
Thus, if 
© = max { sup W(e)], sup [iw*Ce)i} (22.9) 


it follows that 
lu(x) || < cote f BO) |lo@|lae, 
xo 


where cg = c||W~1(axo)v° |]. 


This inequality immediately implies that 
hole (c / (0a) 
xo 


The result now follows from (21.4). a 
The next result is parallel to that of Theorem 21.2. 


Theorem 22.2. Let the fundamental matrix U(x) of the differential 
system (17.3) be such that 


|[@(x)W-*(t)|| < c ao <t<2<co (22.10) 


where c is a positive constant. Further, let condition (21.4) be satisfied. 
Then all solutions of the differential system (22.1) are bounded in [29, 00). 
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Moreover, if all solutions of (17.3) tend to zero as x — oo, then all solutions 
of the differential system (22.1) tend to zero as 7 — oo. 


Proof. Using (22.10) in (22.8), we get 


Ilv(x)|| < corte |B) Ilo |lae 
and hence 


\|v(x) || < ellv®|] exp (</ |B(0at) = M<o. 
xo 
Thus, each solution of the differential system (22.1) is bounded in [29, 00). 
Now since (22.8) is the same as 
1 


v2) = Va) U'(ao)o" + f U(x) U1 (t) B(t)v(t)dt 


xO 


it follows that 


llv(z)|| (CHP *eoyhle™ + CON | *CMMBOMMloolae 


+ceM i” || B(t)||dt. 


Let € > 0 be a given number. Then in view of (21.4), the last term in 
the above inequality can be made less than €/2 by choosing «1 sufficiently 
large. Further, since all solutions of (17.3) tend to zero, it is necessary 
that ||Y(a)|| — 0 as x — oo. Thus, the sum of first two terms on the right 
side can be made arbitrarily small by choosing x large enough, say, less 
than €/2. Hence, ||v(x)|| < € for large x. But, this immediately implies that 
||v(a)|| ~ 0 as & > ow. 


In our next result we shall show that in Theorems 22.1 and 22.2 con- 
ditions (22.6) and (22.10) can be replaced by the periodicity of the ma- 
trix A(z). 


Theorem 22.3. Let the matrix A(z) be periodic of period w in [29, 00). 
Further, let the condition (21.4) be satisfied. Then the following hold: 


(i) All solutions of the differential system (22.1) are bounded in [29, co) 
provided all solutions of (17.3) are bounded in [29, 00). 


(ii) All solutions of the differential system (22.1) tend to zero as x — oo 
provided all solutions of (17.3) tend to zero as x > oo. 
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Proof. For a given fundamental matrix U(x) of (17.3), Theorem 20.5 
implies that U(x) = P(x)e®*, where P(x) is a nonsingular periodic matrix 
of period w, and R is a constant matrix. Using this in (22.8), we find 


v(x) = P(x)e®-%0) P-l(g)y° + ': ” P(a)ete-FP-1(t) B(t)u( td. 


Hence, it follows that 
llv(x)||_ <P) Illle** Ile" *7°P~*(ao)v || 


+f WPeme®=9qP—eomBeole@yae, C2 


Now since P() is nonsingular and periodic, det P() is periodic and does 
not vanish; i.e., it is bounded away from zero in [x9,00). Hence, P(x) 
along with its inverse P~!(x) = [adj P(x) /det P(x)] is bounded in [z9, co). 
Thus, if 


ee max { sup PC), sup Pei} 


L>Xo 


inequality (22.11) can be replaced by 
lu(@)|| < colle +e | eZ [BOM Mollet, (22.12) 


where cs = ca||e~#*° P—!(xq)v° |]. 


Now if all solutions of the differential system (17.3) are bounded, then 
it is necessary that |/e”*|| < cg for all z > 0, and hence from (22.12) we 
have 


llu(z)|| < cscs + ceo |B) Mlo@) lle, 


which immediately gives that 
hole. (ee i Boar) 
xo 


and now part (i) follows from (21.4). 


On the other hand, if all solutions of (17.3) tend to zero as x — ov, 
then there exist positive constants c7 and a such that ||e”*|| < cze~° for 
all x > 0. Thus, inequality (22.12) implies that 


llo(@)||_< cere + chen ce () | B(t)||l]v(O) Ile, 
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which easily gives 
||u(x)|| < cs5e7 exp (cer | || B(t)||dt — ac). 
xo 


Hence, in view of condition (21.4) we find that v(1) — 0 as x > ow. B 


Finally, we shall consider the differential system (17.1) as a perturbed 
system of (17.3) and prove the following two results. 


Theorem 22.4. Suppose every solution of the differential system (17.3) 
is bounded in [z9,0o). Then every solution of (17.1) is bounded provided 
at least one of its solutions is bounded. 


Proof. Let u!(x) and u?(x) be two solutions of the differential system 
(17.1). Then ¢(x) = u'(x) — u?(zx) is a solution of the differential system 
(17.3). Hence, ul (x) = u?(x) +(x). Now since (x) is bounded in [z9, 00), 
if u2(x) is a bounded solution of (17.1), it immediately follows that u!(«) 
is also a bounded solution of (17.1). | 


From the above theorem it is also clear that if every solution of (17.3) 
tends to zero as x — oo, and if one solution of (17.1) tends to zero as 
x — oo, then every solution of (17.1) tends to zero as x > oo. 


Theorem 22.5. Suppose every solution of the differential system 
(17.3) is bounded in [29,0o), and the condition (22.6) is satisfied. Then 
every solution of (17.1) is bounded provided 


J leiae < ve, (22.13) 


0 


Proof. Let U(x) be a fundamental matrix of the differential system 
(17.3). Since each solution of (17.3) is bounded, as in Theorem 22.1 both 
|| W(a)|| and ||W~+(z)|| are bounded in [29,0o). Thus, there exists a finite 
constant c as defined in (22.9). Hence, for any solution u(x) of (17.1) such 
that u(xo) = u® relation (18.14) gives 


lu(x)I| < cI Maowr ee [ o(olat 


The conclusion now follows from the condition (22.13). | 


Problems 


22.1. Consider the second-order DE 
y+p(x)y = 0 (22.14) 
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and its perturbed equation 
2" + (p(x) + q(x))z = 0, (22.15) 


where p(x) and q(x) are continuous functions in [2%9,0o). Show that, if all 
solutions of (22.14) are bounded i 7: ee ), then all solutions of (22.15) are 
bounded in [x9,00) provided [* |q(t)|dt < oo. 


22.2. Consider the second-order DE (22.14), where p(x) — oo mono- 
tonically as  — oo. Show that all solutions of (22.14) are bounded in 
[Xo, 00). 


22.3. Consider the second-order DE (22.14), where [™ t|p(t)|dt < ox. 
Show that, for any solution y(«) of (22.14), lim... y/(x) exists, and every 
nontrivial Sohition is asymptotic to doz + d, for some constants dp and d, 
not both zero. 


22.4. Consider the second-order DE y” + (1 4+ p(x))y = 0, where 
p € CY [x9, 00), lime oo p(z) = 0, and [~ |p'(t)|dt < oo. Show that all 
solutions of this DE are bounded in [2o, 00). 


22.5. Show that all solutions of the following DEs are bounded in 
[0, 00): 


(i) "+/1+1/(1+2*)ly =0. 
(ii) oy” +e*y =0. 
( 
( 


iii) y”+ey’+[14+1/(1 
iv) yy +ey'+[L+1/(1 


22.6. Show that there are no bounded solutions of the DE 


+2*)|y = c>0. 
+ x4\ly=sing, c>O0. 


1 
V+ i+ooa i|¥ = cosx, 2x € (0,00). 


22.7. Show that all solutions of the differential system (17.3), where 


—xc© 0 0 —e* —l —cose 
G) Af@)=| 0 -a2? O |, (i) Af)y= 1 —e* x 
0 a? cosr —2% —e3* 


tend to zero as x — ov. 
22.8. Show that all solutions of the differential system (17.1), where 


—e* 0 


; _ | cosa 
Oy AS 0 e | BGR) x COS x? | 
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(l+2)~? sing 0 0 
(ii) A(x) = —sing 0 al, o«) = (l+2)~? 
0 -—x 0 (1+2)-4 


are bounded in [0, 00). 


22.9. With respect to the differential system (18.6) let the perturbed 
system be 
vo = Av+gq(z,v), (22.16) 
where g € C[[zo,00) x R”,R"] and ||g(z,v)|| < A(x)||v]], where A(x) is a 
nonnegative continuous function in [29,0o). Show the following: 
(i) If all solutions of (18.6) are bounded, then all solutions of (22.16) are 
bounded provided [~™ \(t)dt < ov. 


(ii) If all solutions of (18.6) tend to zero as x — ov, then all solutions of 
(22.16) tend to zero as x — oo provided (x) — 0 as 4 > cw. 


22.10. With respect to the differential system (17.3) let the perturbed 

system be 
vo = A(x)v+g(z,v), (22.17) 

where g € C|[2o,00) x IR",IR”] and ||g(z,v)|| < A(x)IJul|, here A(x) is 
a nonnegative continuous function in [x9,0o) such that [~~ \(t)dt < ov. 
Show the following: 
(i) If all solutions of (17.3) are bounded and condition (22.6) is satisified, 
then all solutions of (22.17) are bounded. 


(ii) If all solutions of (17.3) tend to zero as x — oo and condition (22.10) 
is satisifed, then all solutions of (22.17) tend to zero as x > ov. 


Answers or Hints 


22.1. Write (22.14) and (22.15) in system form and then apply Theo- 
rem 22.1. 


22.2. Use the fact that p(x) — co monotonically to get an inequality of 
the form 


2 zr z x 2 
y( wt ) Ziel i y Op) a 


Now apply Corollary 7.5. 

22.3. Clearly, (22.14) is equivalent to the integral equation 
y(x) = y(L) + (@ — 1y'(1) — fr (@ — tpt) at. 

Thus, for x > 1 it follows that 
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Wee c+ fr t|p(t) (t)| wl dat, 


where c > 0 is a constant. Now Corollary 7.5 implies |y(x)| < ci#, where 
c1 is a positive constant. We choose xo > 1 sufficiently large so that 


So, POlly@ lat < en fr, tlp()|dt <1. 


Let yi(x) be a solution of (22.14) satisfying y{ (20) = 1, then since yj (x) = 
1 ai p(t)y1(t)dt, the above inequality implies re yi (x) > dy # a as «> 
oo, ie., y(x) > dix as x > oo. Finally, since yo(x) = yi (a ce y; (t)dt is 
another solution of (22.14), it follows that yo(x e — dp as & > oo. We 
the general solution y(a) of (22.14) is asymptotic to do + dyx. 


22.4. Multiply the given DE by y’. Use Corollary 7.5. 


22.5. (i) Use Problem 22.1. (ii) Use Problem 22.2. (iii) Use Theorem 
21.1. (iv) Write in system form. Finally, apply Corollary 7.5. 


22.6. Note that for the DE w” + w = cosa the solution w(x) = $xsinzx 
is unbounded. Let y(a) be a bounded solution of the given DE; then the 
function z(7) = y(x) — w(x) satisfies the DE 2” + z= — ary (2). Now it 
is easy to show that z(a) is bounded, which leads to a contradiction. 


22.7. Use Theorem 21.4. 


22.8. (i) For the given tae”) peat 

u1(a) = cy exp(e~”) + exp(e~*) fo exp(—e™*) cos tdt 

u(x) = c2 exp (—5e73) + exp (— Ze 3”) J) exp (ge~*) tcos t7dt. 
Now find upper bounds of |u1(a)| and |u2(a)|. (ii) First use remark follow- 
ing Theorem 21.4 and then Theorem 22.5. 


22.9. (i) System (22.16) satisfying v(x) = v° is equivalent to the integral 
equation 


v(x) = eA(®—20) 4,9 + fia eA(®—4 g(t, v(t)) dt. 


Now use the given conditions and Corollary 7.5. (ii) The proof is similar 
to that of Theorem 21.2. 


22.10. System (22.17) satisfying u(ao) = v®° is equivalent to the integral 
equation 


v(x) = ®(x)®-1(x9)v9 + J ©(x)&~!(t)g(t, v(t))dt, 


where ®() is a fundamental matrix of (17.3). (i) Similar to Theorem 22.1. 
(ii) Similar to Theorem 22.2. 


Lecture 23 


Preliminaries to 
Stability of Solutions 


In Lecture 16 we have provided smoothness conditions so that the solu- 
tion u(a, xo, u°) of the initial value problem (15.4) is a continuous function 
of x, xo, and u° at the point (x,29,u°), where x is in some finite interval 
J = [x0,2%0 + a]. Geometrically, this means that for all « > 0 there exists 
|| Au®|| sufficiently small so that the solution u(a, xo, u°+ Au?) remains in a 
strip of width 2¢ surrounding the solution u(z, 29, u°) for all x € [29,2 +a]. 
Thus, a small change in u° brings about only a small change in the solu- 
tions of (15.4) in a finite interval [29,79 + a]. However, the situation is very 
much different when the finite interval [29,79 + a] is replaced by [29, 00). 
For example, let us consider the initial value problem y’ = ay, y(0) = yo 
whose unique solution is y(x,0, yo) = yoe®”. It follows that 


[Ay] = |y(2,0,¥0 + Ayo) — y(x,0,40)| = |Ayole** 


for all a > 0. Hence, if a < 0 then |Ay| = |Ayole*” < « for all x > 0 provided 
|Ayo| < e. But, if a > 0, then |Ay| < € holds only if |Ayg| < ee~*”, which 
is possible only for finite values of x no matter how small |Ayo| is, i-e., |Ay| 
becomes large for large x even for small values of | Ayo]. 


A solution u(2, 29, u°) of the initial value problem (15.4) existing in the 
interval [29,00) is said to be stable if small changes in u® bring only small 
changes in the solutions of (15.4) for all « > xo. Otherwise, we say that 
the solution u(, 29, u°) is unstable. Thus, the solution y(x) = yoe%” of the 
problem y’ = ay, y(0) = yo is stable only if a < 0, and unstable for a > 0. 
We shall now give a few definitions which classify various types of behavior 
of solutions. 


Definition 23.1. A solution u(x) = u(z,x0,u°) of the initial value 
problem (15.4) is said to be stable, if for each € > 0 there isa 6 = d(€,20) > 0 
such that ||Au°|| < 6 implies that ||u(a, zo, u° + Au®) — u(a, xo, u®)|| < . 


Definition 23.2. A solution u(x) = u(z,x0,u°) of the initial value 
problem (15.4) is said to be unstable if it is not stable. 


Definition 23.3. A solution u(x) = u(z,x0,u°) of the initial value 
problem (15.4) is said to be asymptotically stable if it is stable and there 
exists a dg > 0 such that ||Au®|| < 69 implies that 


||u(x, 29, u° + Au?) — u(x, 29,u°)|| = 0 as 2-00. 
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The above definitions were introduced by A. M. Lyapunov in 1892, and 
hence some authors prefer to call a stable solution as Lyapunov stable, or 
stable in the sense of Lyapunov. 


Example 23.1. Every solution of the DE y’ = z is of the form y(x) = 
y(xo) — x3 /2 + 27/2, and hence it is stable but not bounded. 


Example 23.2. Every solution of the DE y’ = 0 is of the form y(«) = 
y(ao), and hence stable but not asymptotically stable. 

Example 23.3. Every solution of the DE y’ = p(x)y is of the form 
y(x) = y(xo) exp ( os p(t)dt) , and hence its trivial solution y(#) = 0 is 
asymptotically stable if and only if ie p(t)dt > —oo as & > oo. 


From Example 23.1 it is clear that the concepts of stability and bound- 
edness of solutions are independent. However, in the case of homogeneous 
linear differential system (17.3) these concepts are equivalent as seen in the 
following theorem. 


Theorem 23.1. All solutions of the differential system (17.3) are stable 
if and only if they are bounded. 


Proof. Let U(x) be a fundamental matrix of the differential system 
(17.3). If all solutions of (17.3) are bounded, then there exists a constant 
c such that ||U(a)|| < c for all « > x. Now given any € > 0, we choose 
[Awl] < €/(c|¥*(wo) ||) = 4(€) > 0, so that 


\|u(a, vo, u? + Au®) — u(x, 20, u°)|| = || ¥(2)¥~1 (29) Au®|| 
el|¥~* (x0) |||[Au? |] < «, 


IA 


i.e., all solutions of (17.3) are stable. 


Conversely, if all solutions of (17.3) are stable, then, in particular, 
the trivial solution, i.e., u(a,xo,0) = 0 is stable. Therefore, given any 
€ > 0, there exists a 6 = d(e) > 0 such that ||Au®|] < 6 implies that 
\|u(x, xo, Au®)|| < €, for all e > ao. However, since u(z,x%o, Au®) = 
W(x) U1 (x9) Au®, we find that ||u(x, xo, Au®)|| = ||W(2) Wt (ap) Au? || < e. 
Now let Au® be a vector (5/2)e?, then we have 


= 5 
Ma)W"(wo)Aw'|| = Walls < 
where 7 (x) is the jth column of U(x)W~!(x). Therefore, it follows that 


|¥a)¥"(a0)|] = max Ilw(e)|] <=. 
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Hence, for any solution u(x, zo, u°) of the differential system (17.3) we have 
0 -1 0 2€ 1) 0 
llu(x, co, ul] = (eye (oul < Fle, 


ice., all solutions of (17.3) are bounded. | 


Corollary 23.2. If the real parts of the multiple eigenvalues of the 
matrix A are negative, and the real parts of the simple eigenvalues of the 
matrix A are nonpositive, then all solutions of the differential system (18.6) 
are stable. 


Our next result gives necessary and sufficient conditions so that all 
solutions of the differential system (17.3) are asymptotically stable. 


Theorem 23.3. Let U(x) be a fundamental matrix of the differen- 
tial system (17.3). Then all solutions of the differential system (17.3) are 
asymptotically stable if and only if 


|W(z)|| ~ 0 as tom. (23.1) 


Proof. Every solution u(z, xo, u°) of the differential system (17.3) can 
be expressed as u(x,20,u°) = U(x)W~!(a9)u°. Since W(x) is continuous, 
condition (23.1) implies that there exists a constant c such that ||W(z)|| <c 
for all > xo. Thus, ||u(az, xo, u®)|| < cl] ¥~1(xo)||||u°|], and hence every 
solution of (17.3) is bounded, and now from Theorem 23.1 it follows that 
every solution of (17.3) is stable. Further, since 


\|u(x, vo, ue + Au®) — u(x, 20, u°)|| = ||¥(2)¥—1 (29) Au®|| 
<  |[¥(z)||* (zo) Av? || + 0 


as % — 00, it follows that every solution of (17.3) is asymptotically stable. 


Conversely, if all solutions of (17.3) are asymptotically stable, then, 
in particular, the trivial solution, i.e., u(a,x0,0) = 0 is asymptotically 
stable. Hence, ||u(x, 29, Au®)|| + 0 as 2 > oo. However, this implies that 
|W (x)|| - 0 as a > cw. 


Corollary 23.4. If the real parts of the eigenvalues of the matrix A 
are negative, then all solutions of the differential system (18.6) are asymp- 
totically stable. 


It is interesting to note that for the perturbed differential system (21.3) 
Theorems 21.1 and 23.1 can be combined, to obtain the following result. 


Theorem 23.5. Let all solutions of the differential system (18.6) be 
stable, and the condition (21.4) be satisfied. Then all solutions of the 
differential system (21.3) are stable. 
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Similarly, a combination of Theorems 21.2 and 23.3 gives the following 
result. 


Theorem 23.6. Let all solutions of the differential system (18.6) 
be asymptotically stable, and the condition (21.7) be satisfied. Then all 
solutions of the differential system (21.3) are asymptotically stable. 


From Example 21.1 it is clear that in Theorem 23.5 condition (21.4) 
cannot be replaced by (21.7). 


For our later applications we need a stronger definition of stability which 
is as follows. 


Definition 23.4. A solution u(x) = u(z,x0,u°) of the initial value 
problem (15.4) is said to be uniformly stable, if for each € > 0 there is a 
6 = 6(€) > 0 such that for any solution u!(x) = u(z,x0,u') of the problem 
u’ = g(x, u), u(x) = u' the inequalities x1 > xo and ||u'(a#1) — u(x1)|| < 6 
imply that ||u+(2) — u(x)|| < € for all x > 24. 


Example 23.4. Every solution of the DE y’ = p(x)y is of the form 
y(“) = y(o) exp ( p(t)dt) , and hence its trivial solution y(#) = 0 is 
uniformly stable if and only if ie p(t)dt is bounded above for all x > x1 > 


xo. In particular, if we choose p(a) = sinIn a +cosIn a — 1.25, then we have 


x 


/ p(t)dt = (tsinlnt — 1.25t) 


xo 


as x — oo, and hence from Example 23.3 the trivial solution is asymptoti- 
cally stable. But, if we choose x = e2"t1/3)™ and a = e2"t!/9™ then it 
can easily be seen that 


ie p(t)dt = ent lens (sin = 1.25) — e/6 (sin — 1.25) ] 


0.172e7""7 — co as n— 00, 


l2 


and hence the trivial solution is not uniformly stable. Thus, asymptotic 
stability does not imply uniform stability. 


Example 23.5. Every solution of the DE y’ = 0 is of the form y(x) = 
y(ao), and hence uniformly stable but not asymptotically stable. Hence, 
uniform stability does not imply asymptotic stability. 


Our final result provides necessary and sufficient conditions so that all 
solutions of the differential system (17.3) are uniformly stable. 


Theorem 23.7. Let U(x) be a fundamental matrix of the differen- 
tial system (17.3). Then all solutions of the differential system (17.3) are 
uniformly stable if and only if the condition (22.10) holds. 
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Proof. Let u(x) = u(z,x0,u°) be a solution of the differential system 
(17.3). Then for any x; > 29, we have u(x) = W(x) W~1(x,)u(x,). If 
u(x) = U(x) W~!(2,)u(x1) is any other solution, and the condition (22.10) 
is satisfied, then we have 


lJui(x) — u(x) < | P(x)W"(a1) IIIa" (er) — u(er)|| < ellu*(a1) — u(ar)|| 


for all zo < 1 < x < co. Thus, ife > 0 then x; > xq and ||u'(x1)—u(a1)|| < 
e/c = 6(€) > 0 imply that ||u(2) — u(x)|| < €, and hence the solution u(x) 
is uniformly stable. 


Conversely, if all solutions of (17.3) are uniformly stable, then, in par- 
ticular, the trivial solution, i.e., u(x, 29,0) = 0 is uniformly stable. There- 
fore, given any « > 0, there exists a 6 = d(€) > 0 such that xz, > 29 
and |\u+(a,)|| < 6 imply that ||u+(z)|| < ¢€ for all 2 > x,. Thus, we have 
\| W(x) W-1(x1)ul(x1)|| < € for all x > x. The rest of the proof is the same 
as that of Theorem 23.1. a 


Problems 


23.1. Test the stability, asymptotic stability or unstability for the trivial 
solution of each of the following systems: 


: ,_| O 1 = ,_ | —-1 &* 
Gi) w= | 1 0/% (ii) ou’ = 0 1 /% 
0 1 0 1 2 0 

(iii) u’ =] O O 1 fu (Gv) w=} 01 1iw 
-1 -6 -5 13 1 
ted, =I 

(vy) w=} 1 1 -3 | u 
1 -5 -3 


23.2 (Hurwitz’s Theorem). A necessary and sufficient condition 
for the negativity of the real parts of all zeros of the polynomial 


gage hh hay ie pa, 


with real coefficients is the positivity of all the leading principal minors of 
the Hurwitz matrix 


a 1 0 0 0O 0 
a3 ag ay 1 0 0 
a5 a4 a3 a2 aj, 0 
0 0 0 0 O =: Gh 


Use the Hurwitz theorem to find the parameter a in the differential systems 
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0 0 1 0 1 0 
Gi) w=]-3 0 0 |u (ii) w=}]0 0 1 fu 
a 2 —-1 a —3 —2 


so that the trivial solution is asymptotically stable. 


23.3. In the differential system (17.1) let A(x) and b(x) be continuous 
in [%, 00). Show the following: 


(i) If all solutions are bounded in [:9, 00), then they are stable. 


(ii) If all solutions are stable and one is bounded, then all solutions are 
bounded in [2o, 00). 


23.4. In the differential system (17.3) let A(a) be continuous in [29, co). 
System (17.3) is said to be stable if all its solutions are stable, and it 
is called restrictively stable if the system (17.3) together with its adjoint 
system (18.10) are stable. Show the following: 


(i) A necessary and sufficient condition for restrictive stability is that there 
exists a constant c > 0 such that ||®(a,29)®(xo,t)|| <c, « > x0, t > x0 
where ®(x, vo) is the principal fundamental matrix of (17.3). 

(ii) Ifthe system (17.3) is stable and the condition (22.6) is satisfied, then 
it is restrictively stable. 


(iii) If the adjoint system (18.10) is stable and 


limsup f Tr A(t)dt < ~, 


xr CO 
then the system (17.3) is restrictively stable. 


23.5. Show that the stability of any solution of the nonhomogeneous 
differential system (17.1) is equivalent to the stability of the trivial solution 
of the homogeneous system (17.3). 


23.6. Ifthe Floquet multipliers o; of (17.3) satisfy Jo;| <1, 7=1,...,n, 
then show that the trivial solution is asymptotically stable. 


23.7. Show that the question of stability of the solution u(z) = 
u(x, 2, u°) of (15.1) can always be reduced to the question of stability of the 
trivial solution of the differential system vu’ = G(x,v), where v = u — u(z) 
and G(x,v) = g(x,v + u(x)) — g(x, u(x). 


Answers or Hints 


23.1. (i) Stable. (ii) Unstable. (iii) Asymptotically stable. (iv) Unstable. 
(v) Unstable. 
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23.2. (i) a<—6. (ii) -6<a<0. 


23.3. If ui(x) and wue(x) are solutions of (17.1), then u(x) — u2(x) = 
®(x, x9)(u1 (xo) — u2(z0)). 


23.4. (i) Condition ||®(x, x9) ®(xo, t)|| <c, x > xo, t > xo is equivalent to 
the existence of a constant c, such that ||®(x,xo)|| < ci, ||@71(x, xo)|| < er. 
Now use Theorems 18.3 and 23.1. (ii) Use Theorem 17.3 to deduce that 
|det ®(z,2%9)| > d > 0 for all x > xo. Now the relation ®~'(2,29) = 
adj ®(x, xq) /det ®(x, zo) ensures that &~!(x, xo) is bounded for all x > xo. 
(iii) Use part (ii) and the relation Tr (—A?(x)) = —Tr A(z). 


23.5. See Problem 23.6. 


23.6. The asymptotic stability of the trivial solution of (20.6) implies the 
same of the trivial solution of (17.3). Now since e#(teal part of as) — |g, < 


1, the real parts of the Floquet exponents must be negative. 
23.7. Let v = u—u(2), then vo! = wu’ — u(x) = g(a,u) — g(#,u(a)) = 


g(z,v + u(x)) — g(x,u(x)) = G(a,v). Clearly, in the new system v’ 
G(a,v), G(a,0) =0. 


I 


Lecture 24 


Stability of 
Quasi-Linear Systems 


In Problems 22.9 and 22.10 we have considered the differential systems 
(22.16) and (22.17) as the perturbed systems of (18.6) and (17.3), respec- 
tively, and provided sufficient conditions on the nonlinear perturbed func- 
tion g(x,v) so that the asymptotic properties of the unperturbed systems 
are maintained for the perturbed systems. Analogously, we expect that 
under certain conditions on the function g(a, v) stability properties of the 
unperturbed systems carry through for the perturbed systems. For obvi- 
ous reasons, systems (22.16) and (22.17) are called quasi-linear differential 
systems. 


Let the function g(x, v) satisfy the condition 


lg(z,e)l| = o(llell) (24.1) 


uniformly in x as ||v|| approaches zero. This implies that for v in a suffi- 
ciently small neighborhood of the origin, ||g(a,v)||/||v|| can be made arbi- 
trarily small. Condition (24.1) assures that g(z,0) = 0, and hence v(x) = 0 
is a solution of the perturbed differential systems. 


We begin with an interesting example which shows that the asymptotic 
stability of the trivial solution of the unperturbed system (17.3) and the 
condition (24.1) do not imply the asymptotic stability of the trivial solution 
of the perturbed system (22.17). 


Example 24.1. Consider the differential system 


uy = -auy, 
3 (24.2) 
uy = (sin2x%+2arcos2x—2a)ug, 1< 2a< 3/2 


whose general solution is 


u(x) = ce 


U2(x) = cpexp((sin 2% — 2a)z). 
Since a > 1/2, every solution of (24.2) tends to zero as x — oo, and hence 


the trivial solution of (24.2) is asymptotically stable. 
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Now we consider the perturbed differential system 


vp = avy 
; (24.3) 
vg = (sin2x + 2x cos 2x — 2a)v2 + 07, 


ie., the perturbing function g(x, v) = [0 , v7]. Obviously, for this g(z, v) 
the condition (24.1) is satisfied. 


The general solution of the differential system (24.3) is 


vi(z) = ce ™ 
ve(a) = (ce + df geen at) exp((sin 2” — 2a)x). 
0 
Let « = 2%, =(n+1/4)7, n=1,2,... then we have 
1 
—sin2t > 5 forall tt i StSants. 


Thus, it follows that 


Lnt1 ; ty+n/2 é 
| et sin 2t dt > / et sin 2t dt 
0 Ln+n/3 


n 


tyn+n/2 1 
> : e/2dt > 0.4exp (52 + 4 : 
In+n/3 2 4 


Therefore, we have 


3 
V2(Xn41) > cye(l-2a)en 4. 0.4c} exp (3 + (5 a 2a) tn) ‘ 
Since 2a < 3/2, we see that vo(an41) > co as n > co if c; £ 0. Thus, the 
trivial solution of (24.3) is unstable. 


In our first result we shall show that the asymptotic stability of the 
trivial solution of the differential system (18.6) and the condition (24.1) do 
imply the asymptotic stability of the trivial solution of (22.16). 


Theorem 24.1. Suppose that the real parts of the eigenvalues of the 
matrix A are negative, and the function g(x, v) satisfies the condition (24.1). 
Then the trivial solution of the differential system (22.16) is asymptotically 
stable. 


Proof. In (18.15) let the nonhomogeneous term b(x) be g(x, v(x)), so 
that each solution v(x) such that v(ro) = v®° of the differential system 
(22.16) satisfies the integral equation 


v(a) = eA@—70) 49 4 / eA(®—4) g(t, v(t) dt. (24.4) 


xo 
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Now since the real parts of the eigenvalues of the matrix A are negative, 
there exist constants c and 7 = —6 (5 > 0) such that ||e4*|| < ce~®* for all 
x > 0. Hence, from (24.4) we have 


lu(@)I| < ce Hea) te fe HOligt, v(t) Nat v > xo. (24.5) 


xo 


In view of the condition (24.1) for a given m > 0 there exists a positive 
number d such that 


Ilg(t,v)I < mllol] (24.6) 


for all x > xo, |lv|| < d. 


Let us assume that ||v°|| < d. Then there exists a number x, such that 
||v(a)|| < d for all x € [%o, 21). Using (24.6) in (24.5), we obtain 


I|v(a) Je” << ce®™||v°|] + em ‘i l|v(t)le*dt, x € (xo, 21). (24.7) 


Applying Corollary 7.6 to the inequality (24.7), we get 
l|v(x)||_ < ellv?||exp((em — 6)(w@— a0), @ € [a0, 21). (24.8) 


But since v° and m are at our disposal, we may choose m such that 
cm <6, and v(%9) = v° so that ||v°|| < d/c implies that ||v(x)|| < d for all 
x € [xo, 21). 


Next since the function g(a,v) is continuous in [x%9,00) x IR”, we can 
extend the solution v(x) interval by interval by preserving the bound 6. 
Hence, given any solution v(x) = v(z, 20, v°) with ||v°|| < d/c, we see that 
v is defined in [2,00) and satisfies ||v(a)|| < d. But d can be made as small 
as desired, therefore the trivial solution of the differential system (22.16) is 
stable. Further, cm < 6 implies that it is asymptotically stable. a 


In the above result the magnitude of ||v°|| cannot be arbitrary. For 
example, the solution 


Yo 


ule) = Yo — (Yo — 1)e* 


of the initial value problem y’ = —y+y”, y(0) = yo > 1 becomes unbounded 
as x — In[yo/(yo — 1)]. 

Example 24.2. The motion of a simple pendulum with damping is 
governed by a DE of the form 


ot + Bory F sind 220, 
m 
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which is usually approximated by a simpler DE 
k 


6” + — A + a = 0. 
m 


In system form these equations can be written as (18.6) and (22.16), re- 
spectively, where 
0 1 0 
A= g k and g(z,v) = 


I, elie 4 (vy — sin v1) 
Since the matrix A has eigenvalues 
k 2 g 1/2 
2m & z) 


both of which have negative real parts if k, m, g, and L are positive, and 
since 


3 
g : g |v 
late) = [Zer-siney| = 2/4 ---] < aro 


for some constant M, Theorem 24.1 is applicable. Thus, we see that when 
||v|| is sufficiently small the use of more refined differential system, i.e., 
including the nonlinear function g(x, v) does not lead to a radically different 
behavior of the solution from that obtained from the linear differential 
system as © — oo. 


Now we state the following result whose proof differs slightly from The- 
orem 24.1. 


Theorem 24.2. Suppose that the matrix A possesses at least one 
eigenvalue with a positive real part, and the function g(x,v) satisfies the 
condition (24.1). Then the trivial solution of the differential system (22.16) 
is unstable. 


Theorems 24.1 and 24.2 fail to embrace the critical case, i.e., when the 
real parts of all the eigenvalues of the matrix A are nonpositive, and when 
at least one eigenvalue is zero. In this critical case, the nonlinear function 
g(x, v) begins to influence the stability of the trivial solution of the system 
(22.16), and generally it is impossible to test for stability on the basis of 
eigenvalues of A. For example, the trivial solution of the DE y’ = ay? is 
asymptotically stable if a < 0, stable if a = 0, and unstable if a > 0. 


Our final result in this lecture is for the differential system (22.17), 
where as in Problem 22.10 we shall assume that 


lg(z, v)|| < Ae)lloll, (24.9) 
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where A(x) is a nonnegative continuous function such that [™ A(t)dt < co. 


Obviously, condition (24.9) implies that v(#) = 0 is a solution of the 
differential system (22.17). 


Theorem 24.3. Suppose that the solutions of the differential sys- 
tem (17.3) are uniformly (uniformly and asymptotically) stable, and the 
function g(x,v) satisfies condition (24.9). Then the trivial solution of the 
differential system (22.17) is uniformly (uniformly and asymptotically) sta- 
ble. 


Proof. Since all the solutions of the differential system (17.3) are uni- 
formly stable, by Theorem 23.7 there exists a constant c such that for 
any fundamental matrix W(a) of (17.3) we have ||W(«)W~1(t)|| < c for all 
tstcr<con. 


In (18.14) let the nonhomogeneous term b(x) be g(x, v(x)), so that each 
solution v(x) such that v(a@1) = v!, 1 > xo of the differential system 
(22.17) satisfies the integral equation 


v(x) = W(x)¥~*(a1)u" +f U(x)" (t)g(t, v(t)) dt. (24.10) 


1 


Thus, it follows that 
llo(x) || < elle" || + cf X(t) ||o(4) ||ae. 
X41 
From this, we find 


lo(2)I)_ < eljo'lfexp (c iL “(Hat ) < Klle'll, 


T, 


Raceplel xoe)- 
Gio) 


Hence, for a given € > 0, if ||v?|| < K~‘e then ||v(x)|| < € for all x > x1; 
i.e., the trivial solution of the differential system (22.17) is uniformly stable. 


where 


Finally, if the solutions of the differential system (17.3) are, in addition, 
asymptotically stable, then from Theorem 23.3 it follows that ||W(x)|| — 0 
as © — oo. Thus, given any € > 0 we can choose 22 large enough so that 
|| U(x) W-1(x9)v 0} < ¢ for all x > 2. For the solution v(x) = v(z, 29, v°) 
we then have 


lo) 


IA 


|| U(x) ¥" (wou at U(x) Yo" OIillgt, eo) lat 


IA 


ete ft A@Oie@Olak esas, 
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From this, we get 


\|v(x)|| < eexp (< [rear < Le, 2>2 


0 
where L = exp (c 1 Die A(t)dt) , 


Since ¢€ is arbitrary and L does not depend on € or x2, we conclude that 
|v(x)|| > 0 as > oo, ie., the trivial solution of the differential system 
(22.17) is, in addition, asymptotically stable. 


Problems 


24.1. Test the stability, asymptotic stability, or unstability for the 
trivial solution of each of the following systems: 


u, = —2u, + ug + 3u3 + 8uz + u3 
(i) us = —6u2 —5ug3 + Tus 
uz = —ugtuttust ud. 
u, = 22ujy+u,—ujz—u3 
(ii) uh = ut 3u2—ujsinus 
Us = Ugt 2ugt+uzt us. 
u, = In(l— us) 
(iii) us = In(l—w) 
us = In(1— uz). 
u, = U1—cosug— ug +1 
(iv) ub = Uu2—cosu3—uz,+1 
Us = Ugz3—cosuy—Ug+1. 


24.2. Test the stability, asymptotic stability or unstability for the trivial 
solution of each of the following equations: 
(i) oo!” + 2y” + 3y’ + 9sinhy = 0. 
ii) y/” + 3y” — 4y’ + 7y + y? = 0. 
+y+coshy—1=0. 
iv) oy!” + 2y!”" + 3y” 4+ 1lyt ysiny = 0. 


Answers or Hints 


24.1. (i) Asymptotically stable. (ii) Unstable. (iii) Unstable. (iv) Unsta- 
ble. 
24.2. (i) Unstable. (ii) Unstable. (iii) Unstable. (iv) Unstable. 


Lecture 25 


Two-Dimensional 
Autonomous Systems 


The differential system (15.1) is said to be autonomous if the function 
g(x, u) is independent of x. Thus, two-dimensional autonomous systems are 
of the form 

uy = gilts, U2) 


25.1 
Uy = got, U2). ( ) 


Throughout, we shall assume that the functions g; and go together with 
their first partial derivatives are continuous in some domain D of the u;u2- 
plane. Thus, for all (u?,u2) € D the differential system (25.1) together 
with u;(%o) = uf, ue(%o) = uf has a unique solution in some interval J 
containing zo. The main interest in studying (25.1) is twofold: 


1. A large number of dynamic processes in applied sciences are governed 
by such systems. 

2. The qualitative behavior of its solutions can be illustrated through the 
geometry in the u;u2-plane. 


For the autonomous differential system (25.1) the following result. is 
fundamental. 


Theorem 25.1. If u(x) = (ui(zx), ue(z)) is a solution of the differential 
system (25.1) in the interval (a, 3), then for any constant c the function 
u(x) = (u1(@ + c),u2(x + c)) is also a solution of (25.1) in the interval 


(a—c,B—c). 


Proof. Since v’(z) = u(x +c) and w(x) = g(u(zx)) it follows that 
u'(a) = u(a+c) = g(u(x+c)) = g(v(z)), ie., v(x) is also a solution of 
(25.1). i 


Obviously, the above property does not usually hold for nonautonomous 
differential systems, e.g., a solution of ui = wi, ub = vuy is u(x) = 
e”, Ug(x) = xe” — e”, and ui(a +c) = (a +c)e*** A xui(x +c) unless 
c=0. 


In the domain D of the ui u2-plane any solution of the differential system 
(25.1) may be regarded as a parametric curve given by (u1(x), w2(a)) with 
x as the parameter. This curve (u1(x),ug(x)) is called a trajectory or an 
orbit or a path of (25.1), and the u;u2-plane is called the phase plane. Thus, 
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from Theorem 25.1 for any constant c both (u(x), u2(x)), « € (a, 8) and 
(ui(a+c),u2(a+c)), x € (a—c,3—c) represent the same trajectory. For 
the trajectories of the differential system (25.1) the following property is 
very important. 


Theorem 25.2. Through each point (u?, u8) € D there passes one and 
only one trajectory of the differential system (25.1). 


Proof. Suppose, on the contrary, there are two different trajectories 
(ur (x), u2(x)) and (v(x), v2(x)) passing through (u,u9), ie., ui(vo) = 
u? = v1(x1) and u2(ao) = uf = ve(x1), where xo # 2 follows by the 
uniqueness of solutions of the initial value problems. By Theorem 25.1, 


ut(z) = uy(@ — 214+ 20), ud(x) = uU2(x — 21 + 2) is also a solution of 


(25.1). Note ut(21) = u1(xo) = u? = v1 (x1), and ut(x1) = ue(xo9) = uf = 
v2(x1). Hence, from the uniqueness of solutions of the initial value problems 
we find that ut(xz) = vi(x) and ud(x) = ve(x). Thus, (wi (x), u2(x)) and 


(v1(a), Vo(x)) are the same trajectories with different parameterizations. 


Example 25.1. For the differential system ui, = uz, uy = —u there are 
an infinite number of solutions u;(x) = sin(a+c), ue(a) = cos(a+c), O< 
c<27, —c©w <2 < o. However, they represent the same trajectory, i.e., 
the circle u? + u3 = 1. 


Thus, it is important to note that a trajectory is a curve in D that is 
represented parametrically by more than one solution. Hence, in conclu- 
sion, u(x) = (ui(x), ue(x)) and v(x) = (u(x +c), ue(x +c)), c # 0 are 
distinct solutions of (25.1), but they represent the same curve parametri- 
cally. 


Definition 25.1. Any point (u?,u8) € D at which both g; and ge 
vanish simultaneously is called a critical point of (25.1). A critical point is 
also referred to as a point of equilibrium or stationary point or rest point or 
singular point. 


If (uf, ug) is a critical point of (25.1), then obviously ui(x) = ul, ue(z) 
= us is a solution of (25.1), and from Theorem 25.2 no trajectory can pass 
through the point (u!, u9). 

A critical point (uf, u9) is said to be isolated if there exists no other 
critical point in some neighborhood of (u?, v9). By a critical point, we shall 


hereafter mean an isolated critical point. 
Example 25.2. For the differential system 


/ 
Uy = 411U1 + A12U2 


(25.2) 


/ 
Up = 421U1 + A22U2, 411422 — 421412 # 0 


there is only one critical point, namely, (0,0) in D = R?. 
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Example 25.3. For the simple undamped pendulum system ui, = 
ug, uy = —(g/L)sinu; there are an infinite number of critical points 
(nz,0), n =0,+1,+42,... in D=R?. 


If (u?, u9) is a critical point of (25.1), then the substitution vy = uw. — 
ul, V2 = U2 — ug transforms (25.1) into an equivalent system with (0,0) as 
a critical point, thus without loss of generality we can assume that (0,0) is 
a critical point of the system (25.1). An effective technique in studying the 
differential system (25.1) near the critical point (0,0) is to approximate it by 
a linear system of the form (25.2), and expect that a “good” approximation 
(25.2) will provide solutions which themselves are “good” approximations 
to the solutions of the system (25.1). For example, if the system (25.1) can 
be written as 

UL = Ay Uy + A242 + hy (U1, U2) 


(25.3) 


/ 
Ug = 4211 + A22U2 ho(ur, ua), 


where h1 (0,0) = h2(0,0) = 0 and 


hy(u1, U2) ty ho(u1, U2) a, 
ae we ware 


then the results of the previous lecture immediately give the following the- 
orem. 


Theorem 25.3. (i) If the zero solution of the system (25.2) is asymp- 
totically stable, then the zero solution of the system (25.3) is asymptotically 
stable. 


(ii) If the zero solution of the system (25.2) is unstable, then the zero 
solution of the system (25.3) is unstable. 


(iii) If the zero solution of the system (25.2) is stable, then the zero solution 
of the system (25.3) may be asymptotically stable, stable, or unstable. 


Of course, if the functions gi(u1,u2) and go(u1, u2) possess continuous 
second-order partial derivatives in the neighborhood of the critical point 
(0,0), then by Taylor’s formula, differential system (25.1) can always be 
written in the form (25.3) with 


_ O91 0H _ O92 _ Oge 
ay = Bu, or a2 = Dug Or ag, = Fos a2. = Bug Or): 


The picture of all trajectories of a system is called the phase portrait 
of the system. Since the solutions of (25.2) can be determined explicitly, 
a complete description of its phase portrait can be given. However, as 
we have seen earlier the nature of the solutions of (25.2) depends on the 
eigenvalues of the matrix 
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i.e., the roots of the equation 
d? — (a11 + G22) + a11a22 — daidig = 0. (25.4) 


The phase portrait of (25.2) depends almost entirely on the roots \; and A» 
of (25.4). For this, there are several different cases which must be studied 
separately. 


Case 1. Ay and 2g are real, distinct, and of the same 
sign. If v', v? are the corresponding eigenvectors of A, then from Theo- 
rem 19.1 the general solution of (25.2) can be written as 


ue) =c¢ “1 er +e 
eal : | es 


where c; and cz are arbitrary constants. 


2 
sal Agu 
. | ere, (25.5) 


For simplicity, we can always assume that A; > Ag. Thus, if Az < Ar < 0 
then all solutions of (25.2) tend to (0,0) as  — oo. Therefore, the critical 
point (0,0) of (25.2) is asymptotically stable. In case c; = 0 and cp # 0, we 
have ug = (v3/v7)uy, ie., the trajectory is a straight line with slope v3/v?. 
Similarly, if c, 4 0 and cp = 0 we obtain the straight line u2 = (v3/vt)ur. 
To obtain other trajectories, we assume that c, and cg both are different 
from zero. Then since 


1,A\12 2 Aqxr 1 2 (A2—-A1) x 
ue(z) — cyuge™ + eguge?" cya. + cguge2—A1) (25.6) 
ur(2) CyUTEr!® + cguzer2% c1ut + cgvzeQ2-A1) 2” 


which tends to vi/v} as x — ov, all trajectories tend to (0,0) with the 
slope v3/v}. Similarly, as « — —oo all trajectories become asymptotic to 
the line with the slope v3/v?. This situation is illustrated in Figure 25.1 for 
two different values of the slope v3/v}t and v3/v?. Here the critical point 
(0,0) is called a stable node. 
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U2 
U1 
v2 v3 
i= 0, +z = OO 
Uy Uy 
Figure 25.1 


If Ay > Ag > 0, then all nontrivial solutions tend to infinity as 7 tends 
to oo. Therefore, the critical point (0,0) is unstable. The trajectories are 
the same as for Ag < A, < 0 except that the direction of the motion is 
reversed as depicted in Figure 25.2. As 2 — —oo, the trajectories tend to 
(0,0) with the slope v3/v7, and as x — oo trajectories become asymptotic 
to the line with the slope v3/v;. Here the critical point (0,0) is called an 
unstable node. 


U2 
U1 
2 
U2 U2 
=0, 54=0 
vi > ye 
1 1 


Figure 25.2 


186 Lecture 25 


Case 2. A, and Az are real with opposite signs. Of 
course, the general solution of the differential system (25.2) remains the 
same (25.5). Let 


U2 
v3 
\ 7 U2 = —7 U1 
N 7 Uy 
X 7 
X 7 
XN 7 
\ 7 
N 77 
N 7 
N 7 
\|7 a 
7\N 
7 N 
74 N 
77 N 
7 N 
7 \ 
7 X 
7 X : 
7 \ Vv 
2 
74 N w= —u1 
al 
Figure 25.3 


Ay > 0 > Az. Ife, = 0 and cg # 0, then as in Case 1 we have ug = (v3/v7)u1, 
and as x — oo both u(x) and u(x) tend to zero. If c, 4 0 and cz = 0, 
then ug = (v4/vt)ur and both u(x) and u2(x) tend to infinity as 2 > oo, 
and approach zero as x — —oo. If c; and cp both are different from zero, 
then from (25.6) it follows that uz/u: tends to vi/vt as x > oo. Hence, 
all trajectories are asymptotic to the line with slope v3/v} as x — oo. 
Similarly, as 2 — —oo all trajectories are asymptotic to the line with slope 
v3/v7. Also, it is obvious that both u(x) and u2(x) tend to infinity as 
x — +coo. This type of critical point is called a saddle point. Obviously, 
the saddle point displayed in Figure 25.3 is an unstable critical point of the 
system. 


Lecture 26 


Two-Dimensional 
Autonomous Systems (Contd.) 


We shall continue our study of the phase portrait of the differential 
system (25.2). 


Case 3. Ay = Az = X. In this case from Corollary 19.4 the general 
solution of the differential system (25.2) can be written as 


1+ (a1 — d)x 


a21Xt 


ene + C2 


A120 oe 
1 + (a22 = Ax , 

(26.1) 
where c; and cg are arbitrary constants. 


If A < 0, both ui(#) and u2(x) tend to 0 as x — oo and hence the 
critical point (0,0) of (25.2) is asymptotically stable. Further, from (26.1) 
it follows that 

U2 c2 + [azici + (22 — Ajeg)x 


_ ; 26.2 
Ui C+ [a12C2 Tr (au4 a A)ey |x ( ) 


Thus, in particular, if aig = ag1 = 0, a11 = a22 # 0, then equation (25.4) 
gives \ = a1, = Qg2, and (26.2) reduces to ug/u1 = c2/c1. Therefore, all 
trajectories are straight lines with slope c2/c,. The phase portrait in this 
case is illustrated in Figure 26.1(a). Here, the origin is called stable proper 
(star-shaped) node. In the general case as 1 — oo, (26.2) tends to 


a21C1 + (a22 = A) ce 
a12C2 (a1 = A)e. 


But, since (a1 comes Xd) (a22 = d) = 412421 this ratio is the same as a1 /(a11 = 
A). Thus, as « — +00, all trajectories are asymptotic to the line ug = 
(a21/(a11 — A))u1. The origin (0,0) here is called stable improper node; see 
Figure 26.1(b). 


If A > 0, all solutions tend to oo as x — co and hence the critical point 
(0,0) of (25.2) is unstable. The trajectories are the same as for A < 0 except 
that the direction of the motion is reversed (see Figure 26.2(a)—(b)). 
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U2 U2 
ats a21 Mi 
(aa — 2) 
U1 U1 
Figure 26.1(a) Figure 26.1(b) 
U2 U2 
fis a21 a 
(a11 — A) 
U1 U1 
Figure 26.2(a) Figure 26.2(b) 


Case 4. A, and Az are complex conjugates. Let \; = w+iv 
and \2y = p — iv, where we can assume that v > 0. If v = v! + iv? is 
the eigenvector of A corresponding to the eigenvalue Aj = + iv, then a 
solution of (25.2) can be written as 

u(a) eetiv)x (yl 4 jy?) = e#*(cosvx + isinvx)(v! + iv?) 
1 


= ey! cosvx — v* sin vz] + ieX®[v! sinvx + v? cos vz). 


Therefore, from Problem 19.5, 


u(x) = e#*[v' cosvx—v* sinva] and u?(x) = e4*[v' sinve+v" cos va] 
are two real-valued linearly independent solutions of (25.2), and every solu- 
tion u(x) of (25.2) is of the form u(x) = cyut(x) + cou?(x). This expression 
can easily be rewritten as 


u(x) = rie" cos(vx — 61) (26.3) 


U2(xz) = ree"* cos(vx — 62), 
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where 7; > 0, ro > 0, 6; and 62 are some constants. 


If « = 0, then both w1(x) = rj cos(vax — 61) and u2(x) = rg cos(vx — 62) 
are periodic of period 27/v. The function ui(z) varies between —r; and 
r1, while u2(a) varies between —rz and rg. Thus, each trajectory beginning 
at the point (uj,us) when « = x* will return to the same point when 
x = «* + 2r/v. Thus, the trajectories are closed curves, and the phase 
portrait of (25.2) has the form described in Figure 26.3(a). In this case the 
critical point (0,0) is stable but not asymptotically stable, and is called a 
center. 


If « < 0, then the effect of the factor e“” in (26.3) is to change the 
simple closed curves of Figure 26.3(a) into the spirals of Figure 26.3(b). 
This is because the point 


(2) om (22) = 20 (2%) io 


is closer to the origin (0,0) than (u1(0), w2(0)). In this case the critical point 
(0,0) is asymptotically stable, and is called a stable focus. 


If 4 > 0, then all trajectories of (25.2) spiral away from the origin (0,0) 
as x — oo and are illustrated in Figure 26.3(c). In this case the critical 
point (0,0) is unstable, and is named an unstable focus. 


o@-© 


Figure 26.3(a Figure 26.3(b Figure 26.3(c 


We summarize the above analysis in the following theorem. 


Theorem 26.1. For the differential system (25.2), let \, and Az be 
the eigenvalues of the matrix A. Then the behavior of its trajectories near 
the critical point (0,0) is as follows: 

(i) stable node, if A; and Ag are real, distinct, and negative; 

(ii) unstable node, if A; and 2 are real, distinct, and positive; 


(iii) saddle point (unstable), if A; and 2 are real, distinct, and of oppo- 
site sign; 
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(iv) stable node, if A; and Az are real, equal, and negative; 
(v) unstable node, if A; and A» are real, equal, and positive; 
(vi) stable center, if Ay and 2 are pure imaginary; 

(vi 
r 
( 


vii) stable focus, if 4; and Ag are complex conjugates, with negative 
eal part; 


viii) unstable focus, if A; and »2 are complex conjugates with positive 
real part. 


The behavior of the linear system (25.2) near the origin also determines 
the nature of the trajectories of the nonlinear system (25.3) near the critical 
point (0,0). We state the following result whose proof can be found in 
advanced books. 


Theorem 26.2. For the differential system (25.2), let \; and Az be 
the eigenvalues of the matrix A. Then we have the following 


(a) The nonlinear system (25.3) has the same type of critical point at the 
origin as the linear system (25.2) whenever 

(i) Ai # Ag and (0,0) is a node of the system (25.2); 

ii) (0,0) is a saddle point of the system (25.2); 


(i) If Ai = Ag and (0,0) is a star-shaped node of the system (25.2), then 
(0,0) is either a node or a focus of the system (25.3). 

ii) If (0,0) is a center of the system (25.2), then (0,0) is either a center 
or a focus of the system (25.3). 


Example 26.1. Consider the nonlinear differential system 


uy = l-wu 
; = (26.4) 


ub = wy — U3. 


The equations 1 — uju2 = 0 and wu; — u3 = 0 imply that (1,1) and (—1,—-1) 
are the only critical points of the system (26.4). 


For the point (1,1), in (26.4) we use the substitution vy = u, — 1, v2 = 
uz — 1 to obtain the new system 


vy = l-(ut+1)(w24+1) = -v1-v2-v102 


26.5 
vs = (vp +1) — (vet 1)? = v1 — 8v2 — 303 — v3, ( ) 
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which plays the role of the differential system (25.3). Obviously, in (26.5) 


the functions hy(v,, v2) = —v1 v2 and h2(v1, v2) = —3v3 — v3 are such that 
TC ae el 
onto (FORA ext (p+ OB) 


Corresponding to (26.5) the associated linear system is 


vy = —vU-—v2 
Uh = V1 — 302. (26-6) 
Since for the matrix 
-1 -1l 
1 -3 
the eigenvalues A; = A2 = —2, the zero solution of the system (26.6) is 


asymptotically stable. Thus, from Theorem 25.3 the zero solution of (26.5) 
is asymptotically stable. Hence, the critical point (1,1) of the differential 
system (26.4) is asymptotically stable. Further, from Theorem 26.1 the 
zero solution of the differential system (26.6) is a stable node. Thus, from 
Theorem 26.2 the zero solution of (26.5) is a stable node. Hence the critical 
point (1,1) of (26.4) is a stable node. 


Similarly, for the point (—1,—1), we use the substitution v) = uy + 
1, vg = u2+ 1 to obtain the new system 


Vv} = 1 — (v1 — 1)(v2 — 1) = Vy + V2 — V1 V2 (26 7) 
vs = (¥,-1)— (ve - 1)? = v1 — 302 + 303 — v3. 
Corresponding to (26.7) the associated linear system is 
vy = vuitv 
hoa (26.8) 
Up = V1 — 3v2. 


Since for the matrix 


the eigenvalues Ay = —14+ /5 > 0 and \y = —1— V5 < 0, the zero 
solution of the system (26.8) is an unstable saddle point. Therefore, for 
the nonlinear system (26.7) the zero solution is an unstable saddle point. 
Hence, the critical point (—1,—1) of the differential system (26.4) is an 
unstable saddle point. 


Remark 26.1. For the nonlinear systems 
u, = -—u2—u? 
: aes (26.9) 


Us = Ui 
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and a 
ul = —u2-Uu 
: pe ee (26.10) 
Up = Ui 
the corresponding homogeneous system is 
u, = —Ue2 
; (26.11) 
Ug = Uj. 


Clearly, for (26.11) the critical point (0,0) is a center. It is known that the 
critical point (0,0) of (26.9) is a center, while the same point for (26.10) is 
a focus. 


Remark 26.2. If the general nonlinear system (25.1) does not contain 
linear terms, then an infinite number of critical points are possible. Further, 
the nature of these points depend on the nonlinearity in (25.1), and hence 
it is rather impossible to classify these critical points. 


Problems 


26.1. Show that any solution u(x) = (ui (x), u2(x)) of the differential 
system 
ui = ug (et —1) 
Uy = ute” 
which starts in the right half-plane (uw; > 0) must remain there for all z. 
26.2. Let u(x) = (u1(), u2(x)) be a solution of the differential system 


(25.1). Show that if u(vp+w) = u(%o) for some w > 0, then u(a+w) = u(x) 
for all x > xo, i.e., u(x) is periodic of period w. 


26.3. Let u(x) = (ui(), we(x)) be a solution of the differential system 
(25.1). Show the following: 


(i) If u(x) is periodic of period w, then the trajectory of this solution is 
a closed curve in the wu u2-plane. 


(ii) Ifthe trajectory of u(x) is a closed curve containing no critical points 
of (25.1), then this solution is periodic. 
26.4. Prove that all solutions of the following DEs are periodic: 
i) y’+a?y+by3=0, b>0 (Duffing’s equation). 
ii) oy’ +y?/At+y*) =0. 
iii) y/ +e —1=0. 
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26.5. Show that all solutions of the following differential systems are 
periodic: 
(i) ul = ug(1 + uz + u3) (i) ul = uz exp(1 + u7) 
ub = —2u,(1 + u? + u3). ub = —u, exp(1 + u9). 
26.6. Find all critical points of each of the following differential systems 
and determine whether they are stable or unstable: 


fos 2 
(i) uy = uy + 4ug (ii) Uy = Uy — Ug + Ut 
us =u, tu. — Us , = 12u, — 6u. + 
q— U1 U2 Uy. Ug = U1 U2 U1 U9. 
ey Uj = Buy — UF . ul, =u, — u? — uy, u3 
(iii) (iv) Ub = 2ug — us — ufug 


_— 2 
Ug = UQ — Uy. 


26.7. Determine the type of stability of the critical point (0,0) of each 
of the following linear systems and sketch the phase portraits: 


/ / 
(i) Uy = —2uy + U2 (ii) Uy = 4uy + U2 
us = —5uy — ue. Us = 3u1 + 6u2. 
/ / 
Chea eae Gy See 
Ub = 2u, — Ug Ub = 3u1 — U2 
/ 
(v) ul, = 8u1 + U2 (wi) ul, = —2u, — 5ug 
Ub = UQ — Ut Ub = 2u, + 2ug 
wy UL = U1 — U2 vey UL = Tur + U2 
(vii) 7 (viii) 7 
Up = U1 — Up. Uy = —3u, + 4ue. 


26.8. Find all critical points of each of the following differential systems 
and determine their nature: 


(i) ul, = 4u3 — u? (ii) ul = UU2 
Us = 2uyu2 — 4ug — 8. uy = 4— 4uy — 2ue. 
/ / 
Y ui, = 2u; (ui — U2) F uy = uy (2ug — uy +5) 
Ge) ub =2+ ug — uF. iy) ub = u? + u3 — Bui — Bur. 


26.9. Consider the Van der Pol equation 
y+ uly? —Ly'+y = 0, (26.12) 
which is equivalent to the system uj, = u2, us = (1 — uf)ug — u,. Show 
that (0,0) is the only critical point of the system. Determine the nature of 


the critical point when uw < 2, w= 2, and pu > 2. 


26.10. Rayleigh’s equation is 
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where jz is a constant. Show that differentiation of this equation and setting 
y’ = z reduces Rayleigh’s equation to the Van der Pol equation. 


26.11. Consider the DE yy” + py’ + qy = 0, q € 0 which is equivalent to 
the system u, = ug, us = —pug — quy. Determine the nature of the critical 
point (0,0) in each of the following cases: 


i) p*>4q, q>0, and p <0. 
ii) p? >4q, q>0, and p>0. 
iii) p? > 4qandq <0. 


( 
( 
( 
(iv) p? =4q and p> 0. 
(v) p*=4q and p <0. 
(vi) p? <4qand p> 0. 
(vii) p? < 4q and p < 0. 
( 


viii) p= 0 and q> 0. 


Answers or Hints 


26.1. Use uniqueness property. 
26.2. Use uniqueness property. 


26.3. (i) In every time interval 7p <  < 2g+w (aq fixed) the trajectory C 
of this solution moves once around C. (ii) Such a solution moves along its 
trajectory C’ with velocity [g?(u1, uz) + g3(u1, u2)|!/2, which has a positive 
minimum for (ui, u2) on C. Hence, the trajectory must return to its starting 
point wu? = u;(a9), uS = ue(xo) in some finite time w. But this implies that 
u(x + w) = u(x) (cf. Problem 26.2). 


26.4. (i) In system form the given DE is the same as ui = ua, uy = 


—a’u — bu}. The trajectories of this system are the solution curves $u3 + 


dug _ _ a?ui+bu3 


ou + Put = c? of the scalar equation aa . Obviously these 


curves are closed in wjug-plane. (ii) 4u3 + ¢m(1 + uf) = c?. (iii) Fug + 
uy — Yee edt=c. (iv) 5ug + sut t+ gue =c?. 

26.5. (i) sug tuzHc*. (ii) wBt+ut=ec’. 

26.6. (i) (0,0) unstable, (3/4,-—3/16) unstable. (ii) (0,0) stable, (2,6) 
unstable, (3,12) unstable. (iii) (0,0) unstable, (2,4) unstable. (iv) (0,0) 
unstable, (1,0) unstable, (—1,0) unstable, (0, 2!/) stable, (0, —2'/*) stable. 
26.7. (i) Stable focus. (ii) Unstable node. (iii) Saddle point. (iv) Saddle 


point. (v) Unstable node. (vi) Center. (vii) Stable focus. (viii) Unstable 
focus. 
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26.8. (i) (4,2) saddle point, (—2,—1) saddle point. (ii) (0,2) saddle point, 
(1,0) stable focus. (iii) (0,2) unstable node, (2,2) saddle point, (—1,—1) 
saddle point. (iv) (0,0) saddle point, (0,8) unstable node, (7,1) saddle 
point, (3,—1) stable node. 


26.9. wu >0: uw < 2 unstable focus, ~ = 2 unstable node, yu > 2 unstable 
node. uw < 0: —2 < ystable focus, ~ = —2 stable node, w < —2 stable node. 


26.10. Verify directly. 


26.11. (i) Unstable node. (ii) Stable node. (iii) Saddle point. (iv) Sta- 
ble node. (v) Unstable node. (vi) Stable focus. (vii) Unstable focus. 
(viii) Stable center. 


Lecture 27 


Limit Cycles and 
Periodic Solutions 


We begin this lecture with the following well-known example. 


Example 27.1. Consider the nonlinear differential system 
uy = —uU2tu,(1— ut — v3) 


Uy + Ug(1 — uf — U2). 


/ 
Ug 


(27.1) 


Since the term uz + u3 appears in both the equations, we introduce polar 


coordinates (r,@), where uy = rcos@, ug = rsin@ to obtain 


a dr du dug 
ee = oi. = 2u1 ae 2u2—7 
= (uz + uz) — (up + uz)? 
= 2r*(1—r*) 
and hence F 
i. =r(1—r’). 


Similarly, we find 


dug du, 
0 dam 1 ee _ ee 
dx dx U1 uz 1+ (ug/u1)? uz + ua 


Thus, the system (27.1) is equivalent to the differential system 


c = r(1—r?) 
dé 

haar | 

dx : 


which can be solved easily to obtain the general solution 


(x) “0 
riz) = 
race (hiaper oe]? 


6(x) = £+ 90, 
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where 79 = r(0) and 0) = 0(0). Hence, the general solution of (27.1) ap- 
pears as 


w(x) = = ae ae Osea) 
[ro ae (1 ~ fale ] / (27.3) 


u2(x) sin(x + 0). 


(e+ C= Beep? 


Obviously, (27.3) defines the trajectories of (27.1) in the uiug-plane. Ex- 
amining these trajectories, we note the following: 


(i) If ro =1, the trajectory defined by (27.3) is the unit circle 


u(x) = cos(% +) 


u2(x) = sin(x +o) (27.4) 


described in the anticlockwise direction. This solution is periodic of period 
27. 


(ii) Ifro #1, the trajectories defined by (27.3) are not closed (and hence 
from Problem 26.3 are not the periodic solutions) but rather have a spiral 
behavior. If r9 < 1, the trajectories are spirals lying inside the circle (27.4). 
As x — +00, they approach this circle, while as « — —oo, they approach 
the only critical point (0,0) of (27.1). If ro > 1, the trajectories are spirals 
lying outside the circle (27.4). These outer trajectories also approach this 
circle as x — +00; while as 


1 1 
r-7 sin(1-5), 
2 ro 


both wu; and ug become infinite. This situation is depicted in Figure 27.1. 


U2 


Figure 27.1 


The differential system (27.1) shows that the trajectories of a nonlinear 
system of DEs may spiral into a simple closed curve. This, of course, is not 
possible for linear systems. This leads to the following important definition, 
which is due to Poincaré. 
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Definition 27.1. A closed trajectory of the differential system (25.1) 
which is approached spirally from either the inside or the outside by a 
nonclosed trajectory of (25.1) either as x — +00 or as x > —oo is called a 
limit cycle of (25.1). 


The following result provides sufficient conditions for the existence of 
limit cycles of the differential system (25.1). 


Theorem 27.1 (Poincaré—Bendixson Theorem). Suppose 
that a solution u(a) = (ui(x),u2(x)) of the differential system (25.1) re- 
mains in a bounded region of the u,u2-plane which contains no critical 
points of (25.1). Then its trajectory must spiral into a simple closed curve, 
which itself is the trajectory of a periodic solution of (25.1). 


While the proof of this celebrated theorem is not given here, we give an 
example illustrating the importance of this result. 


Example 27.2. Consider the DE 


yl" + (2y? +3y — ly ty = 0, (27.5) 
which is equivalent to the system 
/ 
Uy = Us 
27.6 
Uy = —urt(1—2uj — 3u3)us. oe 


For any given solution u(x) = (u1(x), u2(x)) of (27.6) we note that 


(whl) + ula) = Qu (a)u, (x) + 2ua(a)eh(2) 
2(1 — 2u2(x) — 3u3())u3(2). 


I 


Since (1 — 2u? — 3u3) is positive for uj + u3 < 1/3, and negative for u? + 


uz > 1/2, the function u?(x) + u3(x) is increasing when u? + uz < 1/3 


and decreasing when uj + u3 > 1/2. Thus, if u(x) starts in the annulus 
1/3 <u? +u3 < 1/2 at x = 20, it will remain in this annulus for all x > zo. 
Further, since this annulus does not contain any critical point of (27.6), the 
Poincaré—Bendixson theorem implies that the trajectory of this solution 
must spiral into a simple closed curve, which itself is a nontrivial periodic 


solution of (27.6). 


The next result provides sufficient conditions for the nonexistence of 
closed trajectories, and hence, in particular, limit cycles of the differential 
system (25.1). 


Theorem 27.2 (Bendixson’s Theorem). If 


Ogi(u1, U2) a Ogo(u1, U2) 
Out Ouse 
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has the same sign throughout the domain D, then the differential system 
(25.1) has no closed trajectory in D. 


Proof. Let § be a region in D which is bounded by a closed curve C. 
The Green’s theorem states that 


Ogi (uy, U 42 Uz, U 
[ lorem) go(u1, U2)duy] =f gu (tn, ta) ga (ua, ta) du;dug. 
Out Oue 
(27.7) 


Let u(x) = (ui(x), ue(x)) be a solution of (25.1) whose trajectory is a closed 


curve C' in D, and let w denote the period of this solution. Then it follows 
that 


/ [91 (t1, U2) dus = go(u1, ug)duy] 
C 


=P |oeaata) wala) 2 — go(ur(o), uate) $2] ar = 0. 


Thus, from (27.7) we have 


If. Ogu ua, us) + Oga (wi, Ua) du,du2 = 0. 
Out Oue 


But this double integral can be zero only if its integrand changes sign. This 
contradiction completes the proof. a 


Example 27.3. Consider the nonlinear differential system 


uy = ui(u? + uz — 2u; — 3) — ug 


(27.8) 


Ub = Ug(u? + uz — Qu, — 3) + 1. 


Since for this system 


Onn Og2 3)" oe 
Dur + Duy 7 Ut 4u2 bu —6 = 4 U— > + uz — — 


we find that 
Opn Og2 


Ju, ° Juz 
in the disc D of radius 1.436 centered at (3/4,0). Thus, the Bendixson’s 


theorem implies that the system (27.8) has no closed trajectory in this 
disc D. 


< 0 


Finally, in this lecture we shall state the following theorem. 


Theorem 27.3 (Liénard—Levinson—Smith Theorem). 
Consider the DE 


y+ fy)y'+9(y) = 9, (27.9) 
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where we assume the following: 


(i) f is even and continuous for all y. 


(ii) There exists a number yo > 0 such that 


Fu) = [roa <0 


for 0 < y < yo, and F(y) > 0 and monotonically increasing for y > yo, also 
Fly) wasyoow. 


(iii) g is odd, has a continuous derivative for all y, and is such that g(y) > 0 
for y > 0, 


(iv) Gly) = ‘A g(t)dt + oo as y > ~. 


Then the DE (27.9) possesses an essentially unique nontrivial periodic so- 
lution. 


By “essentially unique” in the above result we mean that if y = y(2) 
is a nontrivial periodic solution of (27.9), then all other nontrivial periodic 
solutions of (27.9) are of the form y = y(x — x1) where 2, is a real num- 
ber. This, of course, implies that the equivalent system wu = u2, uy = 
— f(u,)u2g — g(u1) has a unique closed trajectory in the u,u2-plane. 


Example 27.4. In Van der Pol’s equation (26.12), f(y) = u(y? — 1) 
and g(y) = y. Thus, it is easy to check the following: 


(i) f(—y) = u(y? — 1) = f(y), the function f is even and continuous for 
all y. 


(ii) F(y) = u(y?/3— y) <0 for 0 < y < V3, F(y) > 0 and monotonically 
increasing for y > V3, also F(y) — 00 as y — 00. 


(iii) g(-y) = -—y = —g(y), the function g is odd; dg/dy = 1, and the 
derivative of g is continuous for all y; g(y) > 0 for y > 0. 


(iv) Gy) = y?/2 — 00 as y > 00. 


Hence, all the conditions of Theorem 27.3 for the DE (26.12) are satisfied. 
In conclusion we find that the DE (26.12) possesses an essentially unique 
nontrivial periodic solution. In other words, the equivalent system uj = 
Ug, Uy = (1 —uz)ug— uy, has a unique closed trajectory in the u;u-plane. 
For y= 0.1, 1, and 10, these trajectories are illustrated in Figure 27.2. 
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Figure 27.2 


Problems 


27.1. Show that the differential system 


uy = uUutui fr) 
r 
Us = —U1 + U2 ey) ; 
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U2 


U1 


ju = 10.0 


where r? = uj + u3, has limit cycles corresponding to the zeros of f(r). 


27.2. Find all limit cycles of each of the following differential systems: 


uw, = us + un (u? + u2)1/2(u? + u2 — 3) 


tt = uy + up (u? + u2)/7 (U2 + a2 — 3). 


u(uz + us — 2) 
(uj + ug)1/? 
u2(ut + u5 — 2) 
(uj + u5)1/? 


ul = —u24 


Up = Uy + 
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(iit) Uy = U2 

ili 

us, = —uy + Ug(1 — uf — u2) 
/ 

: U, = —U2 

(iv) ; 


(v) uy = U2 + ur(ut + u3Z — 1)(u? + u2 — 2) 
Vv 
Ub = —Uy + Ua(ut + uz — 1)(uz + ud — 2) 
UL = Wu — ur (u? + u2 — 9)? 
(vi) 2 ps2 2 
us = Uy — U2(uz + us — 9)". 


27.3. Use the Poincaré—Bendixson theorem to prove the existence of a 
nontrivial periodic solution of each of the following differential systems: 


Pc ur (uy + ug — 1) 
Uy = 2u, — 2ug — ui(u? = us) i ea (u2? + u3)1/2 
() i a 
Ub = Quy + 2uz — u2(u? + U3). ul ; Ug(u? + uz — 1) 
— 


(uy + u3)1/? 
27.4. Show that the following nonlinear differential systems do not 

have nontrivial periodic solutions in the given domains: 

uy =u, + Tu + 2u3 

ul = —u, + 3u2g + ugu?, D=R?— 


_— 2 3 
Uy = Uy — Uj U5 + U5 


(i) 
(ii) 


ul = 8ug — ugue? +u3, D={(u1,u2) su? +u2 < 4}. 


27.5. Show that the following DEs do not have nontrivial periodic 
solutions: 


(Gi) y"+y'+2y°+y=0. 
(ii) + (2y? + 8y*)y’ — (y + By?) = 0. 


27.6. Use the Liénard—Levinson—Smith theorem to prove the existence 
of an essentially nontrivial periodic solution of each of the following DEs: 


Gi) y”+(y*-1ly +y=0. 
(ii) oy” + (5y* — 6y?)y’ + y? =0. 


Answers or Hints 


27.1. Let ro < ry < --- be the zeros of f(r). Transforming the given 
differential system into polar coordinates (r,0), we obtain $4 = f(r), & = 
—1. Thus, if f(r) > 0 for 0 <r < ro, then £ > 0 if 0 <r < 79, ie, 
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as x increases r increases, and the path curves spiral outward as long as 
they lie within the circle r = rg. However, if f(r) < 0 for 0 <r < ro, then 
ar <O0Oif0<r< 710, ie., as x increases r decreases, and the path curves 
tend to the critical point (0,0). Now if f(r) < 0 for ro < r < ri, then 
dr <Oifro <r<_rj, ie., as x increases r decreases, and the path curves 
spiral inward as long as they lie within the annulus ro < r < r;. However, 
if f(r) > 0 for r9 <r <r; then 4 >0 if ro <r <r, ie., as x increases r 
increases, and the path curves spiral outward as long as they lie within the 
annulus. The points r2,r3,... can be treated similarly. 


be (i) r= V3. (ii) r = V2. (iii) r= 1. (iv) r=1. (v) r= 1, V2. 
vi) r=3. 


27.3. Use Theorem 27.1. 
27.4. Use Theorem 27.2. 
27.5. Use Theorem 27.2. 
27.6. Use Theorem 27.3. 


Lecture 28 


Lyapunov’s Direct Method 
for Autonomous Systems 


It is well known that a mechanical system is stable if its total energy, 
which is the sum of potential energy and the kinetic energy, continuously 
decreases. These two energies are always positive quantities and are zero 
when the system is completely at rest. Lyapunov’s direct method uses a 
generalized energy function to study the stability of the solutions of the 
differential systems. This function is called Lyapunov function and is, gen- 
erally, denoted by V. The main advantage of this approach is that the 
stability can be discussed without any prior knowledge of the solutions. 
In this lecture we shall study this fruitful technique for the autonomous 
differential system 

ul = gu), (28.1) 


where the function g = (91,--.,9n) and its partial derivatives 0g;/Ou;, 1 < 
i,7 <n, are assumed to be continuous in an open set 2 C R” containing 
the origin. Thus, for all uw? € Q the initial value problem (28.1), (15.3) has 
a unique solution in some interval containing x9. Further, we shall assume 
that g(0) = 0 and g(u) 4 0 for u 4 0 in some neighborhood of the origin so 
that (28.1) admits the trivial solution, and the origin is an isolated critical 
point of the differential system (28.1). 


Let V(u) be a scalar continuous function defined in Q,ie., V € C[Q, R] 
and V(0) = 0. For this function we need the following. 


Definition 28.1. V(u) is said to be positive definite in Q if and only 
if V(u) > 0 foru 40, wEQ. 


Definition 28.2. V(u) is said to be positive semidefinite in 0 if V(u) > 
0 (with equality only at certain points) for all u € Q. 


Definition 28.3. V(u) is said to be negative definite (negative semidef- 
inite) in Q if and only if —V(u) is positive definite (positive semidefinite) 
in Q. 


In this and the next lecture, for the sake of easy geometric interpretation, 
instead of the absolute norm we shall use the Euclidean norm || - ||2, and 
the subscript 2 will be dropped. 


Definition 28.4. A function ¢(r) is said to belong to the class K if 
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and only if @ € C[[0,),IR*], ¢(0) = 0, and ¢(r) is strictly monotonically 
increasing in r. 


Since V(u) is continuous, for sufficiently small r, 0 < c< r < d we have 


V(u) < Viv), V(u) > V(v) (28.2) 


max min 
llellsr r<|lvll<d 
on the hypersphere ||u|| = r. In (28.2) the right sides are monotonic func- 
tions of r and can be estimated in terms of functions belonging to the class 
K. Thus, there exist two functions a,b € K such that 


a(|lull) < Vw) < d(llul)). (28.3) 


The left side of (28.3) provides an alternative definition for the positive 
definiteness of V(u) as follows. 


Definition 28.5. The function V(u) is said to be positive definite in 
Q if and only if V(0) = 0 and there exists a function a(r) € K such that 
a(r) <V(u), |lu|=r, ue Q. 


Example 28.1. The function V(u,,u2) = cyuz + cgu3, where c; > 
2 


0, co > 0 is positive definite in Q = R°. 
Example 28.2. The function V(uj, u2,u3) = c1u? + cou, where cy > 
0, co > 0 is positive semidefinite in Q = IR? since it vanishes on the u3-axis. 


Example 28.3. The function V(u1, u2,u3) = cru? + (cou2 + c3u3)?, 
where c, > 0 is positive semidefinite in Q = IR? because it vanishes not 
only at the origin but also on the line cgu2 + c3u3 = 0, uy = 0. 


Example 28.4. The function V(u,,u2) = u? + uZ — (ut + u5) is 
positive definite in the interior of the unit circle because V(u1, uz) > |u|? — 
llul[*, [Jul] <2. 


Let S, be the set {u € R” : |lu|| < p}, and u(x) = u(x,20,u°) be 
any solution of (28.1), (15.3) such that ||u(«)|| < p for all x > a. Since 
(28.1) is autonomous we can always assume that x) = 0. If the function 
V ¢€C{S,, IR], then the chain rule can be used to obtain 


dV (u) , OV(u) dut _ OV(u) dun 
dx = Vv ( ) ~ Ou, dx eas Oun dx (28 4) 
= au) = grad V(u) ou) 


Thus, the derivative of V(u) with respect to x along the solution u(2) 
of (28.1) is known, although we do not have the explicit solution. 
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Now we shall provide three theorems regarding the stability, asymptotic 
stability, and unstability of the trivial solution of the differential system 
(28.1). 


Theorem 28.1. If there exists a positive definite scalar function V(u) € 
CM[S,,IR*] (called a Lyapunov function) such that V*(u) < 0 in S,, then 
the trivial solution of the differential system (28.1) is stable. 


Proof. Since V(u) is positive definite, there exists a function a € K 
such that a(||ul|) < V(w) for all wu € S,. Let 0 < € < p be given. Since 
V(u) is continuous and V(0) = 0, we can find a 6 = 6(e) > 0 such that 
\|u°|| < 6 implies that V(u°) < a(e). If the trivial solution of (28.1) is 
unstable, then there exists a solution u(x) = u(a,0,u°) of (28.1) such that 
\|u°|| < 6 satisfying ||u(x1)|| = € for some 2, > 0. However, since V*(u) < 0 
in Sp, we have V(u(a1)) < V(u°), and hence 


ae) = a(llu(x1)l|) < V(u(ri)) < V(u°) < ale), 


which is not true. Thus, if ||u°|] < 6 then ||u(z)|| < € for all 2 > 0. This 
implies that the trivial solution of (28.1) is stable. | 


Theorem 28.2. If there exists a positive definite scalar function V(u) € 
C[S,,IR*t] such that V*(u) is negative definite in S,, then the trivial 
solution of the differential system (28.1) is asymptotically stable. 


Proof. Since all the conditions of Theorem 28.1 are satisfied, the trivial 
solution of (28.1) is stable. Therefore, given 0 < € < p, suppose that there 
exist 6 > 0, A >0 and a solution u(x) = u(zx, 0, u°) of (28.1) such that 

A < |ju(z)|| < 6, 220, [ul] < 6. (28.5) 
Since V*(u) is negative definite, there exists a function a € K such that 


V*(u(z)) < —a(llu(@)|))- 


Furthermore, since ||u(«)|| > A > 0 for x > 0, there exists a constant d > 0 
such that a(||u(x)||) > d for « > 0. Hence, we have 


V*(u(z)) < -d <0, x>0. 


This implies that 
V(u(x)) = V(u°) +f V*(u(t))dt < V(u°)—2d 


and for sufficiently large x the right side will become negative, which contra- 
dicts V(u) being positive definite. Hence, no such A exists for which (28.5) 
holds. Further, since V(u(a)) is positive and a decreasing function of z, it 
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follows that limz... V(u(a)) = 0. Therefore, limz—... ||u(a) || = 0, and this 
implies that the trivial solution of (28.1) is asymptotically stable. | 


Theorem 28.3. If there exists a scalar function V(u) € C™[S,, R], 
V(0) = 0 such that V*(u) is positive definite in S,, and if in every neigh- 
borhood N of the origin, N C S,, there is a point u? where V(u°) > 0, 
then the trivial solution of the differential system (28.1) is unstable. 


Proof. Let r > 0 be sufficiently small so that the hypersphere 
S, = {we R”: |lul] <r} c Sp. 


Let M = maxjy\<,V(u), where M is finite since V is continuous. Let 
r, be such that 0 < ry; <r; then by the hypotheses there exists a point 
u° € IR” such that 0 < ||u°|| <r, and V(u°) > 0. Along the solution 
u(x) = u(x,0,u°), 2 >0, V*(u) is positive, and therefore V(u(x)), x > 0 
is an increasing function and V(u(0)) = V(u°) > 0. This implies that this 
solution u(a) cannot approach the origin. Thus, it follows that 


a V*(u(z)) = m > 0, 
and therefore, V(u(x)) > V(u°) + ma for x > 0. But the right side of 
this inequality can be made greater than MM for x sufficiently large, which 


implies that u(x) must leave the hypersphere S,. Thus, the trivial solution 
of (28.1) is unstable. | 


Example 28.5. For the differential system 


ui, = uUgt u(r? — ut — u3) (28.6) 
ie = Uy + U2(r? — uf — u2) ; 


we consider the positive definite function V(u,,u2) = uz + u2 in Q = R?. 
A simple computation gives 


V*(u1,U2) = — 2(u2 + u2)(u? + uz — r?). 


Obviously, V*(u) is negative definite when r = 0, and hence the trivial 
solution of (28.6) is asymptotically stable. On the other hand, when r 4 
0, V*(u) is positive definite in the region uj +u3 < r?. Therefore, the trivial 
solution of (28.6) is unstable. 


Example 28.6. For the differential system 


/ = +4 us 
‘7 ne (28.7) 


/ = 4 
Up = U2uUyz 


we choose the positive definite function V(u1,u2) = uf + u3 in Q = R?. 
For this function we find V*(u;,u2) = 0 and hence the trivial solution of 
(28.7) is stable. 
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Example 28.7. Consider the differential system (17.3) with a;;(x) = 
—d;,(z), 1 # 7 and a;;(2) < 0 for all:e > 0, and 4, 7 = 1,2,...,n. Let 
V(u) = uj +--+ + u2, which is obviously positive definite in Q = IR”, and 


Vi(u) = 2d ui(e)ui (a) = 2) ui(2) S- aij (a2) u; (x) 


= 2S 7S 5 aij (x) ui(x)u; (x) = 25 ai(x)ut(a), 


i=1 j=l i=1 


ie., V*(u) is negative semidefinite. Therefore, the trivial solution of (17.3) 
is stable. If a;;(a) <0 for all x > 0, then V*(u) is negative definite and the 
trivial solution of (17.3) is asymptotically stable. 


Example 28.8. Consider the Liénard equation (27.9), where the func- 
tions f(y) and g(y) are continuously differentiable for all y € IR, g(0) = 0 
and yg(y) > 0 for all y 4 0, and for some positive constant k, yF(y) > 0 
fory #0, —k<y<k, where 


Fy) = ? " f(t)dt. 


Equation (27.9) is equivalent to the system 


u, = u2—F(um) 


(28.8) 

uy = —g(us). 
A suitable Lyapunov function for the differential system (28.8) is the total 
energy function V(w1, uz) = (1/2)u3 + G(u1), where 


G(u) = i ” a(t)dt. 


Obviously, V(u1, uz) is positive definite in Q = IR”. Further, it is easy 
to find V*(u) = —g(u1)F(u1). Thus, from our hypotheses it follows that 
V*(u) < 0 in the strip {(u,u2) € IR? : —k <u <k, — 00 < U2 < oo}. 
Therefore, the trivial solution of (28.8) is stable. 


Problems 


28.1. Show that the function V(u1,u2) = cu? + couu2 + c3uz in 
Q = R’ is positive definite if and only if c, > 0 and c3 — 4c,c3 < 0, and is 
negative definite if and only if c, < 0 and c3 — 4eic3 < 0. 
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28.2. For each of the following systems construct a Lyapunov function 
of the form c,u? + c,u3 to determine whether the trivial solution is stable, 
asymptotically stable, or unstable: 


/ / 2 
; uy = —u + e™ ue ~ uy = —u? + uzue 
(i) ; = (ii) aes : 
Uy = —e“1uUy — Up. Uy = —uy — UtUe. 
, 2 a x4 
Git) ui, = 2ug — u(1 + 4u5) (iv) uy = 2u2 — 2ugsin uy 
uy = (1/2)u1 — u2 + UpuUe. Us = —U, — 4ug + uz Sin U1. 
Poe 2 2 / 3 
uy = —Uy + 2uz + ug a Uy = Uy — U2 — UY 
(ee es (vi) ; 
Ug = —U2 + U1 U2. Ug = U1 — UQ — Ud. 
a 3 feo = oid 
. uy = 2uju2 + uy a Uy = Uy — U2 
Gal 7 2 8 (viii) ‘ 
Ug = —uz + Us. Uy = Uy + US. 


28.3. Consider the system 


ul = ug — uf (ur, U2) 


Us = —-uUy— u2f (ur, U2), 


where f(ui,u2) has a convergent power series expansion in Q C IR? con- 
taining the origin, and f(0,0) = 0. Show that the trivial solution of the 
above system is 


(i) stable if f(u1, u2) > 0 in some region around the origin; 
(ii) asymptotically stable if f(w1, uz) is positive definite in some region 
around the origin; 


(iii) unstable if in every region around the origin there are points (u1, u2) 
such that f(ui,u2) < 0. 


28.4. Use Problem 28.3 to determine whether the trivial solution is 
stable, asymptotically stable or unstable for each of the following systems: 
ul, = U2 — uz (e“! sin? uz) 


(Oe ot 


ul = —Uy — U2(e™ sin? uz). 


a 44 4,6 27/2 gid 
uy = Us — ur(ut + us + 2ujus sin* ur) 


(ii) ‘ 


ub = —Uy — U2(ut + u§ + 2uzu3 sin? u1). 
Uh = U2 — ur (u8 sin? uy) 
(iii) a cB 

us = —uy — U2(us sin“ uz). 


28.5. Consider the equation of undamped simple pendulum y" +w? sin y 
= 0, —7/2 < y < 7/2. Prove by means of an appropriate Lyapunov 
function that its trivial solution is stable. 


28.6. Prove by means of an appropriate Lyapunov function that the 


210 Lecture 28 


trivial solution of the Van der Pol equation (26.12) is asymptotically stable 
when ps < 0. 


Answers or Hints 


28.1. Completing the squares, we have 


cy 


2 
V(u1, U2) = ¢1 (us + s-u2) + a (4e1¢3 = c3) uz|. 


28.2. (i) Asymptotically stable. (ii) Stable. (iii) Stable. (iv) Stable. 
(v) Asymptotically stable. (vi) Asymptotically stable. (vii) Unstable. 
(viii) Unstable. 


28.3. Let V(ui, uz) = u? + u2, then V*(u1, we) = —2f (ur, u2)(u? + U3). 
28.4. (i) Stable. (ii) Asymptotically stable. (iii) Unstable. 


28.5. Write the equation in system form and then use Lyapunov’s function 
V (ui, U2) = g(ui) + 5u3, where g(u1) = f>* w? sin tdt. 


28.6. Use V(uy, uz) = ut + ud. 


Lecture 29 


Lyapunov’s Direct Method 
for Nonautonomous Systems 


In this lecture we shall extend the method of Lyapunov functions to 
study the stability properties of the solutions of the differential system 
(15.1). For this, we shall assume that the function g(x, u) is continuous for 
all (a, u) € [%9,00) x S,, xo > 0 and smooth enough so that the initial value 
problem (15.4) has a unique solution in [x, 0) for all u° € S,. Further, we 
shall assume that g(x,0) = 0 so that the differential system (15.1) admits 
the trivial solution. It is clear that a Lyapunov function for the system 
(15.1) must depend on x and u both, i.e., V = V(a, w). 


Definition 29.1. A real-valued function V(a, u) defined in [a9, 00) x Sp 
is said to be positive definite if and only if oo ,0) =0, x > xo, and there 
exists a function a(r) € K such that a(r) < ety |u|] = r, (au) € 
[xo, 00) X Sp. It is negative definite if V(a, u) < —a(r 


Definition 29.2. A real-valued function V(z, u) defined in [ao, 00) x Sp 
is said to be decrescent if and only if V(a,0) = 0, x > xo and there exists 
an h, 0 <h < p and a function b(r) € K such that V(a,u) < O(|/ull) for 
|u|] <h and a > xp. 
Example 29.1. The function 

V(x,%1,uU2) = (14+sin? 2)uz + (1+ cos? x)u3 
is positive definite in [0,00) x IR? since V(x,0,0) = 0 and a(r) = r2 EK 
satisfies the inequality a(r) < V(x, uw, U2). This function is also decrescent 
since b(r) = 2r? € K satisfies V(a, ui, uz) < d(r). 
Example 29.2. The function 

V(a,%1, U2) = uf +(1+27)u3 


is positive definite in [0,00) x IR? but not decrescent since it can be arbi- 
trarily large for sufficiently small ||ul|. 


Example 29.3. The function 


1 
V(a,u1,ue) = ue + ———v? 
( ) ) ) 1 (i ma x?) 2 
R.P. Agarwal and D. O’Regan, An Introduction to Ordinary Differential Equations, 211 
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is decrescent. However, since 


1 


V(a, 0, ua) = (+2?) 


ue —> 0 as 2-00, 


we cannot find a suitable function a(r) € K such that V(x, u1, u2) > a(||ull), 
i.e., it is not positive definite. 


Now we shall assume that V(a,u) € C|[xo, 00) x Sp,1R] so that the 
chain rule can be used, to obtain 


i=1 


dV (x, u) 
dx 


OV 


Our interest is in the derivative of V(xz,u) along a solution u(r) = 
u(x, 29, u°) of the differential system (15.1). Indeed, we have 


. av 
V*(z,u) = a+ Dd Bu, 2% 4) = ae + grad V(a,u) + g(a, u). 
The following two theorems regarding the stability and asymptotic sta- 
bility of the trivial solution of the differential system (15.1) are parallel to 
the results in the autonomous case. 


Theorem 29.1. _ If there exists a positive definite scalar function 
V(a,u) € C[[xo,00) x S,,IR*] (called a Lyapunov function) such that 
V*(z,u) < 0 in [xo,0o) x Sp, then the trivial solution of the differential 
system (15.1) is stable. 


Theorem 29.2. If there exists a positive definite and decrescent scalar 
function V(a,u) € C™[[x9, 00) x $,,IR*] such that V*(z,u) is negative 
definite in [%,00) x S,, then the trivial solution of the differential system 
(15.1) is asymptotically stable. 


Example 29.4. Consider the DE y” + p(x)y = 0, where p(x) > 6 > 0 
and p’(a) < 0 for all x € [0, 00). This is equivalent to the system 


uy = wu 
: : (29.1) 
Uy = —p(x)ur. 
For the differential system (29.1) we consider the scalar function 
V(x, U1, U2) = p(x)uz+u3, which is positive definite in [0, 00) x R*. Further, 
since 


Vi(a,u) = p'(a)uj + 2p(x)urug + 2u2(—p(z)u) = p'(x)uy <0 


in (0,00) x IR’, the trivial solution of (29.1) is stable. 


Lyapunov’s Direct Method for Nonautonomous Systems 213 


Example 29.5. Consider the system 


uy = —ay1(x)u1 — a12(x)ug (29.2) 
Us = agi(@)U1 — ag2(x)u2, 
where a21(“) = dj2(x), and ay,(x) > 6 > 0, age(x) > 6 > 0 for all x € 
[0,co). For the differential system (29.2) we consider the scalar function 
V(a, uy, U2) = u? + u3 which is obviously positive definite and decrescent 
in [0,00) x R®. Further, since 


V*(a@,u) = 2uy(—ay1(x)uy — ay2(@)u2) + 2u2(a21(a) uy — a22(x)u2) 


= —2a11(x)ut — 2a22(x)uz < — 26(ut + us 
1 


in (0,00) x IR’, the trivial solution of (29.2) is asymptotically stable. 


We shall now formulate a result which provides sufficient conditions for 
the trivial solution of the differential system (15.1) to be unstable. 


Theorem 29.3. If there exists a scalar function V(a, u) € C™ |[x9, 00) 
x Sp, IR] such that 


(i) |V(z,u)| < b(|Jul) for all (x, u) € [z0, 00) x S,, where b € K; 

(ii) for every 6 > 0 there exists an u? with ||u°|| < 6 such that V(x, u°) < 
0; 

(iii) V*(x,u) < —a(||ul|) for (x, u) € [%o,00) x Sp, where a € K, 


then the trivial solution of the differential system (15.1) is unstable. 


Proof. Let the trivial solution of (15.1) be stable. Then for every € > 0 
such that € < p, there exists a 5 = 6(€) > 0 such that ||w°|| < 6 implies that 
\u(a) || = ||u(a, vo, u°)|| < € for all > xg. Let wu? be such that ||u°l| < 6 
and V(a9,u°) < 0. Since ||u°|] < 6, we have ||u(z)|| < ¢. Hence, condition 
(i) gives 


|V(a,u(ax))| < b(|ju(x)||) < b(e) for all a2 > ao. (29.3) 


Now from condition (iii), it follows that V(a, u(a)) is a decreasing function, 
and therefore for every x > x, we have V(a,u(x)) < V(ao,u°) < 0. This 
implies that |V(z,u(x))| > |V(xo,u°)|. Hence, from condition (i) we get 
||u(x)|| = b-*(/V (xo, u°))). 

From condition (iii) again, we have V*(a,u(x)) < —a(||u(x)|]), and 


hence on integrating this inequality between xp and x, we obtain 


x 


V(a,u(a)) < V(co,u°) - f a(||u(t) ||) dt. 


xo 
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However, since ||u(x)|| > b-1(|V(2o,u°)|), it is clear that a(|ju(x)||) > 
a(b~*(|V (ao, u°)|)). Thus, we have 


V(a,u(x)) < V(xo,u°) — (« — ao)a(b-"(|V (xo, u°)]))- 


But this shows that limz.. V(x, u(x)) = —oo, which contradicts (29.3). 
Hence, the trivial solution of (15.1) is unstable. | 


Example 29.6. Consider the system 


uy = ay (x)ur — ai2(x)u2 (29.4) 

Uy = aai(x)ui + ao2(x)ua, 
where a21(“) = ajo(x), and ay1(x) > 6 > 0, ago(a) > 6 > O for all x € 
(0,00). For the differential system (29.4) we consider the scalar function 
V(a@,u1,U2) = —(u? + u2), and note that for all (%,u) € [0,00) x R’, 
|V (x, ur, u2)| < (uf + uz) = 1? = b(r) for (wi, u2) (0,0), V(x, ui, u2) < 0, 
and V*(x, ui, U2) = —2(a11(x)uz + az2(x)u3) < —26(uf + uz) = —26r? = 
—a(r). Thus, the conditions of Theorem 29.3 are satisfied and the trivial 
solution of (29.4) is unstable. 


Our final result in this lecture gives sufficient conditions for the trivial 
solution of the differential system (15.1) to be uniformly stable. 


Theorem 29.4. _ If there exists a positive definite and decrescent 
scalar function V(x,u) € C[[x9,00) x Sp,IR*] such that V*(z,u) < 0 
in [%o,00) x S,, then the trivial solution of the differential system (15.1) is 
uniformly stable. 


Proof. Since V(a,u) is positive definite and decrescent, there exist 
functions a, b € K such that 

a(llull) < V(a,u) < b(full) (29.5) 
for all (a, uw) € [&o,00) x Sp. For each e, 0 < € < p, we choose a b = d(€) > 0 
such that 6(6) < a(e). We now claim that the trivial solution of (15.1) is 
uniformly stable, i.e., if v1 > xp and ||u(a1)|| < 4, then ||u(a)|| < e for all 
x > x1. Suppose this is not true. Then there exists some x22 > x, such that 
x1 > Xp and ||u(21)|| < 6 imply that 


|u(z2)|| = €. (29.6) 


Integrating V*(a, u(x)) < 0 from 2 to a, we get V(x, u(x)) < V(ai1,u(21)), 
and hence for x = x2, we have 


a(e) = a(||u(x2)|I) V(a2,u(@2)) S V(e1,u(a1)) 


< 
< O(|lu(e)|I) < (6) < ale). 
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This contradicts relation (29.6), and therefore no such x2 exists. Hence, 
the trivial solution of (15.1) is uniformly stable. | 


Corollary 29.5. If there exists a scalar function V(x, u) € C[[xo, 00) x 
S,,IR*] such that the inequality (29.5) holds, and V(a, u(x)) is nonincreas- 
ing in x for every solution u(x) of (15.1) with ||u(x)|| < p, then the trivial 
solution of (15.1) is uniformly stable. 


Example 29.7. For the differential system (29.2) once again we con- 
sider the scalar function V(z,u) = uj + u3 and note that the inequality 
(29.5) with a(r) = b(r) =r? is satisfied. Further, since V*(x,u(a)) < 0 for 
all solutions of (29.2), the trivial solution of (29.2) is uniformly stable. 


To conclude, we remark that the main drawback of Lyapunov’s direct 
method is that there is no sufficiently general constructive method for find- 
ing the function V(x, wu). Nevertheless, for a series of important classes of 
differential systems such a construction is possible. 


Problems 


29.1. Show the following: 
i) (uj? + u3) cos? x is decrescent. 
ii) u? +e*u3 is positive definite but not decrescent. 
ili) u}?+e7-*u3 is decrescent. 
iv) (1+ cos? «+ e~?")(ut + u3) is positive definite and decrescent. 

29.2. For the DE 
y = (sinlnz+coslnz — 1.25)y, (29.7) 
consider the function 

V(a,y) = y’ exp(2(1.25 — sinIna)z). 

Show the following: 


(i) V(2,y) is positive definite but not decrescent. 
(ii) The trivial solution of (29.7) is stable. 


29.3. Show that the trivial solution of the differential system 


u, = p(x)ug + q(x) (ut + ud) 
uy = —p(a)ur + q(a)u2(uz + ud), 


where p, g € C[0, co) is stable if g(x) < 0, asymptotically stable if g(x) < 
56 <0, and unstable if g(x) > 6 > 0. 


216 Lecture 29 


29.4. If there exists a positive definite scalar function V(a,u) € 
CO |[[x9, 00) x S,,IR*] such that V*(x,u) < —a(V(a,u)), where a € K in 
[xo, 00) x Sp, then show that the trivial solution of the differential system 
(15.1) is asymptotically stable. 


29.5. For the DE 
y = (xsinx —2z2)y, (29.8) 


consider the function 
V(az,y) = y" exp (/ (2t — tsin#)dt) : 
0 


Show the following: 


(i) V(x, y) is positive definite but not decrescent. 
(ii) V*(2,y) < -AV(a,y) for all x > A> 0. 
(iii) The trivial solution of (29.8) is asymptotically stable. 


Answers or Hints 


29.1. Verify directly. 
29.2. Verify directly. 
29.3. Use functions V(x, ui, u2) = uj + u3 and V(2,u1, u2) = —(u? +. ud). 


29.4. The stability of the trivial solution of (15.1) follows from Theorem 
29.1. Hence, given € > 0 (0 < € < p) there exists a 6 = d(€) > 0 such that 
||u°|| < 6 implies that ||u(az, zo, u®)|| < € for all > xo. Since V*(x,u) < 
—a(V(zx,u)) along the trajectory through (xo, u°), we have for all x > 2 


Sree, By < -(@- 20). 


Thus, as x — ov, the integral tends to —oo. But this is possible only if 
V(ax,u) > 0 as % > oo. Now use the fact that V(x, u) is positive definite. 


29.5. Verify directly. 


Lecture 30 


Higher-Order Exact 
and Adjoint Equations 


The concept of exactness which was discussed for the first-order DEs in 
Lecture 3 can be extended to higher-order DEs. The nth-order DE (1.5) 
is called exact if the function F(2x,y,y’,...,y'™) is a derivative of some 
differential expression of (n — 1)th order, say, ¢(2,y,y’,...,y—)). Thus, 
in particular, the second-order DE (6.1) is exact if 


po(x)y" + pi(a)y’ + palx)y = (p(a)y! + a(a)y)', (30.1) 
where the functions p(x) and q(x) are differentiable in J. 
Expanding (30.1), we obtain 
po(x)y" + pi(a)y’ + po(x)y = p(a)y" + (p'(x) + a(a))y! + g'(x)y, 


and hence it is necessary that po(x) = p(x), pi(x) = p’(x) + q(x), and 
po(x) = q(x) for all x € J. These equations in turn imply that 


po() — pi (2) + pala) = 0. (30.2) 
Thus, the DE (6.1) is exact if and only if condition (30.2) is satisfied. 


Similarly, the second-order nonhomogeneous DE (6.6) is exact if the 
expression po(x)y” + pi(x)y’ + po(x)y is exact, and in such a case (6.6) is 


[po(x)y' + (pi(x) — po(x))yl! = r(2). (30.3) 
On integrating (30.3), we find 


poll + (orl) = rha)y =f “Ode-be, (30.4) 


which is a first-order linear DE and can be integrated to find the general 
solution of (6.6). 


Example 30.1. For the DE 


xy" +ay—-y = 2*, x>0 


we have pj (x) — p(x) + po(x) = 2—1—1=0, and hence it is an exact DE. 
Using (30.4), we get 


1 
xy! —x“y = ra +6, 
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which is a first-order linear DE. The general solution of this DE is 
1 4 C1 
y(“) = 52 + 4 + Coa. 


If the DE (6.1) is not exact, then we may seek an integrating factor 
z(a) that will make it exact. Such an integrating factor must satisfy the 
condition 


(po(x)2(x))” — (pi(w)2(x))’ + pa(a)2(a) = 0. (30.5) 
Equation (30.5) is a second-order DE in z(«) and it can be written as 


go(a)z” +q1(x)2' + qa(x)z = 0, (30.6) 


go(x) = po(x), g(x) = 2po(a)—pi(x), q2(x) = po(x)—p'(x)+pe(2). 
(30.7) 


Equation (30.5), or equivalently (30.6), is in fact the adjoint equation of 
(6.1). To show this, we note that the DE (6.1) is equivalent to the system 


ehh gay aie cymes | ne 
and its adjoint system is 
| i | 7 | -1/mo(2) —(Po(2) ee | | - | 
which is the same as 


po(x)v, = — v1 — (po(x) — pi(x))v2. (30.9) 
Now using (30.8) in (30.9), we obtain 


/ 


po(x)v3 + (2p9(a) — pi(a))vs 


—m 
RS 
os 
— 
8 
Nee 
3 
LE 
— 
= 
A) 
No 
— 
8 
Neo? 
we 
Se 
i) 
I 
=) 


which is exactly the same as (30.6). 


Obviously, relations (30.7) can be rewritten as 


pi(t) = q(x) — ao(x) 


po(z) = qo(x), po(x) — 
= 2q2(x) — gi (2) 


; 
dps) 0h) So 
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and hence when p,’s and q;’s are interchanged these equations are unaltered; 
thus the relation between equations (6.1) and (30.6) is of a reciprocal nature 
and each equation is the adjoint of the other. 


When an equation and its adjoint are the same, it is said to be self- 
adjoint. Thus, the DE (6.1) is self-adjoint if po(x) = qo(x), pi(x) = 
q(x), po(a) = qo(z). In such a situation, relations (30.7) give 


pi(x) = po(z). (30.11) 
Thus, the self-adjoint equation takes the form 
po(x)y" + po(x)y’ + pa(x)y = 0, 
which is the same as 
(po(x)y')’ + pa(x)y = 0. (30.12) 
Further, any self-adjoint equation can be written in the form (30.12). 


The condition (30.11) shows that the DE (6.1) will become self-adjoint 
after multiplication by a function o() that satisfies the relation 


o(x)pi(x) = (o(2)po(«)), 


which is the same as , 
(o(x)po(z)) pi(2) 


= : 30.13 
a(e)po(e) ~ pote) ae 
On integrating (30.13), we easily find the function o(a) which appears as 
1 a pr(t) ) 
a(x“) = ex dt). 30.14 
(7) pot) > ( po(t) ( 
Thus, with this choice of a(x) the DE 
o(x)po(x)y" + o(a)pi(x)y! + o(a)po(x)y = 0 (30.15) 


is a self-adjoint equation. 


Since (30.15) is self-adjoint its solutions are also its integrating factors. 
But since (30.15) is the same as (6.1) multiplied by o(x), the solutions of 
(6.1) are the solutions of (30.15). Hence the statement “the solutions of 
(30.15) are the integrating factors of (30.15)” is equivalent to saying that 
“o(ax) times the solutions of (6.1) are the integrating factors of (6.1).” But, 
since the integrating factors of (6.1) are the solutions of its adjoint equation 
(30.6), ie., z(2) = o(x)y(x) it follows that 


= o(“) = : x * pilt) 
Wey mr (f Bee), ere 
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where y(x) and z(x) are solutions of (6.1) and (30.6), respectively. 


Since (6.1) is adjoint of (30.6) it is also clear from (30.16) that 


es ae is * q(t) 
Omer TO e(f wt): ee 


Example 30.2. The DE 


ry” +2y’+a?xy = 0, «>0 
is not exact since pj — p, + po = a?ax # 0. Its adjoint equation is 
(xz)" —22z' +a?az = 2(z’+a7z) = 0, 


whose general solution can be written as z(x) = c; cosax + cpsinax. The 


function 
1 m2 
o(“) = —exp ¢ zat) a 
x t 


Therefore, the general solution of the given DE is 


2x cycosax cysinax 
jes ee ee 


] 2 Po x P1 x P2 x 
and its adjoint 
Qo do x 2 q x q2 x ’ 


so that the DEs (6.1) and (30.6), respectively, can be written as 


Paly| = po(a) <4 pi(a) + po(a)y = 0 (30.18) 
and 
Q2|2] = wo(0) 55 alo) + q2o(x)z = 0. (30.19) 
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Multiplying (30.18) by z and (30.19) by y and subtracting, we get 


2P2[y] — yQalz] 
y! + p2o(x)y) — y(go(x)2" + a(x) 2! + ga(x)z) 
= 2(po(x)y" + pi(z)y! + po(x)y) — y((po(@)z)” — (p1(@)z)’ + pa(x)z) 
= (po(x)z)y" — (po(x)z)"y + (pila)z)y’ + (pi(x)2)/y 
( 


d 

= [(po(2)2)9' — (Polx)2)'u] + <(orla)y2) 
d 
Gz lPol@) (zu! — 2'y) + (rr(x) — Polz))ya]: 

(30.20) 
Relation (30.20) is known as Lagrange’s identity. Further, the expression 
in square brackets on the right side is called the bilinear concomitant of the 
functions y and z. 


Integrating (30.20), we find 
B 


8 
| (2Paly] — yQa[2|)dx = [po(x)(zy' — 2"y) + (pila) — po(x))y2l 


(30.21) 
The relation (30.21) is called Green’s identity. 


In the special case when the operator P2 is self-adjoint, i.e., po(x) = 
pi(x), the Lagrange identity (30.20) reduces to 


d 
2Paly] — yPalz] = F[po()(zy' — 2'y)). (30.22) 
Thus, if y and z both are solutions of the DE (30.12), then (30.22) gives 
po(x)W(y, z)(x) = constant. (30.23) 


Further, in this case Green’s identity (30.21) becomes 


B 
‘i (zPo[y] — yPe[z])de = [po(x)(zy'— 2"y)]} - (30.24) 


Problems 


30.1. Verify that the following DEs are exact and find their general 
solutions: 


(i) oy" +ay’ +y=0. 
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( 

(iii) 2?y”+(1+4z)y'+2y=0, x>0. 

(iv) (l—a)y"+ay'+y=0, «FA. 

(v) (a@+2ay)y” + Qay’? + 2y/+4yy’=0, «>0. 

(vi) sina y’’+cosx y”+sinz y’+cosry=0, (0<a4<7). 


30.2. If pi(a) = 2pp(x), po(x) = pp(x), show that 
po(x)y" + pi(a)y’ + po(x)y = (po(x)y)" 
and hence find the general solution of the DE 
(2? +3)y" + 4ay' + 2y =e". 
30.3. Show that the DE 
po(x)y™ + pi(x)y*) +--+ pr(x)y = 0 (30.25) 


is exact if and only if 
py (a) — py) (a) +--+ (-1)"pale) = 0. 
30.4. Show that the Euler equation (18.17) is exact if and only if 


P1 P2 Pn 
ne 1)r = 
ee os Via) th) n! 


30.5. Transform the following equations to their self-adjoint forms: 
(i) ayy! + a%y = 0. 
(ii) ee + ay! + (x? — ly =0. 
(iii) vy” +(1—a)y’+y=0. 
30.6. Solve the following equations with the help of their respective 
adjoint equations: 
(i) vy” + (2a -1)y'4 ° Ae ae 
(ii) w?y"” + (3a? + 4x)y’ + (2x? + 62 + 2)y = 0. 
30.7. If z1(x) and z2(a) are linearly independent solutions of (30.6), 


show that yi(a@) = z1(x)/o(a) and yo(x%) = z2(x)/o(x) are linearly inde- 
pendent solutions of (6.1). 


30.8. Show that the DE (6.19) has two solutions whose product is a 
constant provided 2p;(x)p2(x) + p}(x) = 0. Hence, solve the DE 


(w@+1)2*y" + ay’ — (2+ 1)*y = 0. 
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30.9. Show that a necessary and sufficient condition for transform- 
ing (6.19) into an equation with constant coefficients by a change of the 
independent variable 


6 = oe) = | “[po(t))!/2at 


is that the function (p(a) + 2p1(x)po(x)) /p3/?(z) is a constant. 


30.10. Show that if z(x) is an integrating factor of the DE (30.25); then 
2(x) satisfies the adjoint DE 


qo(a)z™ - qu(x)z"-) +--+ (-1)"qnr(xz)z = 0, 


where 
a2) = Dewi) © (a 
= mle) (" PF ens ("Spa — 


Answers or Hints 


30.1. (i) yy” +ay +y=(y' +2y)’, y = C1 exp(—27/2) + co exp(—2x?/2)x 
fT exp(t?/2)at. Gi) yy!’ + (V)? = Gv, Y= cet co. (ill) ey" ++ 
da)y/ +2y = (2y! (14 20)y), y = (61/22) exp(l/2) + (Ca/2") exp(/2)x 
J* exp(-1/t)dt. (iv) (1-2) y"+ay'+y = ((1-a)y/+(1+a)y)’, y = cre*(1— 
xr)? +ce"(1—2x)? [* [et /(1-t)3]dt. (v) (x+2zy)y” +2a(y ie +2y' +4yy’ = 
(xy(yt1))", cy(yt1) = atc. (vi) sinay’” +cos ry” +sin ry’ +cos ry = 
(sinzy” + sinazy)’, y = ci cosa +cgsina + c3(—a2 cosx + sina Insinz). 


30.2. y=(c1 +coxt+e-*)/(x? +3). 


30.3. S775 Pe(c)y-™ = = 0 de (x)y"-1-*))! gives the relations pp = 
qo; Pk = Ge +1, K=1,2,...,2-1, pn = G,_1, which are equivalent to 


Sgn ae) =. 
30.4. Use Problem 30.3. 


30.5. (i) o(x) = 1/a?, (1/x)y"”—(1/2?)y'+ary =0. (ii) o(@) = 1/2, vy” + 
y+ [x—(1/x)]y = 0. (iii) a(x) = e~*, we~*y” + (L—aje*y' +e -*y = 0. 


30.6. (i) e~*(c1 + co?) +1 +a. (ii) e7* (C1 + cge7*) /2?. 
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30.7. If z1(a”), z2(a) are linearly independent solutions of (30.6), then 
yi(x) = 21(x)/o(x), yo(%) = 2(x%)/o(x) are solutions of (6.1). Drive 
W (yn, y2)(x) = W(21, 22)(x)/07(a). 

30.8. Use y(x) = c/y1(x) in (6.19) to get the relation p2(x)y? + y’” = 0. 
Differentiation of this relation and the fact that yi(z) is a solution gives 
Po(x)yz — 2pi(z)yt* = 0, crwe® + cpe-*/x. 

30.9. Verify directly. 


30.10. If z(a) is an integrating factor of (30.25), then it is necessary that 
/ 
zpoy™ a zpyyr—) — Parry + ZPny = (qoy—P + guy") = Fats + Gn-1Y) 


= goy™ + (qr +a) y+ (a2 +. )y? ++ +--+ (Gn-1 + th_a)y + H_-1y; 
which implies that zpo = qo, 27Pk =M+%_1, 1<k<n—-1, 2Pn = Gn-1 
and hence 


(zpo)™ — (zp,)-Y + (zp2)—?) — +» + (-1)"(zpn) = 0. 


Lecture 31 
Oscillatory Equations 


In this lecture we shall consider the following second-order linear DE 


(p(x)y')' + q(a)y = 0 (31.1) 
and its special case 
y" +q(x)y = 90, (31.2) 


where the functions p, qg € C(J), and p(x) > 0 for all x € J. By a solution 
of (31.1) we mean a nontrivial function y € C™ (J) and py’ € CY(J). A 
solution y(x) of (31.1) is said to be oscillatory if it has no last zero, ie., if 
y(x1) = 0, then there exists an x2 > 1 such that y(x2) = 0. Equation (31.1) 
itself is said to be oscillatory if every solution of (31.1) is oscillatory. A 
solution y(x) which is not oscillatory is called nonoscillatory. For example, 
the DE y” + y = 0 is oscillatory, whereas y” — y = 0 is nonoscillatory in 
J = (0,00). 


From the practical point of view the following result is fundamental. 


Theorem 31.1 (Sturm’s Comparison Theorem). Ifa, 6 € 
J are the consecutive zeros of a nontrivial solution y(a) of (31.2), and if 
qi(z) is continuous and qi(a”) > q(x), q(x) ¥ q(x) in [a, 6], then every 
nontrivial solution z(x) of the DE 


Zz" +q(x)z = 0 (31.3) 
has a zero in (a, (3). 


Proof. Multiplying (31.2) by z(x) and (31.3) by y(x) and subtracting, 
we obtain 


2(x)y" (x) — y(x)z"(x) + (a(x) — a(x) y(a)z(x) = 0, 
which is the same as 
(z(x)y"(z) — y(x)z'(x))' + (a(x) — a1(2))y(z)2(x) = 0. 


Since y(a) = y(@) = 0, an integration yields 


(By (8) ~ 2(a)y/(a) + | (q(@) — a(@))y(@)e(@)de = 0. (31.4) 


a 
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From the linearity of (31.2) we can assume that y(x) > 0 in (a, ), then 
y'(a) > 0 and y’(B) < 0. Thus, from (31.4) it follows that z(a) cannot be 
of fixed sign in (a, 3), ie., it has a zero in (a, (3). | 


Corollary 31.2. If q(x) > (1+.6)/42?, € > 0 for all x > 0, then the 
DE (81.2) is oscillatory in J = (0,00). 


Proof. For ¢ > 0, all nontrivial solutions of the DE 


y+ <y = 0 (31.5) 


2 
P= +1 +-y = 0. (31.6) 


Now using the substitution y = z/V/t in (31.6), we find 


dz I1+te 
eee pe  Q), Le 
7D + Fa? 0 (31.7) 
Since z(t) = e*/?y(e”) the equation (31.7) is also oscillatory. Therefore, 
from Theorem 31.1 between any two zeros of a solution of (31.7) there 
is a zero of every solution of (31.2); ie., DE (31.2) is oscillatory in J = 
(0, 00). | 


Example 31.1. Obviously the DE y” = 0 is nonoscillatory. Thus, if 
the function q(x) < 0 (#0) in J, Theorem 31.1 immediately implies that 
each solution of the DE (31.2) cannot have more than one zero in J. Thus, 
in particular, the DE y’’ — x?y = 0 is nonoscillatory in J = R. 


Example 31.2. Obviously the DE y” + y = 0 is oscillatory. Thus, by 
Theorem 31.1 it follows that the DE y” + (1+ )y = 0 is also oscillatory in 
J = (0,00). 


Example 31.3. From Corollary 31.2 it is obvious that each solution of 
the DE y” + (c/x?)y = 0 has an infinite number of positive zeros if c > 1/4, 
and only a finite number of zeros if c < 1/4. 


Example 31.4. Using the substitution y = u/,/Z it is easy to see that 
the Bessel DE 
xy” +a2y' + (a2 —a*)y = 0 (31.8) 


can be transformed into a simple DE 


1 — 4a? 
w+ (14 = ju = Oi (31.9) 
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We will use Theorem 31.1 to find the behavior of zeros of the solutions u(x) 
of the DE (831.9) in the interval J = (0,00). For this, three cases are to be 
discussed: 


Case 1. If 0 < a < 1/2, then 1 + [(1 — 4a?)/4x?] > 1 and hence from 
Theorem 31.1 it follows that every solution u(a) of (31.9) must vanish at 
least once between any two zeros of a nontrivial solution of 2+ z = 0. Since 
for a given p, sin(x — p) is a solution of z” + z = 0, we find that the zeros 
of this solution are p, p47, p+2z,.... Thus, every solution u(x) of (31.9) 
has at least one zero in every subinterval of the positive x-axis of length 7, 
i.e., the distance between successive zeros of u(x) does not exceed 7. 


Case 2. If a = 1/2, then the DE (31.9) reduces to u” + u = 0 and hence 
the zeros of every solution u(x) of (31.9) are equally spaced by the distance 
m on the positive x-axis. 


Case 3. If a> 1/2, then 14 [(1 — 4a?)/4x?] < 1 and comparison with 
z+ z = 0 implies that every solution u(x) of (31.9) has at most one zero 
in any subinterval of the positive x-axis of length 7. To prove the existence 
of zeros we reason as follows: For any fixed a, (1 — 4a?)/4x? = 0 as 
x — oo. Hence, there exists a zo > 0 such that 1+ [(1 — 4a?)/4x?] > 1/2 
whenever x > 2%, and now comparison with z” + (1/2)z = 0 implies that 
every solution u() of (31.9) has infinitely many zeros and that the distance 
between successive zeros eventually becomes less than V2r. 


We leave the proof of the fact that the distance between the successive 
zeros of every solution of (31.9) for every a tends to a (Problem 31.4). 


Next we shall extend Sturm’s comparison theorem for the DE (31.1). 
For this, we need the following lemma. 


Lemma 31.3 (Picone’s Identity). Let the functions y, z, py’, 
piz’ be differentiable and z(a) 4 0 in J. Then the following identity holds: 


y / ! : ao \I y? Nr, 12 , Ye 2. 
[2 (epy — yp.z')| = y(py') — (riz) + (p— pi)y + Pr (y - 22") 
(31.10) 


Proof. Expanding the left side, we have 


/ 


y yy 
 (lpy')’ + 2'py! — y(pr2')' — y'piz') + (2 = 4) (zpy’ — ypiz') 
2 / / 9 72 
_ nr Y I 2 2yy Diz YPpiz 
= y(py')’ — ~ (2) + py , SS 
2 2 
2 y 
= y(py’)’ — = (piz') + (p—pi)y” + pi (v/ - 27) . ff 


Theorem 31.4 (Sturm—Picone’s Theorem). Ifa, 6 € J 
are the consecutive zeros of a nontrivial solution y(x) of (31.1), and if 
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pi(x), q(x) are continuous and 0 < pi(x) < p(x), u(x) = a(z) in [a, 6], 
then every nontrivial solution z(x) of the DE 


(pi(x)z')’+q(x)z = 0 (31.11) 
has a zero in [a, (]. 


Proof. Let 2(x) 4 0 in [a, B], then Lemma 31.3 is applicable and from 
(31.10) and the DEs (31.1) and (31.11), we find 


y ! iw]! = 2 72 , UV 7 
5 PY —ypmz)| = (n-gy +(p—pi)y” +pily eer 


Integrating the above identity and using y(a) = y(G) = 0, we obtain 


B 2 
/ ta — gy + (p—piy +91 (v/ — 22) dx = 0, 


which is a contradiction unless qi(%) = q(x), pi(z) = p(x) and y’ — 
(y/z)z’ = 0. The last identity is the same as d(y/z)/dx = 0, and hence 
y(x)/z(x) = constant. However, since y(a) = 0 this constant must be zero, 
and so y(a)/z(a) = 0, or y(x) = 0. This contradiction implies that z must 
have a zero in [a, {]. | 


Corollary 31.5 (Sturm’s Separation Theorem). If y:(z) 
and y2(x) are two linearly independent solutions of the DE (31.1) in J, then 
their zeros are interlaced, i.e., between two consecutive zeros of one there 
is exactly one zero of the other. 


Proof. Since yi(x) and y2(x) cannot have common zeros, Theorem 31.4 
(p(x) = p(x), q(x) = ¢(x)) implies that the solution yo(x) has at least 
one zero between two consecutive zeros of y;(x). Interchanging yi(x) and 
yo(x) we see that y2(x) has at most one zero between two consecutive zeros 
of yi (2). | 


Example 31.5. It is easy to see that the functions y:(x) = c1 cosx + 
c2 sing and yo(x) = c3 cosa + c4sin x are linearly independent solutions of 
the DE y” + y = 0 if and only if c,c4 — c2c3 4 0. Thus, from Corollary 31.5 
it follows that these functions y:(x) and y2(a) have alternating zeros. 


In a finite interval J = [a,(] the DE (31.1) can have at most finite 
number of zeros, and this we shall prove in the following result. 


Theorem 31.6. The only solution of the DE (31.1) which vanishes 
infinitely often in J = [a, J] is the trivial solution. 


Proof. We assume that the solution y(a) of the DE (31.1) has an 
infinite number of zeros in J. The set of zeros will then have a limit point 
«* € J, and there will exist a sequence {x} of zeros converging to «* with 


Oscillatory Equations 229 


Im #xL*, m=0,1,.... We shall show that y(x*) = y’(a*) = 0, then from 
the uniqueness of solutions it will follow that y(#) = 0 in J. For this, the 
continuity of the solution y(z) implies that y(a*) = limm—o y(&%m) = 0. 
Next from the differentiability of the solution y(a), we have 
y(a*) = lim y(@m) = y(e") ule = 0. a 
m—-oo Lm — & 
The final result in this lecture gives an easier test for the DE (31.1) to 
be oscillatory in J = (0,00). 


Theorem 31.7 (Leighton’s Oscillation Theorem). _ If 
[> (1/p(2))dx = 00 and [* ¢q(x)dx = co, then the DE (31.1) is oscilla- 
tory in J = (0,00). 


Proof. Let y(z) be a nonoscillatory solution of the DE (31.1) which we 
assume to be positive in [a%,00), where x9 > 0. Then from Problem 31.7 
the Riccati equation 


2 


2’ + q(x) +—~ = 0 31.12 

(2) + 7 (31.12) 

has a solution z(2) in [29, 00). This solution obviously satisfies the equation 
’ * 22(2) 

2(x) = 2(20) -f q(t)dt -f dt. 31.13 

a vo PU ee 


Since [°° ¢(t)dt = co, we can always find an 21 > xo such that 


cleo) — f a(tat < 0 


0 
for all x in [2, 00). Thus, from (31.13) it follows that 
* 2°(t) 
xo P(t) 


z(z) < - dt 


for all x € [x1,00). Let 


(31.14) 


for all x in [a1, 00). Integrating (31.14) from x1 > xo to oo, we obtain 


1 1 OR i 
“¥(o0) | Fe) 7 a Ce 
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and hence 
/ ee dt < : < 
pare eae 00, 
Ly p(t) r(@1) 
which is a contradiction. Thus, the solution y() is oscillatory. | 


Example 31.6. Once again we consider the DE (31.9). For all a, 
there exists a sufficiently large a such that 1+ [(1 — 4a?)/4x?] > 1/2 for 
all x > xo, and hence 


Thus, Theorem 31.7 implies that (31.9) is oscillatory for all a. 


Problems 


31.1. Let the function q:(x) be continuous and qi(x) > q(x) in J. Show 
the following: 
(i) If DE (81.2) is oscillatory, then the DE (31.3) is oscillatory. 
(ii) If DE (31.3) is nonoscillatory, then the DE (31.2) is nonoscillatory. 


31.2. Show that the DE (31.2) is oscillatory if any one of the following 
conditions is satisfied: 
(i) q(x) > m? > 0 eventually. 
(ii) g(a) =1+4 $(2), where ¢(x) > 0 as «> ew. 


(iii) g(@) > co ast > ow. 


31.3. Let the function q(x) be such that 0 <m < q(x) < M in [a, (J. 
Further, let a < 41 < 42 <-++: <a < 6 be the zeros of a solution y(x) of 
the DE (31.2). Then show the following: 


(i) a//m> iy, —2; > 0/VM, i=1,2,...,n—1. 
Ci eeGlocmiet 


31.4. Use Problem 31.3 to show that the distance between the succes- 
sive zeros of every solution of (31.9) for each a tends to 7. 


31.5. Let the function q(x) be continuous and q(x) > q(x), q(x) F 
q(x) in [a, Z|. Further, let y(a) and z(a) be respective solutions of (31.2) 
and (31.3) such that y'(a)/y(a) > z’(a)/z(a), y(a) 4 0, z(a) # 0, or 
y(a) = 2(a) = 0. 


(i) Use Sturm’s comparison theorem to show that z() has at least as 
many zeros in [a, J] as y(x). 
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(ii) Further, if y(a) and z(a) have the same number of zeros, then show 
that y/()/y(8) > 2'(8)/z(2) provided y(G) # 0. 


31.6. Give an example to show that Sturm’s separation theorem need 
not be true for DEs of order higher than two. 


31.7. Show that the DE (31.1) has a solution without zeros in an 
interval J if and only if the Riccati equation (31.12) has a solution defined 
throughout J. 


31.8. Show that every solution of the Hermite DE y” — 2ay’ + 2ay = 
0 (a> 0) has at most finitely many zeros in the interval J = R. 


31.9. Let p, qe CM (J), q(x) £0 in J and p(x)q(z) be nonincreasing 
(nondecreasing) in J. Then show that the absolute values of the relative 
maxima and minima of every solution y(x) of the DE (31.1) are nonde- 
creasing (nonincreasing) as «x increases. 


31.10. Use Problem 31.9 to show that the magnitude of the oscillations 
of each solution of the Bessel equation (31.8) is nonincreasing in the interval 
(a, 00). 


Answers or Hints 


31.1. (i) Use Theorem 31.1. (ii) Use part (i). 
31.2. Use Problem 31.1. 


31.3. (i) Compare (31.2) with y” + my = 0 and y” + My = 0 and apply 
Theorem 31.1. (ii) Note that each of the intervals [a,x] and [2p, /] is of 
length less than 7/,/m. 


31.4. Note that 1—e < g(a) =14+ ee < 1+ for all sufficiently large 
x, say, v > x*. Thus, in view of Problem 31.3(i), if 2;,2;41(> x*) are two 
consecutive zeros of the solution u(a) of (31.9), then 

coe 
31.5. (i) If the zeros of y(a) are (a <)a1 < tg < +++ < Ln(< B), then by 
Theorem 31.1, z(z) has at least (n — 1) zeros in (41,2). Thus, it suffices 
to show that z(x) has a zero in [a,x]. If y(a) = z(a) = 0, then the proof 
is complete, otherwise, as in Theorem 31.1 we have 


(2(a)y"(x) — y(x)z"(a))[ = J" (a (2) — a(2))y(@) 2(@) de. 
Thus, if y(x) > 0, x € [a,x1) and z(x) > 0, x € [a, a1], then 2(a1)y'(x1) — 


2( 
(z(a)y'(a) — y(a)z'(a)) > 0. But, now y/(z1) < 0 and wie > aa leads 


jag te 


to a contradiction. (ii) Use part (i). 
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31.6. Consider y/” + y = 0. 

31.7. Use py’ = zy. 

31.8. Use 2(x) = e~® /2y(x) to obtain 2” + (1+ 2a—2?)z =0. 

31.9. For a nontrivial solution y(x) of (31.1) consider the function g = 


y+ ae) then g’ = — (“) (pq)’. Now if (pq)’ < 0 then g’ > 0. 


31.10. The self-adjoint form of (31.8) is (ay’)’ + (“) y = 0. Clearly, 


zx 
p(x)q(x) = x? — a? is increasing and positive in (a, 00). 


Lecture 32 


Linear Boundary 
Value Problems 


So far, we have concentrated only on initial value problems, in which 
for a given DE the supplementary conditions on the unknown function and 
its derivatives are prescribed at a fixed value xg of the independent variable 
x. However, as we have indicated in Lecture 1 there are a variety of other 
possible conditions that are important in applications. In many practical 
problems the additional requirements are given in the form of boundary 
conditions: the unknown function and some of its derivatives are fixed at 
more than one value of the independent variable x. The DE together with 
the boundary conditions are referred to as a boundary value problem. 


Consider the second-order linear DE (6.6) in the interval J = [a, §], 
where, as we did earlier, we assume that the functions po(), pi(2), po(x) 
and r(a) are continuous in J. Together with the DE (6.6) we shall consider 
the boundary conditions of the form 


f:ly] = aoy(a) + ary'(a) + boy(8) + biy'(B) = A 
foiy] = coy(a) + ciy’(@) + doy(8) + diy’(8) = B, 


where a;, bj, cj, d;, i = 0,1 and A, B are given constants. Throughout, 
we shall assume that these are essentially two conditions, i.e., there does 
not exist a constant c such that (ao a1 bo 61) = c(co ci do d). Boundary 
value problem (6.6), (32.1) is called a nonhomogeneous two point linear 
boundary value problem, whereas the homogeneous DE (6.1) together with 
the homogeneous boundary conditions 


(32.1) 


Aly] = 0, fly] = 0 (32.2) 
will be called a homogeneous boundary value problem. 


Boundary conditions (32.1) are quite general and, in particular, in- 
clude the 


(i) first boundary conditions (Dirichlet conditions) 
y(a) = A, y(8) = B, (32.3) 
(ii) second boundary conditions (mixed conditions) 


y(a) = A, y'(B) = B, (32.4) 


R.P. Agarwal and D. O’Regan, An Introduction to Ordinary Differential Equations, 233 
doi: 10.1007/978-0-387-71276-5_32, © Springer Science + Business Media, LLC 2008 


234 Lecture 32 
or 
y(a) = A, y(6) = 8B, (32.5) 


(iii) separated boundary conditions (third boundary conditions) 


aoy(a) +ary"(a) = A 


doy(B) + diy'(8) = B, (32.6) 


where both a2 + aj and d3 + d? are different from zero, and 
(iv) periodic boundary conditions 


y(a) = y(8), ya) = (6). (32.7) 


Boundary value problem (6.6), (32.1) is called regular if both a and @ 
are finite, and the function po() # 0 for all « € J. If a = —oo and/or 
@ = co and/or po(x) = 0 for at least one point x in J, then the problem 
(6.6), (32.1) is said to be singular. We shall consider only regular boundary 
value problems. 


By a solution of the boundary value problem (6.6), (32.1) we mean a 
solution of the DE (6.6) satisfying the boundary conditions (32.1). 


The existence and uniqueness theory for the boundary value problems 
is more difficult than that of initial value problems. In fact, in the case of 
boundary value problems a slight change in the boundary conditions can 
lead to significant changes in the behavior of the solutions. For example, the 
initial value problem y’’+y = 0, y(0) = ci, y’(0) = cg has a unique solution 
y(x) = c, cos@+cy sin x for any set of values c1, c2. However, the boundary 
value problem y” + y = 0, y(0) = 0, y(7) = e(4 0) has no solution; the 
problem y” + y= 0, y(0) = 0, y(8) =e, 0< 6 <7 has a unique solution 
y(x) = esinz/sinZ, while the problem y” + y = 0, y(0) = 0, y(m) = 0 
has an infinite number of solutions y(a) = csina, where c is an arbitrary 
constant. Similarly, since for the DE (1+<27)y” —2zry’+2y = 0 the general 
solution is y(x) = ci(a? — 1) + coz, there exists a unique solution satisfying 
the boundary conditions y/(@) = A, y/(3) = B; an infinite number of 
solutions satisfying y(—1) = 0 = y(1); and no solution satisfying y(—1) = 
0, y(1) =1. 


Obviously, for the homogeneous problem (6.1), (32.2) the trivial so- 
lution always exists. However, from the above examples it follows that 
besides having the trivial solution, homogeneous boundary value problems 
may have nontrivial solutions also. Our first result provides necessary and 
sufficient condition so that the problem (6.1), (32.2) has only the trivial 
solution. 


Theorem 32.1. Let y;(x) and y2(x) be any two linearly independent 
solutions of the DE (6.1). Then the homogeneous boundary value problem 
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(6.1), (32.2) has only the trivial solution if and only if 


filyi] fi lye] | 


a folyi]  lalye] 


# 0. (32.8) 


Proof. Any solution of the DE (6.1) can be written as 
y(@) = cryi(x) + e2ya(@). 
This is a solution of the problem (6.1), (32.2) if and only if 


lay t+ey] = cfilyi]t+coeilye] = 0 


32.9 
folciy1 + coy2] = crla[yi] + cofelye] = 0. 2) 


However, from Theorem 13.2, system (32.9) has only the trivial solution if 
and only if AF 0. | 


Clearly, Theorem 32.1 is independent of the choice of the solutions y; (x) 
and yo(x). Thus, for convenience we can always take y1(x) and yo(x) to be 
the solutions of (6.1) satisfying the initial conditions 

ila) = 1,. yi Ca) = 0 (32.10) 
and 

yo(o) = 0, (a) = 1. (32.11) 
Corollary 32.2. The homogeneous boundary value problem (6.1), 
(32.2) has an infinite number of nontrivial solutions if and only if A = 0. 


Example 32.1. Consider the boundary value problem 
zy” —y' —4a°y = 0 (32.12) 


Aly) = yA) = 0 
oly] = y(2) = 0. 


For the DE (32.12), yi(x) = cosh(x? — 1) and yo(x) = (1/2) sinh(x? — 1) 
are two linearly independent solutions. Further, since for the boundary 
conditions (32.13), we have 


(32.13) 


1 0 


A= 0 
cosh3 (1/2) sinh3 7 


the problem (32.12), (32.13) has only the trivial solution. 


Example 32.2. Consider once again the DE (32.12) together with the 
boundary conditions 
4[y] = y'(Q) = 0 


oly] = y/(2) = 0. (32.14) 
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Since y/, (a) = 2x sinh(x? — 1) and y$(x) = xcosh(x? — 1), for the boundary 
conditions (32.14), we find 


0 1 
4sinh3 2cosh3 


A= # 0. 


Thus, the problem (32.12), (32.14) has only the trivial solution. 
Example 32.3. Consider the boundary value problem 
y’ +2y'+5y = 0 (32.15) 
4[y] = y) = 0 


fly] = y(r/2) = 0. 


For the DE (82.15), yi(~) = e~* cos2a and yo(x) = e *sin2a are two 
linearly independent solutions. Further, since for the boundary conditions 
(32.16), 


(32.16) 


1 0 


A = 
Se 0 


= 0 


the problem (32.15), (32.16) besides having the trivial solution also has 
nontrivial solutions. Indeed it has an infinite number of solutions y(a#) = 
ce” sin 2”, where c is an arbitrary constant. 


Theorem 32.3. The nonhomogencous boundary value problem (6.6), 
(32.1) has a unique solution if and only if the homogeneous boundary value 
problem (6.1), (32.2) has only the trivial solution. 


Proof. Let y;(z) and y2(x) be any two linearly independent solutions of 
the DE (6.1) and z(a) be a particular solution of (6.6). Then the general 
solution of (6.6) can be written as 


y(x) = cyyi (x) + coye(x) + 2(2). (32.17) 
This is a solution of the problem (6.6), (32.1) if and only if 


ty [ciyi + C2Y2 7 z] = of) [yr] sr col [ye] +; [z] = 


32.18 
la[eiy1 + coy2 + 2] = erlalyi] + c2f2[y2] + Calz] = ( 


However, from Theorem 13.2, nonhomogeneous system (32.18) has a unique 
solution if and only if A # 0, ie., if and only if the homogeneous system 
(32.9) has only the trivial solution. From Theorem 32.1, A 4 0 is equivalent 
to the homogeneous boundary value problem (6.1), (32.2) having only the 
trivial solution. a 


Example 32.4. Consider the boundary value problem 
ay” —y' —4a?y = 14424 (32.19) 
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4ily] = y() = 0 

fly] = y2) = 1. 
Since the corresponding homogeneous problem (32.12), (32.13) has only the 
trivial solution, Theorem 32.3 implies that the problem (32.19), (32.20) has 
a unique solution. Further, to find this solution once again we choose the 
linearly independent solutions of (32.12) to be yi(x) = cosh(x? — 1) and 
y2(x) = (1/2) sinh(x? —1), and note that z(x) = —2 is a particular solution 
of (32.19). Thus, the system (32.18) for the boundary conditions (32.20) 
reduces to 


(32.20) 


( 
cy -1 = 0 
cosh 3 c, + (1/2)sinh3 cp -2 = 1. 
This system can be solved easily, and we obtain c) = 1 and c = 


2(3 — cosh3)/sinh 3. Now substituting these quantities in (32.17) we find 
the solution of (32.19), (32.20) as 


ats _ (3 —cosh3) ee 
y(x) = cosh(a* — 1) 4 aa sinh(a* — 1) 
Problems 


32.1. Solve the following boundary value problems: 


(i) y’—-y=0 (ii) y” +4y'+7y =0 
y(0) =0, y(1) =1. y(0) =0, y/(1) =1. 

(iii) — 6y’ + 25y = 0 (iv) xy" + Txy’ + 3y =0 
y'(0) =1, y(m/4) = 0. y(t) = =1, y(2) =2. 
y"+y=0 y!ty=2? 

u) a . Tee (Mi) (0) = 0, y(m/2) = 1. 

" , yi ty +y=a2 

ees (viii) y(0) + 2y/(0) = 1 

y(0) = 0, y(2) =3. y(t) 4 (1) = 8. 


32.2. Show that the following boundary value problem has no solution: 


yt+y=a, y(0)+y(0)=9, y(m/2) —y'(x/2) = 1/2. 


32.3. Solve the following periodic boundary value problems: 
y"” + 2y' + 10y = 0 y" +1y =0 
(i) —-y(0) = y(x/6) (ii) y(—1) = y(1) 
y'(0) = y'(w/6). y'(-1) = y'(). 
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32.4. Show that the boundary value problem y” = r(x), (32.6) has a 
unique solution if and only if 


A= agdo (8 — a) + aody — aido x 0. 


32.5. Determine the values of the constants 3, A, and B so that the 
boundary value problem y” + 2py’ + gy = 0, y(0) = A, y(@) = B with 
p* —q <0 has only one solution. 


32.6. Show that the boundary value problem y” + p(x)y = q(x), (32.3) 
where p(x) < 0 in [a, @] has a unique solution. 


32.7. Let z(x) be the solution of the initial value problem (6.6), z(a) = 
A, 2'(a) = 0 and yo2(x) be the solution of the initial value problem (6.1), 
(32.11). Show that the boundary value problem (6.6), (32.3) has a unique 
solution y(x) if and only if y2(G) 4 0 and it can be written as 


32.8. Let y:(x) and yo(x) be the solutions of the initial value problems 


(6.1), yi(a) = a1, yi(@) = —ao and (6.1), y2(@) = —di, y3(8) = do, 
respectively. Show that the boundary value problem (6.6), (32.6) has a 
unique solution if and only if W(y1, y2)(a@) 4 0. 


32.9. Let yi(a) and yo(a) be the solutions of the boundary value 
problems (6.1), (32.1) and (6.6), (32.2), respectively. Show that y(a) = 
yi(x) + y2(z) is a solution of the problem (6.6), (32.1). 


32.10. For the homogeneous DE 
Loly] = (a? +1)y" —2ay'+2y = 0 (32.21) 


x and (x? —1) are two linearly independent solutions. Use this information 
to show that the boundary value problem 


Loly] = 6(274+1)?, y(0) = 1, y(1) = 2 (32.22) 


has a unique solution, and find it. 


Answers or Hints 


a oe 21-2) gi ee : 
32.1.. (i) S222. (ii) Was a (iii) ¢¢e8" sin 4a. (iv) maa 


[(16-2- V5) 23+ V6 + (2Y8 —16)a-3- V5]. (v) pL [{5(sin 1+3 cos 1) — 
2} cosx+{5(3sin 1 —cos1)+2}sina]. (vi) 2oosr+ (3 =) sina+a?—-2. 
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ss) —@ i (322 \ ss 18 (1-2) /2 ang V3 
(vii) e~® [2+ (3e? — 1) 2] + x—2. (viii) je ean” cos 4x 
32.2. Leads to an inconsistent system of equations. 


32.3. (i) Trivial solution. (ii) c1 cos mx + cosin ax, where c; and c2 are 
arbitrary constants. 


32.4. For the DE y” = 0 two linearly independent solutions are 1, «. Now 
apply Theorem 32.3. 


32.5. BF Te e~P* |A cos \/q—p2x + Bee ee sin. /q— pea| . 
32.6. Use Theorem 32.3 and Example 31.1. 

32.7. The function y(x) = 21(x) + cy: (2) is a solution of the DE (6.6). 
32.8. Use Theorem 32.3. 

32.9. Verify directly. 


32.10. Use variation of parameters to find the particular solution z(x) = 
x* + 3x. The solution of (32.22) is x+ + 227 — 27 +1. 
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Green’s Functions 


The function H(z, t) defined in (6.10) is a solution of the homogeneous 
DE (6.1) and it helps in finding an explicit representation of a particular 
solution of the nonhomogeneous DE (6.6) (also see Problem 18.9 for higher- 
order DEs). In this lecture, we shall find an analog of this function called 
Green’s function G(x, t) for the homogeneous boundary value problem (6.1), 
(32.2) and show that the solution of the nonhomogeneous boundary value 
problem (6.6), (32.2) can be explicitly expressed in terms of G(a,t). The 
solution of the problem (6.6), (32.1) then can be obtained easily as an 
application of Problem 32.9. For this, in what follows throughout we shall 
assume that the problem (6.1), (32.2) has only the trivial solution. Green’s 
function G(x, t) for the boundary value problem (6.1), (32.2) is defined in 
the square [a, 3] x [a, G] and possesses the following fundamental properties: 


(i) G(a,t) is continuous in [a, 6] x [a, 6). 


(ii) OG(a«,t)/Ox is continuous in each of the triangles a <7 <t< 6 and 
a<t<a< @; moreover 


OG, 0G 1 
Pat ,t) > Da tt ,t) po(t)’ 
where 
OG OG(z, t) OG, . OG (a, t) 
(bt) SS —_ di. 2 a) = oe 
og poo TOs Geo pe Oi 
a>t a<t 


(iii) For every t € [a, 8], z(x) = G(z,t) is a solution of the DE (6.1) in 
each of the intervals [a,¢) and (¢, 6]. 


(iv) For every ¢ € [a, 6], z(x) = G(z,t) satisfies the boundary conditions 
(32.2). 


These properties completely characterize Green’s function G(z,t). To 
show this, let y;(a) and y2(x) be two linearly independent solutions of 
the DE (6.1). From the property (iii) there exist four functions, say, 
Ax(t), A2(t), 1 (t), and [2 (t) such that 


x)AL(t) + yo(x)rA2(t), ac<a<t 
GG an= yr(@)Ar(t) + y2(@)Aa(t) <z< (33.1) 
yi (x)ua(t) + yo(@)malt), t<a<B 
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Now using properties (i) and (ii), we obtain the following two equations: 


yi(t)Ar(t) + yo(t)Ac(t) = yi(t)ea(t) + yo(t)pa(t) (33.2) 
y(t) a(t) + yo (t) ma(t) — yi (t)Ar(t) — yo(t)Aa(t) = — (33.3) 
po(t) 


Let 4 (€) = ui (t)—A1(£) and v2(t) = pe(t) — A2e(£), so that (33.2) and (33.3) 
can be written as 


yi(t)1i(t) + yo(t)ve(t) = 0 (33.4) 
! 1 _ u 
Hi (t)ri(t) + yo(t)ra(t) = ny (33.5) 


Since yi(a) and y2(x) are linearly independent the Wronskian W (y1, y2)(t) 
# 0 for all t € [a, 6]. Thus, the relations (33.4), (33.5) uniquely determine 
vi(t) and v(t). 


Now using the relations j1(t) = A1(t) +11(¢) and po(t) = Ao(t) + v2(t), 
Green’s function can be written as 
G(x,t) = yi(x)Ar(t) + yo(a)Aa(t), aS ae <t 

yi(x)Ar(t) + yo(x)Aa(t) + yi(x)i(t) + yo(a)ve(t), t< a < ZB. 


(33.6) 
Finally, using the property (iv), we find 
fi[yJAr(t) + 4r[y2]A2(t) =~ —bo(yr (8) (t) + y2(8)va(t)) 
—rADeal) +A) — ga 
aly )Ar(t) + C2[y2]A2() = —do(yi (2) (t) + y2(8)va(t)) , 
—dy (yi (B)ri(t) + y9(P)ve(t)). 


Since the problem (6.1), (32.2) has only the trivial solution, from Theorem 
32.1 it follows that the system (33.7) uniquely determines A1(¢) and Ao(t). 


From the above construction it is clear that no other function exists 
which has properties (i)—(iv), i-e., Green’s function G(x, t) of the boundary 
value problem (6.1), (32.2) is unique. 


As claimed earlier, we shall now show that the unique solution y(x) of 
the problem (6.6), (32.2) can be represented in terms of G(x, t) as follows: 


B z B 
y(2z) = ‘ G(a,t)r(t)dt = / Glo, tyr(tat+ | G(a, t)r(t)dt. (33.8) 


Since G(a,t) is differentiable with respect to x in each of the intervals, we 
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find 


y' (x) = G(a, x)r(x) +f )) (dt — G(a,x)r(x) +f Da r(t)dt 


2 4 PCED at | | * OG(t) at 


_ f? dG(a,t) 
-{ a, Tat. 


(33.9) 


Next since 0G(z,t)/Ox is a continuous function of (x, t) in the triangles 
a<t<a<fBanda<a<t< Q, for any point (s,s) on the diagonal of 
the square, i.e., t = x it is necessary that 


OG, _ OG ss 
Da 68 )= a , 8) (33.10) 


ane ag ag 
eS a6 8) (33.11) 
Ox 


Now differentiating the relation (33.9), we obtain 


ee OE V3 | ie GC) ayat 


Ox a Ox? 
OGE@) spo Ge) 
a r(x) 4 i A r(t)dt, 


which in view of (33.10) and (33.11) is the same as 


xt ,2 Gee 0 BPG(r 
DENCE) OO ‘) ra) + ff POO nCayat 


" = 
UME) Ox Ox 


Using property (ii) this relation gives 


ney) — LQ), f? PG,t) 
y'(a) = ee if aaa t)at. (33.12) 


Thus, from (33.8), (33.9), and (33.12), and the property (iii), we get 
po(a)y"" (x) + pr(x)y"(x) + po(x)y(@) 


B Yeler “ 
= rte) + fo [pntay SS” + pn (0) S29 + pa(eyate,)] reoae 


= r(2), 


i.e., y(x) as given in (33.8) is a solution of the DE (6.6). 
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Finally, since 
B B 
y(a) = i Gla,t)r(tat, 8) = i G(B, t)r(t)at 


8 aGla B 
vo) = [| Sa, ye = f SE war, 


it is easy to see that 


B B 
é:[y] = i £,(G(a,t)|r()dt = 0 and fly] = i lo[G(a, t)|r(t)dt = 0 


and hence y(x) as given in (33.8) satisfies the boundary conditions (32.2) 
as well. 


We summarize these results in the following theorem. 


Theorem 33.1. Let the homogeneous problem (6.1), (32.2) have only 
the trivial solution. Then the following hold: 


(i) there exists a unique Green’s function G(a,t) for the problem (6.1), 
(32.2), 


(ii) the unique solution y(a) of the nonhomogeneous problem (6.6), (32.2) 
can be represented by (33.8). 


Example 33.1. We shall construct Green’s function of the problem 


ge Sed (33.13) 
agy(a) + ay’(a) = 0 
doy(8) + diy'(B) = 0 (33.14) 


For the DE (33.13) two linearly independent solutions are y;(a) = 1 and 
yo(x) = x. Thus, the problem (33.13), (33.14) has only the trivial solution if 
and only if A = agdo(G— a) + agd1 — aido 4 0 (see Problem 32.4). Further, 
equalities (33.4) and (33.5) reduce to 


1(t) + tv2(t) = 0 and 1(t) = 1. 
Thus, 1 (¢) = —t and 12(t) = 1. 
Next for (33.13), (33.14) the system (33.7) reduces to 
aoAr(t) + (aoa + a1)A2(t) = 0 
doAr(t) + (doB + di)A2(t) = —do(-t+ B) — di, 


which easily determines \;(t) and \2(¢) as 


1 1 
A1(t) = A (200+ a1) (doB — dot + di) and A2(t) = A 20(dot — do — dr). 
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Substituting these functions in (33.6), we get the required Green’s func- 
tion 
1 (do8 — dot + di)(ana—apz+a1), a<aK<t 


cn 
SE (doB — dox + di)(aoa—agt+a1), t<a<B, 


which is symmetric, i.e., G(x, t) = G(t, x). 


Example 33.2. Consider the periodic boundary value problem 


y’+k’y = 0, k>0 (33.16) 
(0) = yw) 
LO} =P a) WSO. nd 


For the DE (33.16) two linearly independent solutions are y;(x) = cos ka 
and yo(a) = sinka. Hence, in view of Theorem 32.1 the problem (33.16), 
(33.17) has only the trivial solution if and only if 


A= Aksin? £0, ie, we (0 t). 


Further, equalities (33.4) and (33.5) reduce to 


cos kt v1(t) + sin kt v2(t) =0 
—ksinkt 11(t)+ kcoskt vo(t) = 1. 


These relations easily give 
w(t) = — = sin kt and v(t) = = 0s kt. 
Next for (33.16), (33.17) the system (33.7) reduces to 
Cee aC ee ee ee sin kw) 
sinkw A(t) + (1 — cos kw)A2(t) = = 0s k(w —t), 
which determines ;(t) and A(t) as 


Ww 1 : w 
Ai(t) = cos k; (t = =) and A2(t) = eae (¢- =) . 


2k sin Ey) 


Substituting these functions in (33.6), we get Green’s function of the 
boundary value problem (33.16), (33.17) as 


Bis 1 cosk (x —t+ yy O<a2a<t 


— 
2ksin 5” | cosk (t —a+ 
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which as expected is symmetric. 


Example 33.3. We shall construct Green’s function for the boundary 
value problem (6.1), (33.14) where the DE (6.1) is assumed to be self- 
adjoint. 


Let yi(a) and y2(a%) be as in Problem 32.8. Since the homogeneous 
problem (6.1), (33.14) has only the trivial solution, from the same problem 
it follows that yi (a) and y2(x) are linearly independent solutions of the DE 
(6.1). Thus, in view of (6.11) the general solution of (6.6) can be written as 


7 —f* [ys(t)yo(@) — yo(t)an (2)] 
yl) = ery:(2) + coye(2) 4 ik CLARE 


r(t)dt. (33.19) 


However, since (6.1) is self-adjoint, from (30.23) we have po(7)W (y1, y2)(«) 
= C, a nonzero constant. Hence, (33.19) is the same as 


1 x 
y(z) = eryr(x) + eaya(z) + | [yi (t)ya(@) — ya(t)yr(x)|r(t)dt. (33.20) 
This solution also satisfies the boundary conditions (33.14) if and only if 


ao(c1a1 + c2y2(@)) + a1(c1(—ao) + c2¥9(@)) = (aoye(a) + ary9(a))e2 = 0, 
(33.21) 


1 B 
do (nn + cad) + a | [ya (t)(—di) — n(n (arto) 
1 B 
+ dy (vi (8) + c2do + a | [ya (t)do — mld (anna 


B 
= (dom(8)+ diy, (B))a-— > | ye(t)[doyi(B) + diy, (B)]r (that 


= (doy1(8) + diy (8) 


(33.22) 
But from our assumptions agy2(a@) + arys(a) as well as doyi (3) + diy} (8) 
is different from zero. Hence, equations (33.21) and (33.22) immediately 
determine 
1 


B 
co = 0 and cy = af yo(t)r(t)dt. 


Substituting these constants in (33.20), we find the solution of the prob- 
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lem (6.6), (33.14) 


1 x 
= t)dt + = 
u(x) 1 a Jyn(a)r(tat + 
1 “2 
= t)dt+ = 
C =f yi (t)ya(x)r(t) C 
i. G(a,t 
Hence, the required Green’s function is 
1 t : 
Gat) = Lf wOnl) 
C | yi(t)ye(2), 
which is also symmetric. 
Problems 
33.1. Show that 
—costsin x, 
EQa t= { —sintcos 2, 
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O<a<t 
t<a<n/2 


is the Green function of the problem y” + y = 0, y(0) = y(a/2) = 0. Hence, 


solve the boundary value problem 


yy = +a, 


y(0) 


33.2. Show that 
1 


CO a 


is the Green function of the problem y” — y = 0, y(0) = 


solve the boundary value problem 


2sinz, y(0) = 


yy 


sinh(t — 1) sinha, 
sinh ¢t sinh(a — 1), 


y(/2) 


O<a<t 
t<a<l 


y(1) = 0. Hence, 


0, y(1) 2. 


33.3. Construct Green’s function for each of the boundary value prob- 


lems given in Problem 32.1 parts (vi) and (vi 


33.4. Verify that Green’s function of 
0, y(1) = 0 is 


le) =) any 
+1)” 


i) and then find their solutions. 


the problem (32.21), y(0) 
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Hence, solve the boundary value problem (32.22). 


33.5. Show that the solution of the boundary value problem 


can be written as 


ee i Ga, t)r(t)dt, 


where 
(1 — ¢?)a? 
a ie 
G(a,t) = 
(2,0) t(1 — 22) 


33.6. Show that the solution of the boundary value problem 


v 


y—y = r(x), y(-oo) = 0, y(oo) = 0 


can be written as fe 
y(a) = >| e!*—*r(t) dt. 
33.7. Consider the DE 


y” = f(z,y,y’) (33.23) 


together with the boundary conditions (32.3). Show that y(a) is a solution 
of this problem if and only if 


_ 6-2) ,, =o, Pa, 
y(x2) = Car (Gaal ‘| G(a,t)f(t, y(t), y()dt, (33.24) 


where G(a,t) is the Green function of the problem y” = 0, y(a) = y(G) = 0 
and is given by 


= 1 (8-t)(a-a), a<auK<t 
ens aa { (8-a)(a-t), t<a<Q@. (33.25) 


Also establish the following: 
(i) G(e,1) <0 im [a, 8 x [a 6). 
(ii) |G(x,0)| < F@-a). 


B 
(ii) [ IG(@, plat = 518 —2)(e a) < (8-0. 
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B T\C—Q —a)? TL — a 
(iv) / |G(2, t)| sin 2 Vip MO SO) eo) 


B—a) mga) 
(v) [ 


(x — a)? + (6-2)? 2 1 
2(G8 — a) ~ 2 

33.8. Consider the boundary value problem (33.23), (32.4). Show that 

y(x) is a solution of this problem if and only if 


OG(z,t) 
Ox 


jaw 


B 
y(x) = At+ (c-a)B+ f G(a, t) f(t, y(t), y’(t))dt, (33.26) 


where G(,t) is the Green function of the problem y” = 0, y(a) = y'(G) = 0 
and is given by 


G(2,t) = { a : a a (33.27) 


Also establish the following: 


(i) G(z,t) <0 in [a, 8] x [a, 9]. 
(ii) |G(a,t)| < (8 — a). 


8 

(iii) / IG, Dldt = 5 (a a)(28—a n) <5 a)’. 
B av 

(iv) | OG(«, t) 


= — < —_— . 
Heat = (G2) < (8-0) 
33.9. Consider the DE 


y" —ky = f(z,y,y'), k>0 (33.28) 


together with the boundary conditions (32.3). Show that y(a) is a solution 
of this problem if and only if 


- sinh Vk(G — 2) _ sinh Vk(x — a) 
ue aiwEGeay sinh Vk(G — a 


a+ [Glens (t, y(t), y’ (t))dt, 


where G(z,t) is the Green function of the problem y” — ky = 0, y(a) = 
y(3) = 0 and is given by 


G(e, t) = es fay cee ae ae a<a<t 
Vksinh V/k(3 — a) | sinh Vk(t — a) sinh Vk( — 2), t < . 8. : 
33.29 


Also establish the following: 
(i) G(x, t) <0 in [a, 6] x [a, 8]. 
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cosh Vk (te = x) 


B 
ci f |G(2,t)|\dt = . 1 


cosh Vk (5%) 
< d 1 u 
ae cosh Vk (52) 


Answers or Hints 


33.1. lt+a— 7 sin x. 


(2+sin 1) 


33.2. sinh 1 


sinh x — sin x. 


33.3. The associated Green’s functions are as follows: 


: —costsinz, 0O<a<t 
For Problem 32.1(vi), Ge) ={ awicoe Pees ae 


- —BQ=pewe o, 0 ret 
ey Moe , O<zrK 
For Problem 32.1(vii), G(a,t) = { f- ne"), <a <2 


33.4. Verify directly. 2+ + 2x? — 22 +1. 
33.5. Verify directly. 
33.6. Verify directly. 


33.7. Verify (33.24) directly. For part (ii) note that |G(a,t)| < (G6-2)(a— 
a)/(G — a). 

33.8. Verify directly. 

33.9. Verify directly. 


Lecture 34 


Degenerate Linear 
Boundary Value Problems 


From Corollary 32.2 we know that if A = 0, then the homogeneous 
boundary value problem (6.1), (32.2) has an infinite number of solutions. 
However, the following examples suggest that the situation is entirely dif- 
ferent for the nonhomogeneous problem (6.6), (32.1). 


Example 34.1. Consider the nonhomogeneous DE 
y’ +2y'+5y = 4e°* (34.1) 


together with the boundary conditions (32.16). As in Example 32.3 we 
take y;(x) = e~* cos 2x and yo(x) = e~* sin 2x as two linearly independent 
solutions of the homogeneous DE (32.15). It is easy to verify that z(x) = 
e-* is a solution of (34.1). Thus, the general solution of (34.1) can be 


written as 
=e 


y(a) = cye~* cos 2x + c2e~" sin 2x + € 
This solution satisfies the boundary conditions (32.16) if and only if 


a+ = 0 


34.2 
=e 7! +e 7/2 = 0 ( ) 


which is impossible. Hence, the problem (34.1), (32.16) has no solution. 
Example 34.2. Consider the nonhomogeneous DE 

y’ +2y'+5y = 4e~* cos 2x (34.3) 
together with the boundary conditions (32.16). For the DE (34.3), z(x) = 
xe—* sin 2z is a particular solution, and hence as in Example 34.1 its general 
solution is 


y(z) = ce * cos2a + coe" sin2x + xe” sin 2a. 


This solution satisfies the boundary conditions (32.16) if and only if 


hie (34.4) 
—cje"7/2 = 0, 
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i.e., cy = 0. Thus, the problem (34.3), (32.16) has an infinite number of 
solutions 
y(“z) = ce “sin2a+ axe “sin 22, 


where c is an arbitrary constant. 


In systems (34.2) and (34.4) the unknowns are c; and cz and the coef- 


ficient matrix is 
1 0 
Serre. ay |? 


whose rank is 1. Thus, from Theorem 13.3 the conclusions in the above 
examples are not surprising. As a matter of fact using this theorem we 
can provide necessary and sufficient conditions for the existence of at least 
one solution of the nonhomogeneous problem (6.6), (32.1). For this, it is 
convenient to write this problem in system form as 


uo = A(x)u+ d(z) 


Lou(a) + Liu(B) = &, ere 
where 
0 1 0 
A(z) = po(z) pile) |, (a) = | r(x) |, 
po(z) — po(x) po(x) 


Theorem 34.1. Let W(x) be a fundamental matrix solution of the 
homogeneous system u’ = A(x)u, and let the rank of the matrix P = 
LoV(a) +1, V0(8) be 2—m (1 < m < 2). Then the boundary value problem 
(34.5) has a solution if and only if 


B 
Qe Qh, ¥(s) | wl (t)b(t)dt = 0, (34.6) 


a 


where Q is a m x 2 matrix whose row vectors are linearly independent 
vectors gq’, 1 <i<™m satisfying q’P = 0. 


Further, if (34.6) holds, then any solution of (34.5) can be given by 
u(x) = > kyul(a) + U(x) Se +f G(x, t)b(t)dt, (34.7) 
i=1 io 


where kj, 1 < i < m are arbitrary constants, u’(x), 1 < i < m are 
m linearly independent solutions of the homogeneous system u’ = A(x)u 
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satisfying the homogeneous boundary conditions Lou(a) + Lyu(B) = 0, S$ 
is a 2 x 2 matrix independent of b(x) and ¢ such that PSv = v for any 
column vector v satisfying Qu = 0, and G(z, t) is the piecewise continuous 
matrix called the generalized Green’s matrix 


Sige aera a< a 


W(x) — SL, V(B|V'(), t<a<p. 


Proof. From (18.14) any solution of the above nonhomogeneous system 
can be written as 


x 


u(z) = V(x)e+V(a) if ww! (4)b(¢) dt, (34.9) 


a 
where c is an arbitrary constant vector. 


Thus, the problem (34.5) has a solution if and only if the system 


B 
(LoW(a) + Lr¥(a)je+ Lw(a) [WHOA = & 


a 


Le., 
B 
Pc = ¢- 1, 0(6) | w(t)b(t)dt (34.10) 
has a solution. However, since the rank of the matrix P is 2 — m, from 
Theorem 13.3 the system (34.10) has a solution if and only if (34.6) holds. 
This proves the first conclusion of the theorem. 


When (34.6) holds, by Theorem 13.3 the constant vector c satisfying 
(34.10) can be given by 


m ; B 
c= So kici +8 e- 1,05) [| 
i=l 


a 


orontna ‘ (34.11) 


where kj, 1 <7 < mare arbitrary constants, c’, 1 <i< mare m linearly 
independent column vectors satisfying Pc’ = 0, and S is a 2 x 2 matrix 
independent of 


£—1L,V(6) he Ww! (t)b(t)dt 


a 


such that PS'v = v for any column vector v satisfying Qu = 0. 


Substituting (34.11) into (34.9), we obtain a solution of the problem 
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(34.5) as 


u(x) = Yaw) ei + W( (2)St— W(x) SL, (8) | W—1()b(t)dt 


a 


+WU(z) = 
= Yaw +e U(x) [I — SL,U(B)}U—!(t)b(t)dt 


- ‘i, U(x) SL, U(3)U~'(t)b(t)dt 


m B 
= Y bua) +uejses | G(x, t)b(t)dt 


where u'(x) = V(a)c’ are evidently linearly independent solutions of the 
homogeneous system u’ = A(x)u, and moreover since Pc’ = 0 it follows 
that 


Lou'(a) + Lyu'(B) = Lp¥(a)e + Ly U(B)c! 
(LoW(a) +L, 0(3))co = Pei = 0. OU 


Example 34.3. Consider the boundary value problem 


ae eae, (34.12) 
y(0) — y(27) = 0 
y'(0) —y/(2n) = —7, (34.13) 


which in the system form is the same as (34.5) with 


L ee L 
QO; 01]? 1 


For this problem we choose 


cosx sing 
W(x) = | 


—simv cosx 


td 


II 
SS — st 
o | 

ra 
| 
Ud 
io) 
=) 
Q 
oS 
II 
= —_ +4 
| 
3 O° 
[ eT 


so that 
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whose rank is 0, i.e., m = 2. Let the matrix 


mi 


whose row vectors g! and q? are linearly independent and satisfy g1P = 
¢’P = 0. Thus, the condition (34.6) reduces to 


1 0 0 1 0 —-1 0 1 0 
me —-r| |0 1 —_— 0 i 
2x | cost —sint 0 

- : sint cost | r(t) Je a 


which is the same as 


(34.14) 


Further, 


COS & 


u(x) = Re | and u2(#) = peed 
in x cos & 


are linearly independent solutions of u’ = A(x)u, and satisfy the boundary 
conditions Lou(0) + Liu(27) = 0. Also, we note that Qu = 0 implies that 
v= [0 0]”, and hence we can choose the matrix 


0 0 
0 0]- 


Thus, if the conditions (34.14) are satisfied, then any solution of the above 
problem can be written as 


u(a) = a | ne Jos oe | +f Glw,nopae, 
0 


S = 


—sina cos & 


where the generalized Green’s matrix G(z,t) is 


0, O<a<t 
G(z,t) = ae sin(x — t) 


. », t<a<2n. 
—sin(x—t) cos(a# — t) 
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Hence, any solution of (34.12), (34.13) is given by 


y(a) = ky cosa+kgsina + i. sin(a — t)r(t)dt. (34.15) 
0 


In particular, for the function r(x) = cosa, conditions (34.14) are sat- 
isfied, and (34.15) reduces to 


1 
y(“z) = ky cosa+kgsina + 52 sin x. 
Example 34.4. Consider the boundary value problem 


y(0) = 0 
y(1)—y'(1) = 9, 


which in system form is the same as (34.5) with 


0 1 0 
A(z) = ke AP (2) = Peale 


1 0 0 0 0 
Io = , f= , and = . 
0 O 1 -1 0 


For this problem we take 


so that 
1 0 
P = 


whose rank is 1; ie., m = 1. Let the matrix Q = gq = (1. — 1) which 
satisfies the condition q'P = 0. Thus, the condition (34.6) reduces to 


E ea 7 | few fee 


[rou = 0. (34.18) 
0 


0 0 
1 -l 


aa -»| 


which is the same as 
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Further, u(x) = [x 1)” is a solution of u’ = A(zx)u, and satisfies the 
boundary conditions Lgu(0) + Lyu(1) = 0. Also, we note that Qu = 0 
implies that we can take v = [1 1]7 and then 


2 [53] 


satisfies the condition PSv = v. Thus, if the condition (34.18) is satisfied 
then any solution of the above problem can be written as 


1 
x 
ula) = ky i +f G(a, t)b(t)dt, 
0 
where the generalized Green’s matrix is 
0, O<a<t 
G(a,t) = 1 x2-t 
, eee i 
0 1 


Hence, any solution of (34.16), (34.17) is given by 


y(a) = kat fe — t)r(t)dt. (34.19) 


In particular, for the function r(#) = 2—32 the condition (34.18) is satisfied, 
and (34.19) simplifies to 


1 
ya) = hye + 0° — 50°. 


Problems 


34.1. Find necessary and sufficient conditions so that the following 
boundary value problems have a solution: 


; y’+y=r(2) & He nin (ae 

(i) (0) = y(n) =0. Gi) ¥() =y'() =0. 
y’ +y=r(z) y” =r(z) 

(iii) (0) = y(27) (iv) y(-—1) = y(Q1) 
y' (0) = y'(27). y’(-1) =y'(1). 

(v) y+y=r(x (vi) y" =1(z) 
y(0) = 1, y(m) = 1/2. y’(0)=1, y'(1) =2 
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34.2. Solve the following boundary value problems: 


(i) y’ +y =cosx (i) y” = cosTx 
y(0) = y(m) = 0. y’(0) =y'(1) =0. 
7 : yl" = 7 
Ce re ae a aca (i) y(-1)-40) 40/10) = 
y'(0) = 1, y( j= 0. y'(-l)-y'(1 )=0. 


34.3. Let the DE (6.1) be self-adjoint and yo(x) be a nontrivial solution 
of the homogeneous problem (6.1), (33.14). Show that the nonhomogeneous 
boundary value problem (6.6), (33.14) has a solution if and only if 


B 
i yo(a)r(a)dx = 0. 


Answers or Hints 


34.1. (i Gy sy xe r(x) sinadr = 0. (ii ) fo r( x)dx = ¥ 7 dies 


(i) 9 T(z)sinadx = 
a es r(x) oe. = 0. (iv) far (x)dx = 0. (v) fj r(z)sinadz = 3. 
= for r(a)da = 1. 
34.2. (i) kjsina+$asina. (ii) kj — 4cosma. (iii) kj cos $a — xcos $a. 
(iv) ki + 352° 
34.3. Let yo(x), yi(x) be linearly independent solutions of (6.1). Now 
write the general solution of (6.6) in the form (33.20). 


Lecture 35 


Maximum Principles 


Maximum principles which are known for ordinary as well as partial dif- 
ferential inequalities play a key role in proving existence—uniqueness results 
and in the construction of solutions of DEs. In this lecture, we shall dis- 
cuss the known maximum principle for a function satisfying a second-order 
differential inequality and extend it to a general form which is extremely 
useful in studying second-order initial and boundary value problems. 


Theorem 35.1. Ify¢ Ca, 6], y(x) > 0 in (a, 8), and y(z) attains 
its maximum at an interior point of [a, 3], then y(a) is identically constant 


in [a, G3]. 


Proof. — First, suppose that y’(x) > 0 in (a,@); if y(x) attains its 
maximum at an interior point, say, zo of [a,G], then y/(ag) = O and 
y" (ao) < 0, which is a contradiction to our assumption that y”(x) > 0. 
Thus, if y’(#) > 0 in (a,8), then the function y(a#) cannot attain its 
maximum at an interior point of [a, 3]. Now suppose that y”(x) > 0 in 
(a, 3) and that y(a#) attains its maximum at an interior point of [a, (], 
say, ©. If y(v1) = M, then y(x) < M in [a, GZ]. Suppose that there ex- 
ists a point x2 € (a,@) such that y(x2) < M. If xg > a1, then we set 
z(a) = exp(y(x— 21)) — 1, where ¥ is a positive constant. For this function 
z(a), it is immediate that 


z(x) < 0, wéla,a1), 2(a1) = 0, 2z(a) > 0, aw E€ (21,6) (35-1) 


(2) = yexp(y(a#-21)) > 0, 2€[a, A). 


Now we define w(x) = y(a) + ez(x), where 0 < € < (M — y(a2))/z(a2). 
Since y(a2) < M and z > 0, such an ¢ always exists. From (35.1), it 
follows that w(x) < y(z) < M, a € (a,21), w(x2) = y(a2) + €z(42) < M, 
and w(#1) = M. 


Since w(x) = y"(x) + ez"(x) > 0 in (a,22), the function w(x) can- 
not attain a maximum in the interior of [a, x2]. However, since w(a) < 
M, w(%2) < M and w(a1) = M where x € (a,22), w(x) must attain a 
maximum greater than or equal to M at an interior point of (a, x2), which is 
a contradiction. Therefore, there does not exist a point x2 € (a, 3), v2 > x1 
such that y(r2) < M. 
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If v2 < x1, we can set z(”) = exp(—7(# — 2%1)) — 1, where 7¥ is a positive 
constant and again by similar arguments we can show that such an 2x2 
cannot exist. Therefore, y(a) = M in [a, 6]. | 


The above result holds if we reverse the inequality and replace “maxi- 
mum” by “minimum.” 


We shall now consider a more general inequality y” + p(x)y'+q(x)y > 0. 
However, for this inequality the following examples show that no matter 
whether q(x) is negative or positive the preceding result need not hold. 
Hence, we can at most expect a restricted form of maximum principle. 


Example 35.1. The function y(x) = sinz is a solution of y” + y = 0. 
However, in the interval [0,7], y(x) attains its maximum at « = 7/2 which 
is an interior point. 


Example 35.2. For y” —y=0, y(x) = —e” — e~* is a solution which 
attains its maximum value —2 at « = 0 in the interval [—1, 1]. 


Theorem 35.2. Let y(z) satisfy the differential inequality 


y""(x) + p(a)y"(x) + a(a)y(x) 2 0, @ € (a, 8) (35.2) 


in which p(x) and q(x) (< 0) are bounded in every closed subinterval of 
(a, 8). If y(x) assumes a nonnegative maximum value M at an interior 
point of [a, 6], then y(x) = M. 


Proof. If the inequality in (35.2) is strict and y(a) assumes a nonnegative 
maximum M at an interior point 2 of [a, G6], then y(xo) = M, y'(ao) = 0 
and y’"(x%9) < 0. Since p(x) and q(x) are bounded in a closed subinterval 
containing xo and q(x) < 0, we have 


y" (20) + p(xo)y' (ao) + a(ao)y(ao) < 9, 


contrary to our assumption of strict inequality in (35.2). Hence, if the 
inequality (35.2) is strict, y(a) cannot attain its nonnegative maximum at 
an interior point of [a, 3). 


Now if (35.2) holds and y(a,) = M for some x, € (a,), we suppose 
that there exists a point x2 € (a, 3) such that y(a2) < M. If x2 > 2, then 
once again we set z(x) = exp(y(x — x1)) — 1, where 7¥ is a positive constant 
yet to be determined. This function z(2) satisfies (35.1), and since q(x) < 0 
it follows that 


z+ p(a)z! + q(x)z 
+ p(a)y + g(a) (1 — exp(—7(# — #1)))] exp(y(a — #1) 
+ p(x) + a(a)] exp(y(# — #1). 


= 
NON 


es 
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We choose ¥ such that y?+p(x)y+¢q(x) > 0 in (a, 3). This is always possible 
since p(x) and q(«) are bounded in every closed subinterval of (a, 3). With 
such a choice of 7, we see that 


2" + p(x)z'+q(x)z > 0. 


The rest of the proof is word for word the same as that of Theorem 
35.1, except for the function w instead of w(x) > 0 we now have w’’(a) + 
p(a)yw'(x) + q(a)w(x) > 0. 


If g(a) is not identically zero in (a, 3), then the only nonnegative con- 
stant M for which y(z) = M satisfies (35.2) is M = 0. For this, we 
have y(x) = M > 0, y(a) = y"(«a) = 0, x € (a,) and therefore 
yl" (x) + p(x)y'(x) + a(2)y(x) = g(z)M = 0, but g(x) < 0, and hence it 
is necessary that M = 0. | 


Next we shall prove the following corollaries. 


Corollary 35.3. Suppose that y(x) is a nonconstant solution of the 
differential inequality (35.2) having one-sided derivatives at a and /, and 
p(a) and g(a) (< 0) are bounded in every closed subinterval of (a, (). If y(x) 
has a nonnegative maximum at a and if the function p(x) + (a — a)q(x) 
is bounded from below at a, then y/(a) < 0. If y(a) has a nonnegative 
maximum at 6 and if p(x) — (G — x)q(x) is bounded from above at (3, then 


y'(B) > 0. 


Proof. Suppose that y(z) has a nonnegative maximum at a, say, y(a) = 
M > 0, then y(a) < M, «x € [a,G], and since y(x) is nonconstant, there 
exists a 20 € (a, 3) such that y(ap) < M. 


We define z(x) = exp(7(a — a)) — 1, where ¥ is a positive constant yet 
to be determined. Then since q(x) < 0 and 1 — exp(—7(a — a)) < y(a-— a) 
for x > a it follows that 


2!" + pla)a! +4(2)z 
= fy? + p(a)y + a(2)(1 — exp(—7(@ — a)))] exp((w — a) 
> [2 + (ple) + q(2)(w — a))] exp(y(w — a). 


Q 


We choose 7 such that y? +(p(x) + ¢(x)(x—a)) > 0 for x € [a, xo]. This is 
always possible since p(a) and q(x) are bounded in every closed subinterval 
and p(#)+(x—a)q(z) is bounded from below at a. Then 2”+p(x)z'+q(x)z > 
0. 


Now we define w(a) = y(a) + ez(x), where 0 < € < (M — y(ao))/z(20). 
Then w(a) = y(a) = M which implies that w(2) has a maximum greater 
than or equal to M in [a,x]. However, since w” + p(x)w’ + q(x)w > 0, 
the nonnegative maximum must occur at one of the endpoints of [a, xo]. 
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Finally, w(ao) = y(xo) + €z(xo0) < M implies that the maximum occurs at 
a. Therefore, the one-sided derivative of w(x) at a cannot be positive, i-e., 
w'(a) < 0, and w’(a) = y’(a) + €z’(a) < 0. However, since z’(a) = y > 0, 
we must have y/(a) < 0. 


If the nonnegative maximum M of y(a) occurs at G3, then by similar 
arguments we can show that y’(@) > 0. H 


Corollary 35.4. Suppose that y(x) is a solution of the differential 
inequality (35.2), which is continuous in [a, 3] and y(@) < 0, y(@) < 0, and 
p(x) and q(x) (< 0) are bounded in every closed subinterval of (a, 3). Then 
y(x) < 0 in (a, 8) unless y(a) = 0 in [a, f]. 


Proof. If y(x) has a negative maximum, then y(x) < 0 in [a, 3]. Oth- 
erwise, by Theorem 35.2, the nonnegative maximum of y(a) must occur at 
the endpoints. However, since y(a) < 0, y(@) < 0 we must have y(x) < 0 
in (a, 8) unless y(az) = 0 in [a, f]. a 


The following two examples illustrate how maximum principles can be 
applied to obtain lower and upper bounds for the solutions of DEs which 
cannot be solved explicitly. 


Example 35.3. Consider the boundary value problem 


ya) = 1, (8) = 7 
for which a unique solution y(x) always exists. 
Suppose there exists a function z(x) such that 
zg — a2 < 0, 2a) > mm, 2(8) >. (35.4) 


For such a function z(x), we define w(x) = y(a) — z(x). Clearly, w(x) 
satisfies 
w'—2?w > 0, wi(a) < 0, w(8) < 0 (35.5) 


and hence Corollary 35.4 is applicable, and we find that w(x) < 0 in [a, (], 
ie., y(x) < z(x) in [a, f]. 


Now we shall construct such a function z(a) as follows: we set 21(2) = 
A{2 —exp(—7(x — a))} where A and ¥ are constants yet to be determined. 
Since 

a —a?z, = A{(—7? + 2”) exp(—7(z — a)) — 227}, 


we choose A = max{7,72,0}, and y = max{|a],|3|} + 1, so that A > 
0, y>0, —77 +2? <0, x € [a, G8]. Thus, with this choice of A and 4, it 
follows that z{! — 272, <0, 2(a)=A>, (8) > A> yo. Hence, z(z) 
satisfies (35.4) and we have y(x) < 21(x), x € [a, 8]. 
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Similarly, to obtain a lower bound for y(x), we let zo(7) = B{2 — 
exp(—7(# — a))} where ¥ is chosen as before and B = min{71, 72,0}. Then 
B < 0, and 2za(z) satisfies z¥ — 27z2 > 0, z2(a) = B< y, 2(8) < 
B < 72. Hence, z2(x) satisfies (35.4) with the inequalities reversed, and 
the function w(x) = z2(x) — y(x) satisfies (35.5). Therefore, it follows that 
zo(2) <y(a), © € (a, 8). 


In conclusion, we have 
Boz) < y(x) < Ad(z), 


where A = max{ 71, 72,0}, B= min{%}, 72,0}, é(a@) = 2 —exp(—7(a — a)) 
and y = max{|a|, |G} + 1. 


Example 35.4. Once again we consider the DE y” — «?y = 0 in the 
interval (0,1), but with initial conditions y(0) =1, y’(0) = 0. 


To obtain an upper bound for y(z), it suffices to find a function 21(2) 
satisfying 


w—2*z > 0, x€(0,1), u(0) > 1, (0) > 0. (35.6) 
For this, we define v1 (x) = z1(a) — y(«), and note that 
vi —2?v, > 0, «€(0,1), (0) > 0, v{(0) > 0. 


Since v;(0) > 0, the function v;(2) has a nonnegative maximum in every 
subinterval [0,79] of [0,1]. Thus, from Theorem 35.2 it follows that this 
maximum must occur either at 0 or zo. Since vj (0) > 0, from Corollary 
35.3, the maximum must occur at xv unless vi(z) is constant in [0, x]. 
Hence, for zo € (0,1), v1(a@o) > v1 (0) > 0, and by Corollary 35.3 we find 
that vu} (xo) > 0. Therefore, it follows that for each x € (0,1), ui(a) = 
z1(x) — y(x) > v1(0) > 0, and hence y(a) < 21(2). 


To construct such a function z;(a), we set 21(x) = cyx? + 1, where c, is 
a constant yet to be determined. Since 


“= a?x = 2 —27(qa2+1) = o(2-24)-—2? 
we need to choose c; such that c, > x?/(2 — 24), x € [0,1]. Since x?/(2 — 
x*) <1 for all x € [0,1], we can let c, = 1. Then z,(x) = x? + 1 and it 


satisfies (35.6). Therefore, it follows that y(x) < #7 +1, x € [0,1]. 


Similarly, to obtain a lower bound we need to find a function z2(2) 
satisfying 


waz < 0; « € (0,1), 22(0) < 1, (0) < 0. (35.7) 
To construct such a function z2(a), once again we set z2(x) = cor? +1, 


where cz is a constant yet to be determined. Since 


zy — az. = o(2—24)-— 2? 
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we need to choose cz such that cg < «?/(2—2*), x € [0,1]. Therefore, we 
can choose cg = 0, to obtain z2(z) = 1 which satisfies (35.7). Hence, it 
follows that 1 < y(x), x € [0,1]. 


In conclusion, we have 
1 < y(z) < 1+2, we (0,1). 


Finally, we remark that in Examples 35.3 and 35.4 above we can use 
polynomials, rational functions, exponentials, etc., for the construction of 
the functions z;(a#) and z2(z). 


Problems 


35.1. The function y = sinz, x € (0,7) attains its positive maximum 
at « = 7/2, and is a solution of the DE 


y” + (tanz)y’ = 0. 
Does this contradict Theorem 35.2? 
35.2. Consider the DE 
y" +ae%¥ = —2?, x € (0,1), 


where a and # are positive constants. Show that its solution cannot attain 
a minimum in (0, 1). 


35.3. Consider the DE 
y" a cos(y’) — Bx", LE (=; Lg 


where a and £ are positive constants. Show that its solution cannot attain 
a maximum in (—1, 1). 


35.4. Consider the boundary value problem 
y’ +a27y = —2*, x €(0,1) 
y(0) = 0 = y(1). 


Show that its solution cannot attain a minimum in (0,1). Further, show 
that y/(0) > 0, y/(1) <0. 


35.5. Show that the boundary value problem 


y" +p(z)y'+q(x)y = r(x), 2x € (a,8) 
ya) = A, y(3) = B 
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where p(x) and q(x) are as in Theorem 35.2, has at most one solution. 
35.6. Show that the solution y(z) of the boundary value problem 
y’'—-ay = 0, x€(0,1), y(0) = 0, y(1) = 1 
satisfies the inequalities (x + x?)/2 < y(x) < x, x € [0,1]. 


35.7. Show that the solution y(z) of the initial value problem 
1 
y+ —y'—y = 0, € (1), y(0) = 1, y(0) = 0 


satisfies the inequalities 1 + 27/4 < y(x) <1+27/3, x € [0,1]. 


Answers or Hints 


35.1. No. 
35.2. 
35.3. 
35.4. Use contradiction. 
35.5. Use Corollary 35.4. 
35.6. See Example 35.3. 
35.7. See Example 35.4. 


se contradiction. 


se contradiction. 


U 
U 
U 
U 
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Sturm—Liouville Problems 


In our previous lectures we have seen that homogeneous boundary value 
problem (6.1), (32.2) may have nontrivial solutions. If the coefficients of 
the DE and/or of the boundary conditions depend upon a parameter, then 
one of the pioneer problems of mathematical physics is to determine the 
value(s) of the parameter for which such nontrivial solutions exist. These 
special values of the parameter are called eigenvalues and the corresponding 
nontrivial solutions are called eigenfunctions. The boundary value problem 
which consists of the self-adjoint DE 


(p(a)y’)’ + q(x)y + Ar(ax)y = Poly] +Ar(a)y = 0 (36.1) 


and the boundary conditions (33.14) is called the Sturm—Liouville problem. 
In the DE (36.1), is a parameter, and the functions g, r € C(J), p € 
C'(J), and p(x) >0, r(x) > Oin J. 


The problem (36.1), (33.14) satisfying the above conditions is said to be 
a regular Sturm—Liouville problem. Solving such a problem means finding 
values of \ (eigenvalues) and the corresponding nontrivial solutions ¢)() 
(eigenfunctions). The set of all eigenvalues of a regular problem is called 
its spectrum. 


The computation of eigenvalues and eigenfunctions is illustrated in the 
following examples. 


Example 36.1. Consider the boundary value problem 
y’+Ay = 0 (36.2) 


y(0) = y(m) = 0. (36.3) 


If \ = 0, then the general solution of (36.2) is y(x) = ci + c2a, and this 
solution satisfies the boundary conditions (36.3) if and only if c: = cg = 0, 
i.e., y(x) = 0 is the only solution of (36.2), (36.3). Hence, A = 0 is not an 
eigenvalue of the problem (36.2), (36.3). 


If \ 4 0, it is convenient to replace \ by uu”, where pz is a new parameter 
not necessarily real. In this case the general solution of (36.2) is y(a) = 
ce'® + coe~*#*, and this solution satisfies the boundary conditions (36.3) 
if and only if 


Cy tcp = 0 
(36.4) 
cye"4™ + coe H™ = 0, 
R.P. Agarwal and D. O’Regan, An Introduction to Ordinary Differential Equations, 265 


doi: 10.1007/978-0-387-71276-5_36, © Springer Science + Business Media, LLC 2008 
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The system (36.4) has a nontrivial solution if and only if 


et eet =o, (36.5) 


If 1 = a+ib, where a and b are real, condition (36.5) reduces to 


e™(cosam — isinam) — e~°"(cosam + isinar) 


= (e* — e—°*) cosan — i(e'* + e—**) sinan 


= 2sinhbmcosan — 2icoshbrsinaz = 0, 
i.e., 
sinh br cosa = 0 (36.6) 
and 
cosh brsinaz = 0. (36.7) 


Since cosh br > 0 for all values of b, equation (36.7) requires that a = n, 
where n is an integer. Further, for this choice of a, cosam 4 0, and equation 
(36.6) reduces to sinhbz = 0, ie, b = 0. However, if b = 0, then we 
cannot have a = 0, because then 4 = 0, and we have seen that it is not 
an eigenvalue. Hence, 4 = n, where n is a nonzero integer. Thus, the 
eigenvalues of (36.2), (36.3) are An = p? = n?, n=1,2,.... Further, from 
(36.4) since cp = —c; for \, = n? the corresponding nontrivial solutions of 
the problem (36.2), (36.3) are 


dn(z) = a(e™® —e-”*) = ici sinnz, 
or, simply ¢p(x“) = sinna. 


Example 36.2. Consider again the DE (36.2), but with the boundary 
conditions 
y(0)+y'0) = 0, yl) = 0. (36.8) 


If \ = 0, then the general solution y(a) = c; + c2x of (36.2) also satisfies 
the boundary conditions (36.8) if and only if cj + co = 0, ie., cg = —c1. 
Hence, » = 0 is an eigenvalue of (36.2), (36.8) and the corresponding eigen- 
function is $)(@) =1— 2. 


If A 4 0, then once again we replace A by yu? and note that the general 
solution y(a) = cye’"” + coe "#* of (36.2) satisfies the boundary conditions 
(36.8) if and only if 


(c1 + ce) + ip(er — co) = 0 


ce" + ce 4% = 0. 


(36.9) 


The system (36.9) has a nontrivial solution if and only if 


(1+ ip)e* — (1—ipje* = 0, 
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which is equivalent to 
tan = pL. (36.10) 


To find the real roots of (36.10) we graph the curves y = y and y = tan pu 
and observe the values of 4 where these curves intersect. 


y 


x 3m 5m 
2 2 2 
Figure 36.1 


From Figure 36.1 it is clear that the equation (36.10) has an infinite 
number of positive roots un, n = 1,2,..., which are approaching the odd 
multiples of 1/2, i.e., Un ~ (2n+1)7/2. Further, since the equation (36.10) 
remains unchanged if ys is replaced by —y, we find that the only nonzero 
real roots of (36.10) are uw, ~ +(2n + 1)7/2, n=1,2,.... 


Thus, the problem (36.2), (36.8) also has an infinite number of eigenval- 
ues, \y = 0, Angi & (2n+1)27?7/4, n = 1,2,.... Further, from (36.9) since 


c2 = —c,e”*# for these An, n > 1 the corresponding nontrivial solutions of 
the problem (36.2), (36.8) are 
y(x) = cpetVn® — eye WV Ant eiVAn —  _ Qevie!V*” sin VXn(1 — 2). 
Hence, the eigenfunctions of (36.2), (36.8) are 
gi(a) = l-« 


Ole mindy 1 =a). WS 2,302. 


268 Lecture 36 


From Example 36.1 it is clear that the problem (36.2), (36.3) has an 
infinite number of real eigenvalues \,,, which can be arranged as a mono- 
tonic increasing sequence Ay < Ag < --- such that A, — oo as n > ov. 
Also, corresponding to each eigenvalue X,, of (36.2), (36.3) there exists a 
one-parameter family of eigenfunctions ¢,(x), which has exactly (n—1) ze- 
ros in the open interval (0, 7). Further, these eigenfunctions are orthogonal. 
This concept is defined in the following definition. 


Definition 36.1. The set of functions {¢,(x) : n =0,1,...} each of 
which is piecewise continuous in an infinite or a finite interval [a, (] is said 
to be orthogonal in [a, 3] with respect to the nonnegative function r(x) if 


B 
(dm, On) = if r(x)bm(x)bn(x)dx = 0 forall m4n 


and 


B 
i, r(a)¢2(x)dxe # 0 forall n. 


The function r(x) is called the weight function. In what follows we shall 
assume that the function r(a) has only a finite number of zeros in [a, /] 


and the integrals ce r(x)on(a)de, n= 0,1,... exist. 


The orthogonal set {¢,(”) : n =0,1,...} in [a, 6] with respect to the 
weight function r(a) is said to be orthonormal if 


B 
i, r(x)¢2(z)dxe = 1 forall n. 


Thus, orthonormal functions have the same properties as orthogonal func- 
tions, but, in addition, they have been normalized, i.e., each function ¢,,(2x) 
of the orthogonal set has been divided by the norm of that function, which 


is defined as 
B 1/2 
lonll = (/ rosa) 


| sinkxsinflrdx = 0, 
0 


Now since 


for all k 4 @, the set of eigenfunctions {¢,(a) = sinnz, n = 1,2,...} of 
(36.2), (36.3) is orthogonal in [0,7] with the weight function r(x) = 1. 

Clearly, the above properties of eigenvalues and eigenfunctions of (36.2), 
(36.3) are also valid for the problem (36.2), (36.8). In fact, these properties 
hold for the general regular Sturm—Liouville problem (36.1), (33.14). We 
shall state these properties as theorems and prove the results. 
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Theorem 36.1. The eigenvalues of the regular Sturm—Liouville prob- 
lem (36.1), (33.14) are simple, i.e., if \ is an eigenvalue of (36.1), (33.14) 
and ¢1(a) and ¢2(x) are the corresponding eigenfunctions, then ¢)(a) and 
2(x) are linearly dependent. 


Proof. Since ¢1(x) and ¢2(x) both are solutions of (36.1), from (30.23) 
it follows that p(#)W(¢1, ¢2)(%) = c (constant). To find the value of c, we 
note that ¢; and @¢2 satisfy the boundary conditions, and hence 

aogi(a) + aigi(a) = 0 

agg2(a) + aigg(a) = 0, 


which implies W(¢1,¢2)(a@) = 0, and hence c is zero. Thus, p(2)W(¢1, 
$2)(x) = 0, ie., d1(a) and ¢2(x) are linearly dependent. | 


Theorem 36.2. Let \,, n = 1,2,... be the eigenvalues of the reg- 
ular Sturm-—Liouville problem (36.1), (33.14) and ¢,,(a), n = 1,2,... be 
the corresponding eigenfunctions. Then the set {dn(x): n = 1,2,---} is 
orthogonal in [a, 3] with respect to the weight function r(x). 


Proof. Let Az and Ay, (k ¥ £) be eigenvalues, and $;(a) and (x) be 
the corresponding eigenfunctions of (36.1), (33.14). Since ¢,(x) and ¢¢(x) 
are solutions of (36.1), we have 


Palor] + Anr(x)bx(x) = 0 


and 


Palde] + Aer(x)be(x) = 0. 
Thus, from Green’s identity (30.24) it follows that 


B B 
(a) [ rajoxa)or(e)de =f (6ePolds| - oxPaloa) de 
B 
= P(x) [be(x)b4,(x) — O¢() bx(2)]] 
(36.11) 

Next since ¢,(x) and ¢¢(x) satisfy the boundary conditions (33.14), ie., 

aod (a) + aig, (a) = 0, dodk (8) + digi,(8) = 0 

agge(a) + ardy(a) = 0, doge(Z) + di g¢i(B) = 0 


it is necessary that 


x(a) Ge(@) — $4 (a)be(@) = o4(B)62(8) — 4, (B)be(8) = 0. 
Hence, the identity (36.11) reduces to 


B 
(c- A) f r(x)dp(x)be(a)da = 0. (36.12) 
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However, since Az # Ax, it follows that 
B 
J r@en(o)oeade = 0. 


Corollary 36.3. Let \; and 2 be two eigenvalues of the regular 
Sturm-Liouville problem (36.1), (33.14) and ¢;(x) and ¢2(x) be the cor- 
responding eigenfunctions. Then ¢;(x) and ¢2(x) are linearly dependent 
only if Ay = Ae. 


Proof. The proof is a direct consequence of equality (36.12). a 


Theorem 36.4. For the regular Sturm—Liouville problem (36.1), 
(33.14) eigenvalues are real. 


Proof. Let \=a+ ib be a complex eigenvalue and ¢(x) = p(x) + iv(x) 
be the corresponding eigenfunction of (36.1), (33.14). Then we have 


(p(x)(m + iv)')' + q(a)(w + tv) + (a + id)r(x)(Ut+iv) = 0 


and hence 
Poly] + (ap(a) — bv(x))r(a) = 0 
Po[v] + (bu(x) + av(a))r(xz) = 0 
agu(a) +ayp/(a) = 0, dou(B)+dip'(8) = 0 
and 
agv(q@) oie a, (a) = 0, dov(3) + dyv'() ai: 


Thus, as in Theorem 36.2, we find 


B 
/ (vPo[pi] — pPa[v] de 


B 
= / [—(ap(a) — bv(x))u(a)r(a) + (bua) + av(x))u(a)r (a) dar 


I 


B 
bf +2 @))r@de 


= pla(vp!— vy)!” = 0. 


a 
Hence, it is necessary that b = 0, i.e., A is real. | 


Since (36.2), (36.8) is a regular Sturm—Liouville problem, from Theorem 
36.4 it is immediate that the equation (36.10) has only real roots. 
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Sturm—Liouville Problems 
(Contd.) 


In Lecture 36 we have established several properties of the eigenvalues 
and eigenfunctions of the regular Sturm—Liouville problem (36.1), (33.14). 
In all these results the existence of eigenvalues is tacitly assumed. We now 
state and prove the following important result. 


Theorem 37.1. — For the regular Sturm—Liouville problem (36.1), 
(33.14) there exists an infinite number of eigenvalues A,, n = 1,2,.... 
These eigenvalues can be arranged as a monotonic increasing sequence 
Ay < Ag < +--+ such that A, — co as n — oo. Further, eigenfunction 
¢n(x) corresponding to the eigenvalue A, has exactly (n — 1) zeros in the 
open interval (a, (3). 


Proof. We shall establish this result first for the particular problem 
(36.1), 
y(a) = y(8) = 0. (37.1) 

For this, we observe the following: 
(i) If eigenvalues of (36.1), (37.1) exist, then these are all real numbers 
(cf. Theorem 36.4). 
(ii) For each fixed \ there exists a unique solution y(x, A) of the initial 
value problem (36.1), 

y(a,A) = 0, y/(a,A) = 1. (37.2) 


Further, y(az, A) as well as y’(#,A) vary continuously with (cf. Theo- 
rem 16.8). 


(iii) There exist constants p, P, q, Q, 7, and R such that for all x € 
la, B], O< p< p(x) < P,q< q(x) <Q, and0 <r <r(z) < R. Thus, for 
a fixed A > 0 the solution y(x, A) of (36.1), (37.2) oscillates more rapidly 
than the solution yo(«, A) of the problem 


(Pyo)' + ayo + Aryo = 0 


(37.3) 
yo(a, A) rT. 0, yo(a, r) = 1 
and less rapidly than the solution y;(«,) of the problem 
1) +Qy1 +ARy, = 0 
(py) + Qu. ue (374) 
yi (a, A) = 0, y\ (a, r) = 1 
R.P. Agarwal and D. O’Regan, An Introduction to Ordinary Differential Equations, 271 
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(cf. Theorem 31.4). When \ is negative, r and R in (37.3) and (37.4) need 
to be interchanged. 


The problems (37.3) and (37.4) are with constant coefficients (modified 
as indicated when 4 is negative), and hence can be solved explicitly. If 
A > Vis so large that 0 < (q¢+Ar)/P = a?, then the solution of the problem 
(37.3) is yo(a) = (1/a) sin a(a— a), which vanishes at least once in the open 
interval (a, 3) provided a(@—a) > 7, ie., (¢+Ar)/P > 1?/(B—a)?. Thus, 


for each P 
1 Pr 0 
v> malo (goa a)y oO 


the solution of the problem (36.1), (37.2) has at least one zero in (a, f). 
Similarly, if A < 0 is so small that 


-a = or <0, ie, A< min {0, - 2} = 4}, 


then the solution of the modified problem (37.4) is y(a) = (1/a) sinh a(a — 
a), which does not vanish again at x = ( or, indeed, anywhere else. Hence, 
for each \ < A? the solution of the problem (36.1), (37.2) has no zero in 
the interval (a, 3]. Now since the solution y(a, 2) of (36.1), (37.2) varies 
continuously with A, if y(x, A) has a zero in (a, ), then its position also 
varies continuously with \. Thus, if increases steadily from A! (for which 
the solution of (36.1), (37.2) has no zero in (a, 3]) towards X°, then there 
will be a specific value of A, say, 1, for which y(a,A) first vanishes at 
x = 2. This proves that there exists a smallest eigenvalue A; of the problem 
(36.1), (37.1) and y(z, A1) the solution of (36.1), (37.2) is the corresponding 
eigenfunction. By allowing 4 to increase from the value A; one argues that 
there is a number Az > A, for which y(x, Az), the solution of (36.1), (37.2) 
has precisely one zero in (a, 3) and y(8, A2) = 0. As A continues to increase 
there results a sequence of eigenvalues A, < A2 < --- and a corresponding 
sequence of eigenfunctions y(z, A), y(a, A2),...- Further, y(a, A,) will have 
precisely (n — 1) zeros in the open interval (a, 3). This completes the proof 
of Theorem 37.1 for the problem (36.1), (37.1). 


Next for the problem (36.1), 
agy(a) +aiy'(a) = 0, y(B) = 0 (37.5) 


we note that the above proof holds if the solution y(a, A) of (36.1), (37.2) 
is replaced by the solution z(x, A) of the initial value problem (36.1), 


z(a,A) = a1, 2(a,A) = —ao. (37.6) 


Thus, the problem (36.1), (37.5) also has a sequence of eigenvalues 1 < 
Nb <+++ and a corresponding sequence of eigenfunctions z(x,/,), 2(@, A), 
--- such that z(z, X/,) has precisely (n — 1) zeros in the open interval (a, (3). 
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Finally, we shall consider the problem (36.1), (33.14). For the solu- 
tion z(x, A) of (36.1), (37.6), Theorem 16.8 implies that 0z(az, X)/OX is the 
solution of the initial value problem 


P, | Fate.9)| LAr(2) (ad) + r(a)a(a,d) = 0 
0 0, 
anor) = aA” (a, A) 0 


= AW (F.2(9,d), 28,2) 
° w (Beto.a,0.)) > 0 


Now in the interval (Aj,,Aj,41) we know that 2(3,) 4 0, thus for all 
A € (X,, Ana) the function ¢(A) = 2’(G, )/z(G, A) is well defined. Further, 


since 
roy  . W(&2(8,d),2(8,9)) 


it follows that ¢/(A) < 0, i.e., in the interval (Aj,,/,,,) the function (A) 
monotonically decreases. Also, since z(3, A},) = 2(8, X41) = 0, 2’(6,M,) A 
0, and 2’(8, X41) # 0, it is necessary that @(X},) = oo, and $(X),41) = —00, 
i.e., (A) monotonically decreases from +00 to —oo. Therefore, there exists 
a unique A), € (XN, Aj,41) such that 

2'(B, Xn) do 


ABM) 
Hence, for the problem (36.1), (33.14) there exists a sequence of eigenvalues 
AY < AY <--+ such that A € (A), Aj, 41), and z(x, A), n= 1,2,... are the 


corresponding eigenfunctions. Obviously, z(x, /7) has exactly (n — 1) zeros 
in (a, 8). | 


Now we shall give some examples of singular Sturm—Liouville problems 
which show that the properties of eigenvalues and eigenfunctions for regular 
problems do not always hold. 
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Example 37.1. For the singular Sturm-—Liouville problem (36.2), 


y(0) = 0, |y(a)| < M < oo forall 2x € (0,0) (37.7) 


each  € (0, 00) is an eigenvalue and sin Vz is the corresponding eigenfunc- 
tion. Thus, in comparison with the regular problems where the spectrum 
is always discrete, the singular problems may have continuous spectrum. 


Example 37.2. Consider the singular Sturm—Liouville problem (36.2), 


y(—t) = y(a), y'(-m) = y(n). (37.8) 


This problem has eigenvalues \; = 0, An41 = n?, n= 1,2,.... The eigen- 
value A; = 0 is simple and 1 is its corresponding eigenfunction. The eigen- 
value An+i = 7, n > 1 is not simple and two independent eigenfunctions 
are sinnx and cosnz. Thus, in contrast with regular problems where the 
eigenvalues are simple, there may be multiple eigenvalues for singular prob- 
lems. 


Finally, we remark that the properties of the eigenvalues and eigenfunc- 
tions of regular Sturm—Liouville problems can be extended under appro- 
priate assumptions to singular problems also in which the function p(x) is 
zero at a or 3, or both, but remains positive in (a, 3). This case includes, 
in particular, the following examples. 


Example 37.3. Consider the singular Sturm-—Liouville problem 
(l—g*)y’ —2ay' +Ay = ((1—2*)y’)'+Ay = 0 (37.9) 
lim y(x) < o, lim y(x) < ow. (37.10) 


The eigenvalues of this problem are \, = n(n — 1), n = 1,2,... and the 
corresponding eigenfunctions are the Legendre polynomials P,—1(a) which 
in terms of Rodrigues’ formula are defined by 

1)" 0 el reer 37.11 
ole" n=O, (37.11) 


P,(x) = 


Example 37.4. Consider the singular Sturm—Liouville problem (37.9), 
y'(0) = 0, lim y(x) < o. (37.12) 


xl 
The eigenvalues of this problem are \,, = (2n — 2)(2n— 1), n = 1,2,... 
and the corresponding eigenfunctions are the even Legendre polynomials 
Poyx-2(x). 
Example 37.5. Consider the singular Sturm—Liouville problem (37.9), 
y(0) = 0, lim y(a) < o. (37.13) 


zl 
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The eigenvalues of this problem are \,, = (2n—1)(2n), n = 1,2,... and the 
corresponding eigenfunctions are the odd Legendre polynomials P2,_1(2). 


Example 37.6. Consider the singular Sturm-—Liouville problem 


/ 
y” —2ry'+drAy = 0 = (ey) + ren y (37.14) 
lim u(x) < oo, lim y(z) < oo for some positive integer k. 
Ear OO. \a|* asco | ok 
(37.15) 


The eigenvalues of this problem are A, = 2(n — 1), n = 1,2,... and the 
corresponding eigenfunctions are the Hermite polynomials H,,-1(a) which 
in terms of Rodrigues’ formula are defined by 

a d” 2, 


Hy(z) = (-—1)"e* —e”, n=0,1,.... (37.16) 
dx” 


Example 37.7. Consider the singular Sturm-—Liouville problem 


cy’ +(1—-2)y+Ay = 0 = (xe“*y')’ +Ae~*y (37.17) 
_  y(2) Sieh 
lim ly(x)| < oo, lim = [- <oo for some positive integer k. 
«2 zZ—-co 6 
(37.18) 
The eigenvalues of this problem are \, = n—1, n = 1,2,... and the 


corresponding eigenfunctions are the Laguerre polynomials L,—1(a) which 
in terms of Rodrigues’ formula are defined by 


Ea) = 3 (aes *) 3 (37.19) 


Problems 


37.1. Show that the set {1,cosnz, n= 1,2,...} is orthogonal on [0,7] 
with r(x) = 1. 


37.2. Show that the set { \/2sin NE N= My2ys | is orthonormal on 
(0, 7] with r(w) =1. 


37.3. Show that the set {te FR COS Ne, yz sin na, (etal Re Aaa } is 


Qn? 


orthonormal on [—7, 7] with r(a) = 1. 


37.4. Show that the substitution « = cos@ transforms the Cheby- 
shev DE 
(1—2?)y" —ay' +n?y = 0 (37.20) 
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into an equation with constant coefficients. Hence, find its linearly inde- 
pendent solutions cos(ncos~! x) and sin(ncos~ x). Further, deduce that 


[n/2] 


(i) Tn(a) = cos(ncos~* x) = 5 de yo (2g )">e". apes 
= ! ! 
1 0, meén 
(ii) i (1—2?)-/?T,(x)Ta(a)de = ¢ 2/2, m=n¥40 
= T, m=n=0. 


37.5. Show that for the Legendre polynomials P,,(x), n = 0,1,... 
defined in (37.11) the following hold: 


0 if msn 


1 
/ PPu@ de 2 2 
-1 —— if m=n. 


2n+1 


37.6. Find the eigenvalues and eigenfunctions of the problem (36.2) 

with the following boundary conditions: 

(i) yO) =9, y"(8) =0. 

(ii) 9/0) = 0, y(@) =0. 

(iii) y'(0) = . y'(8) = 0. 

(iv) y(0) =0, y(8) + y"(8) = 0. 

(v)  y(0) — me )=0, y'(8) =0. 

(vi) y(0) — y'(0) = 0, y(@) + y'(B) =0. 


37.7. Find the eigenvalues and eigenfunctions of each of the following 
Sturm-Liouville problems: 


(i) oy +Ay=0, y(0) = y(/2) = 0. 

(ii) y”+(.+A)jy=0, y(0) = y(m) =0 

(iii) y+ 2y°+(1—-A)y=0, y(0) =y(1) = 0. 

(iv) (2?y')’ +Ar~?2y=0, y(1) = y(2) = 0. 

(v) ay” + ay! + (Aa? — (1/4))y = 0,  y(/2) = y(30/2) = 0 
(vi) ((27 + 1)y’)’ + A(z? +.1)~'y=0,  y(0) = y(1) = 0 


37.8. Consider the boundary value problem 


xy" +ay +ry = 0, l<a<e 
y(1) = 0, y(e) = 0. 


(i) Show that (37.21) is equivalent to the Sturm—Liouville problem 


(37.21) 


‘\/ 
Poy as 1 
(ay) + Ty 0, <a<e (37.22) 
= 


y) = 0, yfe 
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(ii) Verify that for (37.22) the eigenvalues are A, = n?7?, n = 1,2,... 
and the corresponding eigenfunctions are ¢,,(a) = sin(nz In). 
(iii) Show that 


f, zomavoneyte = { Yn, mon 


37.9. Verify that for the Sturm—Liouville problem 
1\1 A Qn 
(xy’) tees 0, l<a<e 
y(1) = 0, y/(e?") = 0 


the eigenvalues are A, = n?/4, n = 0,1,... and the corresponding eigen- 
functions are ¢,(x) = cos (23) . Show that 


Qr 


coll 
i 7 om(2) n(x) dx = 0, mn. 


37.10. Consider Mathieu’s DE (see Example 20.1) 
y’ +(A4+ 16dcos2z)y = 0, O<aK<r 


together with the periodic boundary conditions 


Show that the eigenfunctions of this problem are orthogonal. 
37.11. Consider the DE 
gy +k’y = 0. (37.23) 


(i) Verify that the general solution of (37.23) is 
k k 

y(z) = « (Acos —+ Bsin ) : 
x x 


(ii) Find the eigenvalues and eigenfunctions of the Sturm—Liouville prob- 
lem (37.23), y(a) = y(B8) =0, 0<a</f. 
37.12. Show that the problem 
yl" —4dry' + 4Xy =0,  y(0)=0, y(1) +y/(1) =0 


has only one eigenvalue, and find the corresponding eigenfunction. 
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37.13. Show that for the singular Sturm—Liouville problem (36.1), 
(32.7) with p(a) = p() eigenfunctions corresponding to different eigen- 
values are orthogonal in [a, 6] with respect to the weight function r(x). 


37.14. Solve the following singular Sturm—Liouville problems 
(Gi) y”+Ay=0, y'(0)=0, ly(x)|<co forall 2x € (0,00) 
(ii) y”+Ay=0, ly(x)|<oo forall a € (—co,00). 


Answers or Hints 


37.1. Verify directly. 
37.2. Verify directly. 
37.3. Verify directly. 


37.4. Equation (37.20) reduces to ay +n’y = 0. (i) Use induction and 
the identity 


cos((n+1) cos~! x)+cos((n—1) cos~! x) = 2 cos(n cos! x) cos(cos~! 2), 
ie., Tn4i(“) = 2aT, (x) — Th-1(@). (ii) Use x = cos. 
37.5. From (37.11) it follows that 
2” nl f°, Pm(x)Pr(a)de = f2, Pm(x)# (x? — 1)"dx 
= 7 £ P(x) 2 (2? — 1)de. 


2 2 
37.6. (i) (2454) 1, sin (2354) ma. (ii) (233) Ms cos (2451) ma 

2 
(iii) (234) 6? «3008 (234) ma. (iv) A?, where \ = A, is a solution of 
tan\B+A=0, sindA,z. (v) A?, where \ = Xx, is a solution of cot AB = 
A, SinAn®+AncosAnz. (vi) AZ, where \ = A, is a solution of tan AGB = 
2A/(A? — 1), sinAn® + An COS Anz. 


Q 


37.7. (i) 4n?,sin2nz. (ii) n? — 1, sinnz. (iii) —n?n?, e~* sinnaz. 
(iv) 4n?x?, sin2nn(1—2).  (v) n?, gq sinn (x a—%). (vi) 16n?, 


sin(4ntan~! 2). 

37.8. Verify directly. 

37.9. Verify directly. 

37.10. Follow the proof of Theorem 36.2. 


37.11. (i) Verify directly. (ii) ky = "™22, asin baat 


37.12. —1, re~?". 
37.13. Use (36.11). 


37.14. (i) \ > 0, o(x) = cosVAx. (ii) X > 0, d(x) = crcosVAr + 
(op) sin V/ Aq. 


Lecture 38 


Eigenfunction Expansions 


The basis {e!,...,e"} (e* is the unit vector) of IR” has an important 
characteristic, namely, for every u € IR” there is a unique choice of constants 


Q1,---,Q@py, for which 
n 
us y aje’. 
i=1 


Further, from the orthonormality of the vectors e’, 1 <i <n we can 
determine a;, 1 <i <7 as follows: 


n 
<u,e> = (Saco = Soa; <e', e? > = aj, 1<j<n. 
t=1 i 


Thus, the vector u has a unique representation 
n 
u= S <u,e>e’. 
i=1 


A natural generalization of this result which is widely applicable and 
has led to a vast amount of advanced mathematics can be stated as follows: 
Let {¢,(a2), n = 0,1,2,...} be an orthogonal set of functions in the interval 
[a, 2] with respect to the weight function r(x). Then an arbitrary function 
f(x) can be expressed as an infinite series involving orthogonal functions 
on(x), n=0,1,2,... as 

lo e) 


n=0 


It is natural to ask the meaning of equality in (38.1), i.e., the type of 
convergence, if any, of the infinite series on the right so that we will have 
some idea as to how well this represents f(x). We shall also determine the 
constant coefficients c,, n = 0,1,2,... in (38.1). 


Let us first proceed formally without considering the question of con- 
vergence. We multiply (38.1) by r(x)¢m(a) and integrate from a to 6, to 
obtain 


B Box 
i r(@) ble) fla)de = / Scat (at) bn (21) ma (ae) de. 
a n=0 


a 
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Now assuming that the operations of integration and summation on the 
right of the above equality can be interchanged, we find 


B oo B 
/ r(2)bm(2)f(adx = Soren / (2) bm (2) bn (ce) de 
a n=0 a 


B 
= en f r(a)62,(a)de = endl? 


Thus, under suitable convergence conditions, the constant coefficients cn, 
n= 0,1,2,... are given by the formula 


B 
2 ‘ (0) bn (ae) f(a) de 7 lenll?. (38.2) 


However, if the set {¢,(a)} is orthonormal, so that ||¢,,|| = 1, then we have 
B 
je i (0) bn (a) f(a)de. (38.3) 


If the series )>° 9 Cndn(x) converges uniformly to f(x) in [a, 6], then 
the above formal procedure is justified, and then the coefficients c, are 
given by (38.2). 


The coefficients cp, obtained in (38.2) are called the Fourier coefficients 
of the function f(x) with respect to the orthogonal set {¢,(z)} and the 
series >? 9 Cndn(x) with coefficients (38.2) is called the Fourier series of 


f (2). 
We shall write ee 
n=0 


which, in general, is just a correspondence, i.e., often f(z) 4 7-9 Cndn(2), 
unless otherwise proved. 


Example 38.1. In Problem 37.5 we have seen that the set of Legendre 
polynomials {¢n(z) = Pr(x), n =0,1,...} is orthogonal on [—1,1] with 
r(x) = 1. Also, 


2 


1 

ee Peds = 2— 
Pol? =f PRa)de = 5 
Thus, from (38.2) for a given function f(x) the coefficients in the Fourier- 
Legendre series f(x) ~ Yy>- 9 CnPn(x) are given by 


2n+1 ft 
fn, = “. i; Pi(x)f(x)dz, n>0. 
a 
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Example 38.2. The set of functions 
{1, cos a sin a L>0, n= i} 


is orthogonal with respect to the weight function r(x) = 1 in the interval 
[—L, L]. For the norms of these functions, we have 


2 2 NTL 
cos* ——dzx 
Ss L 


L 
/ sin? de = L, n>1. 
os 5 L 


| 
——s 
bo 
aa 
3.3 

V 
eH © 


The general trigonometric—Fourier series of a given function f(x) is defined 
to be 


1 = NTx . nme 
F(x) ~ 520+ 3 (ancns Z + by sin Z iF (38.4) 
where * 
1 
an = z/ f(x) cos “de, n>0 
Lijit L 
1 rt (38.5) 
bn = z |, f@sin Fae, n> 1. 


Now we shall examine the convergence of the Fourier series to the func- 
tion f(x). For this, to make the analysis widely applicable we assume that 
the functions ¢,(a), n = 0,1,... and f(x) are only piecewise continuous 
in [a, G]. Let the sum of first N + 1 terms SD An Cn¢n(x) be denoted by 
Sn(x). We consider the difference |Sy(2) — f(x)| for various values of N 
and «. If for an arbitrary « > 0 there is an integer N(e) > 0 such that 
|Sn(x) — f(x)| < €, then the Fourier series converges (uniformly) to f(z) 
for all x in [a, 6]. On the other hand, if N depends on x and ¢€ both, then 
the Fourier series converges pointwise to f(a). However, for the moment 
both of these type of convergence are too demanding, and we will settle for 
something less. To this end, we need the following definition. 


Definition 38.1. Let each of the functions ~,(x), n > 0 and (a) be 
piecewise continuous in [a, 3]. We say that the sequence {q,,(x)} converges 
in the mean to w(x) (with respect to the weight function r(x) in the interval 


[@, ]) if 
B 
lim |v, —¥|? = lim | r(x)(vp(x) — v(2))?dx = 0. (38.6) 
Thus, the Fourier series converges in the mean to f(a) provided 


lim r(a)(Sn(x) — f(a))?dx = 0. (38.7) 
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Before we prove the convergence of the Fourier series, let us consider 
the possibility of representing f(a) by a series of the form 7° 9 dndn(z), 
where the coefficients d,, are not necessarily the Fourier coefficients. Let 


N 
Ty(2;do,di,...,dw) = > dnon(a) 
n=0 


and let en be the quantity ||T3 — f||. Then from the orthogonality of the 
functions ¢,,(x) it is clear that 


B N ‘ 
& = |ITw- fl? = | (a) (So auonto)— 0) da 
a n=0 
N B N B 
= df r(x)d2(a)de -2S dn | r(x)n(x) f(x)dx 
Daf Daf 
B 
+f r(x) f?(x)da 


N N 
= Silda? — 250 dnenllonll? + IF? 
n=0 


— n=0 


N N 
= So Ibnll?(dn — cn)? — SO Ibnll?eh + III? 
n=0 


n=0 
(38.8) 
Thus, the quantity ey is least when d, = c, for n = 0,1,...,.N. Therefore, 
we have established the following theorem. 


Theorem 38.1. For any given nonnegative integer N, the best ap- 
proximation in the mean to a function f(x) by an expression of the form 


poe dndn(x) is obtained when the coefficients d, are the Fourier coeffi- 
cients of f(z). 


Now in (38.8) let d, = cn, n=0,1,...,N to obtain 


N 
IS — FI? = WFP — SO Wbnll?en. (38.9) 


n=0 


Thus, it follows that 


N 
Zn — FI? = So Wbnll?(dn — en)? + [1S - FIP?. (38.10) 


n=0 


Hence, we find 
0 < |Sn—-fll < [In — fll. (38.11) 
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If the series \>* 9 dnén(x) converges in the mean to f(x), ie., if 
lim yoo ||Tn — f|] = 0, then from (38.11) it is clear that the Fourier series 
converges in the mean to f(x), i.e., limy—.o ||S'v — f|| = 0. However, then 
(38.10) implies that 


N 
si, Da liPall*(dn ~ en)? = 0. 


But this is possible only if d, = c,, n =0,1,.... Thus, we have proved the 
following result. 


Theorem 38.2. Ifa series of the form )>~° 9 dn@n(x) converges in the 
mean to f(x), then the coefficients d,, must be the Fourier coefficients of 


f(z). 
Now from the equality (38.9) we note that 
0 < |!Swai-fll < [Sw — fil. 


Thus, the sequence {||Sijv — f||, N = 0,1,...} is nonincreasing and bounded 
below by zero, and therefore, it must converge. If it converges to zero, then 
the Fourier series of f(a) converges in the mean to f(a). Further, from 
(38.9) we have the inequality 


N 
Ye llgnll?en < IF? 
n=0 


Since the sequence {Cy, N =0,1,...} where Cy = ee \|On||?c2, is 
nondecreasing and bounded above by |jf||?, it must converge. Therefore, 
we have 


Si leslPe = ly (38.12) 
n=0 


Hence, from (38.9) we see that the Fourier series of f(x) converges in the 
mean to f(a) if and only if 


If? = So IbnlPee- (38.13) 
n=0 
For the particular case when ¢,(x), n = 0,1,2,... are orthonormal, 


(38.12) reduces to Bessel’s inequality 


Me siirr (38.14) 
n=0 
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and (38.13) becomes the well-known Parseval’s equality 
If? = doe. (38.15) 
n=0 


We summarize the above considerations in the following theorem. 


Theorem 38.3. Let {¢,(x), mn = 0,1,...} be an orthonormal set, 
and let c, be the Fourier coefficients of f(x) given in (38.3). Then the 
following hold: 


(i) The series >, c? converges, and therefore 


B 
lim c, = lim r(x)on(a)f(a)dx = 0. 


n—Cco n—-oco a 


(ii) The Bessel inequality (38.14) holds. 


(iii) The Fourier series of f(a) converges in the mean to f(z) if and only 
if Parseval’s equality (38.15) holds. 


Now let C,[a, 6] be the space of all piecewise continuous functions in 
(a, 3]. The orthogonal set {¢,(x), n = 0,1,...} is said to be complete in 
C,|a, 3] if for every function f(x) of C,[a, 3] its Fourier series converges 
in the mean to f(a). Clearly, if {¢,(2), n = 0,1,...} is orthonormal then 
it is complete if and only if Parseval’s equality holds for every function in 
C,[a, 6]. The following property of an orthogonal set is fundamental. 


Theorem 38.4. If an orthogonal set {¢,(x), n = 0,1,...} is complete 
in C,|[a, 6], then any function of C,[a, 6] that is orthogonal to every on (x) 
must be zero except possibly at a finite number of points in [a, §). 


Proof. Without loss of generality, let the set {@¢n(x), n = 0,1,...} 
be orthonormal. If f(x) is orthogonal to every ¢,(x), then from (38.3) all 
Fourier coefficients c,, of f(x) are zero. But, then from the Parseval equality 
(38.15) the function f(x) must be zero except possibly at a finite number 
of points in [a, /]. | 


The importance of this result lies in the fact that if we delete even one 
member from an orthogonal set, then the remaining functions cannot form 
a complete set. For example, the set {cosnz, n = 1,2,...} is not complete 
in [0,7] with respect to the weight function r(x) = 1. 


Unfortunately, there is no single procedure for establishing the com- 
pleteness of a given orthogonal set. However, the following results are 
known. 


Theorem 38.5. The orthogonal set {¢,(x), n =0,1,...} in the inter- 
val [a, 3] with respect to the weight function r(a) is complete in C,[a, (] if 
¢n(x) is a polynomial of degree n. 
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As a consequence of this result, it is clear that the Fourier-Legendre 
series of a piecewise continuous function f(x) in [—1,1] converges in the 
mean to f(x). 


Theorem 38.6. The set of all eigenfunctions {¢,(x), n = 1,2,...} 
of the regular Sturm—Liouville problem (36.1), (33.14) is complete in the 
space C,|[a, 3]. 


Theorem 38.6 can be extended to encompass the periodic eigenvalue 
problem (36.1), (32.7). In such a case, if necessary, two linearly independent 
mutually orthogonal eigenfunctions corresponding to one eigenvalue are 
chosen. Thus, from the problem (36.2), y(—L) = y(L), y/(—L) = y'(L) 
(cf. Example 37.2) it is clear that the set {1, cos(naz/L), sin(nax/L), 
L>0, n> 1} considered in Example 38.2 is complete in C,[—L, L], and 
therefore the trigonometric—Fourier series of any function f(x) in C,[—L, L| 
converges in the mean to f(x). 


Lecture 39 


EFigenfunction Expansions 
(Contd.) 


The analytical discussions of uniform and pointwise convergence of the 
Fourier series of the function f(x) to f(x) are too difficult to be included 
here. Therefore, we state the following result without its proof. 


Theorem 39.1. Let {¢n(x), n = 1,2,...} be the set of all eigen- 
functions of the regular Sturm—Liouville problem (36.1), (33.14). Then the 
following hold: 


(i) The Fourier series of f(x) converges to [f(z+)+f(a—)]/2 at each point 
in the open interval (a, @) provided f(a) and f’(x) are piecewise continuous 
in [a, 6). 

(ii) The Fourier series of f(x) converges uniformly and absolutely to f(x) in 
[a, 2] provided f(a) is continuous having a piecewise continuous derivative 
f’(a) in [a, 6], and is such that f(a) = 0 if dn(a) = 0 and f(8) = 0 if 


Example 39.1. To obtain the Fourier series of the function f(z) = 1 in 
the interval [0,7] in terms of the eigenfunctions ¢,,(2) = sinna, n = 1,2,... 
of the eigenvalue problem (36.2), (36.3) we recall that 


qT 
7 
lon||? = | sin? nadx = 3° 
0 


Thus, it follows that 


1 a 2 [* 2 
Cn = aa f(x) sinnadzx = =| sinnadr = —(1—(-1)"). 
Tool? J, 1 7 J ag ON) 


Hence, we have 
CO 


4 ae 
l= oe Gn ay ian 1)x. (39.1) 


n=1 


From Theorem 39.1 it is clear that equality in (39.1) holds at each point of 
the open interval (0, 7). 


Example 39.2. We shall obtain the Fourier series of the function 
f(z) = x— 27, x € [0,1] in terms of the eigenfunctions ¢;(x) = 1 — 2, 
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gn(“) = sinWAn(1 — xz), n = 2,3,... of the eigenvalue problem (36.2), 
(36.8). For this, we note that 


1 1 
Ionl|? = sin? V/A, (1 — x)dx = a (1 — cos2\/A,(1 — x))dx 
0 0 


1 
- ; ag) 7 ; panes 
a 5 [1- asin Vs n cos \/r |=3 —[1 — cos? Vr 


1 
a5 sin? /An, n> 2, 
where we have used the fact that tan V/A, = VAn- 


Thus, it follows that 


1 é wil 
a = 3 | (l—«)(a@—a*)dx = Z 


and for n > 2, 


2 / ( 
Cho x 
sin? Vv An 0 


a”) sin V/A, (1 — x) dx 


2 9, C08 VAn (1-2) > ; cos VAn(1—2) 
_ aoe ie VXn 0 fo ou) ts 


7 Vn 
7 =, sinVAn(1—2)| ft. sin (1-2) 
- eee Le tl 


—2 es 2 cosVX,(1— 2) 


| 


spall Wm a a ae 

= Gia [Vn sin YTn — 2+ 2c08 V%n| 
= eel bn COS V/An — 2+ 2cos Van] 
a a Te 2 (2 + An) cos Vn] - 


Hence, we have 


2 
£-“L = rican a2: 
ne Ie ee VAn 


(2—(2+Xn) cos V/An) sin V/An(1—2). 


(39.2) 
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From Theorem 39.1 we find that equality in (39.2) holds uniformly in [0, 1]. 


The convergence of Fourier-Legendre and trigonometric—Fourier series 
cannot be concluded from Theorem 39.1. For these, we have the following 
results. 


Theorem 39.2. Let f(z) and f’(x) be piecewise continuous in the 
interval [—1,1] . Then the Fourier-Legendre series of f(a) converges to 
[f(a+)+ f(a—)]/2 at each point in the open interval (—1,1), and at x = —1 
the series converges to f(—1+) and at « = 1 it converges to f(1—). 


Theorem 39.3. Let f(z) and f’(x) be piecewise continuous in the 
interval [—L, LZ] (L > 0). Then the trigonometric—Fourier series of f() 
converges to [f(a+) + f(a—)]/2 at each point in the open interval (—L, L) 
and at x = +L the series converges to [f(—L+) + f(L—)|/2. 


Example 20.3. Consider the function 


Clearly, f(a) is piecewise continuous in [—7, 7], with a single jump discon- 
tinuity at 0. From (38.5), we obtain a9 = 1, and for n > 1, 


1 T 1 us 2 
an = -{ cosnadz = 0, bn = -{ sinnadx = —(1—(-1)"). 
0 0 


Tv TT 


Thus, we have 


f(a) = + - S- = D sin(2n — 1)a. (39.3) 


From Theorem 39.3, equality (39.3) holds at each point in the open intervals 
(—7,0) and (0,7), whereas at x = 0 the right-hand side is 1/2, which is the 
same as [f(0+) + f(0—)]/2. Also, at 2 = +7 the right-hand side is again 
1/2, which is the same as [f(—7+) + f(a—)]/2. 


Now we shall consider the nonhomogeneous self-adjoint DE 


(p(x)y’)' + q(x)y + ur(a)y = Poly] + ur(x)y = f(x) (39.4) 


together with the homogeneous boundary conditions (33.14). In (39.4) the 
functions p(x), g(x) and r(x) are assumed to satisfy the same restrictions 
as in (36.1), ys is a given constant and f(x) is a given function in [a, (J. 
For the nonhomogeneous boundary value problem (39.4), (33.14) we shall 
assume that the solution y(a) can be expanded in terms of eigenfunctions 
gn(x), n = 1,2,... of the corresponding homogeneous Sturm—Liouville 
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problem (36.1), (33.14), ie., y(x) = 2°, cndn(x). To compute the coeffi- 
cients c,, in this expansion first we note that the infinite series 7°, Cn n(x) 
does satisfy the boundary conditions (33.14) since each ¢,(a) does so. Next 
consider the DE (39.4) that y(x) must satisfy. For this, we have 


P2 S- CnOn(x) | + pr(x) se Cnon(x) = f(x). 


Thus, if we can interchange the operations of summation and differentiation, 
then 


Co [o<) 


Since P2[¢n,(x)] = —Anr(x)¢n(2), this relation is the same as 


Now we assume that the function f(x)/r(x) satisfies the conditions of The- 
orem 39.1, so that it can be written as 


TY 52S ee 


r(x) 
where from (38.2) the coefficients d,, are given by 
eal. fe LS a ee fie 
d= ef rena Fade = Tay | on(w)fla)de. (89.6) 


With this assumption (39.5) takes the form 
Solu —AXn)en — dn)bn(Z) = 0. 
n=1 


Since this equation holds for each «x in [a, (J, it is necessary that 
(U—An)en —dy = 0, n=1,2,.... (39.7) 


Thus, if 4 is not equal to any eigenvalue of the corresponding homoge- 
neous Sturm-Liouville problem (36.1), (33.14), ie, w A An, n = 1,2,..., 


then 
C3 SS yp SD (39.8) 
An 
Hence, the solution y(a) of the nonhomogeneous problem (39.4), (33.14) 
can be written as 


y(z) = elo) (39.9) 


n 
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Of course, the convergence of (39.9) is yet to be established. 


If 4 = Am, then for n = m equation (39.7) is of the form 0 + cm — 
dm = 0. Thus, if d,, 4 0 then it is impossible to solve (39.7) for Cm, 
and hence the nonhomogeneous problem (39.4), (33.14) has no solution. 
Further, if dj, = 0 then (39.7) is satisfied for any arbitrary value of cm, and 
hence the nonhomogeneous problem (39.4), (33.14) has an infinite number 
of solutions. From (39.6), d,, = 0 if and only if 


B 
/ bm(2)f()de = 0, 


ie., f(x) in (39.4) is orthogonal to the eigenfunction (2). 


This formal discussion for the problem (39.4), (33.14) is summarized in 
the following theorem. 


Theorem 39.4. Let f(z) be continuous in the interval [a, 3]. Then 
the nonhomogeneous boundary value problem (39.4), (33.14) has a unique 
solution provided y is different from all eigenvalues of the corresponding 
homogeneous Sturm-Liouville problem (36.1), (33.14). This solution y() 
is given by (39.9), and the series converges for each x in [a, J]. If u is equal 
to an eigenvalue A of the corresponding homogeneous Sturm-—Liouville 
problem (36.1), (33.14), then the nonhomogeneous problem (39.4), (33.14) 
has no solution unless f(x) is orthogonal to ¢(z), i-e., unless 


B 
/ om(x)f(a)dx = 0. 


Further, in this case the solution is not unique. 
Alternatively, this result can be stated as follows. 


Theorem 39.5 (Fredholm’s Alternative). For a given con- 
stant and a continuous function f(z) in [a, 6] the nonhomogeneous prob- 
lem (39.4), (33.14) has a unique solution, or else the corresponding homo- 
geneous problem (36.1), (33.14) has a nontrivial solution. 


Example 39.4. Consider the nonhomogeneous boundary value prob- 
lem 

yl +4ny = ay — 72 
y(0) + y"(0) = 0 = y(1). 


This problem can be solved directly to obtain the unique solution 


(39.10) 


2 1 4\. 1 ane 
y(“) = Tq COSTE — —s (1+ 4)sinne+ 5 (: x +3). (39.11) 
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From Example 36.2 we know that 7? is not an eigenvalue of the Sturm— 


Liouville problem (36.2), (36.8). Thus, from Theorem 39.4 the nonhomoge- 
neous problem (39.10) has a unique solution. To find this solution in terms 
of the eigenvalues X,, and eigenfunctions ¢,(«) of (36.2), (36.8) we note 
that the function f(x) = 2 — x? has been expanded in Example 39.2, and 
hence from (39.2) we have 


2 
dn = (2—(2+A,)cosVAn), n> 2. 
es sin? Xn 


Thus, from (39.9) we find that the solution y(x) of (39.10) has the expansion 


1 
4’ 


1 = 2 
y(t) = Za(l—2)4 ae n sin? VXy (39.12) 


n=2 nm 


x (2— (2+ An) cos V/An) sin V/An(1 — 2). 


Problems 


39.1. For a given function f(x) find the Fourier coefficients that corre- 
spond to the set of Chebyshev polynomials T;,(a) defined in Problem 37.4. 


39.2. Expand a given piecewise continuous function f(x), x € [0,7] 


(i) in a Fourier—cosine series 


Co 9 T 
f(a) ~ F + Yan cosne where an = a f(t) cosntdt, n> 0; 


n=1 


(ii) in a Fourier—sine series 
A. oa 
f(a) ~ ) bn sinnz where b, = — f(t)sinntdt, n> 1. 
T 
n=1 0 


39.3. Show that the Fourier—Legendre series of the function f(x) = 
cos 72/2 up to P,(a) in the interval [—1, 1] is 
2 10 
Po(x) 


T 73 


18 
(12 — m?) P(x) + —(n* — 1800? + 1680) Py (2x). 
T 
39.4. Find the trigonometric-Fourier series of each of the following 
functions: 


® 1o={F Geese? WH Meyez—m -1<ece 
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(iii) f(z) =|2|, -am<a<n. (iv) f(z) =2?, -a<a<n. 
a -T7<2<0 

() fe)=4 2 2=0 Oe oeeeee 
e*, O<a<T. 


39.5. (i) Let w,p(x) = n fae r® /2, x € [0,1]. Show that w,(x) > 0 as 
n — oo for each zx in [0,1]. Further, show that 


B= | (Wn(e)-O)'de = F0-e), 


and hence e, — co as n — oo. Thus, pointwise convergence does not imply 
convergence in the mean. 


(ii) Let Yp(x) = x”, x € [0,1], and f(x) =0 in (0, 1]. Show that 
: 1 
& = f (nla) —fle))de = 


and hence w,(x) converges in the mean to f(a). Further, show that w,,(2) 
does not converge to f(a) pointwise in [0,1]. Thus, mean convergence does 
not imply pointwise convergence. 


39.6. Show that the sequence {x/(x+n)} converges pointwise on [0, 00) 
and uniformly on [0,a], a > 0. 


39.7. Let f(x) = { Show that 


i (1@)- 5 - 32) ae = i. (f(x) — co — ert — cg)? 


for any set of constants cg, c, and C2. 


39.8. Show that the following cannot be the Fourier series representa- 
tion for any piecewise continuous function: 


OQ oa’ en@). “@) Youle) 


39.9. Find Parseval’s equality for the function f(a) = 1, x € [0,c] with 
respect to the orthonormal set { \/2sin a, n=1,2,.. y F 


39.10. Let f(x) and g(x) be piecewise continuous in the interval [a, (] 
and have the same Fourier coefficients with respect to a complete orthonor- 
mal set. Show that f(x) = g(x) at each point of [a, 6] where both functions 
are continuous. 
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39.11. Let f(x) be a twice continuously differentiable, periodic function 
with a period 27. Show the following: 


(i) The trigonometric—Fourier coefficients a, and b, of f(x) satisfy 


M M 
nm 


where M = + [™_ | f’"(x)|da. 
(ii) The trigonometric—Fourier series of f(x) converges uniformly to f(a) 
on [—7, 7]. 


39.12. Solve the following nonhomogeneous boundary value problems 
by means of an eigenfunction expansion: 


(i) y+3y=e", y(0)=0=y(1). 
(ii) y” +2y=—a, y'(0) =0= y(1) + y'(1). 


Answers or Hints 
39.1. c, = 7% fee fey) de, where dg = 1/2 and d, =1 for n> 1. 
39.2. (i) Use Problem 37.1. (ii) Use Problem 37.2. 
39.3. Use (37.11) and f(x) = cos7a/2 in Example 38.1. 


39.4. (i) 34 2 (sing + isin3rz+---). (ii) —m+ 0 zi sin nz. 
2 T 3 ‘ n=1 n 
iii) = + 0, 25((-1)” — 1) cosna. (iv) = +432, HY cosne. 
2 n=1 mn he 3 is 1 n 
(v) (—S +) + 4 bees (#2 + sere < ) cos na 
+ (ae (1+ (-1)"tte-™) + | sin na. 
(vi) m +830, (= - $,) (—1)” cosnz. 
39.5. Verify directly. 
39.6. Use definition. 


39.7. For the given function Fourier—-Legendre coefficients are cy = 1/2, cy 
= 3/4, 2 =0. 


39.8. Use Theorem 38.3(i). 


0, n ue 

2 2 a ? 1 
39.9. [fll =¢, en = 8¢/(n?7), n odd. Thus, ¢= 5$ nat Pasi: 
39.10. Let h(x) = f(x) — g(x) and {¢n(x)} be a complete orthonormal 
set on the interval [a,@] with respect to the weight function r(x). Note 
that for the function h(a) Fourier coefficients c, = 0, n > 0. Now apply 
Theorem 38.4. 
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39.11. (i) an = +", f(x) cosnadz = —=- f", f(x) cosnadz. (ii) |$a0 
+ OP (Gn cos nx + bn sinna)| < $|ao| + °°, (an| + [Onl)- 

P 6 na(1te(—1)"4") sinnax * co = (2cos VXn—1) cos Vane 
39.12. (i) 2) on —(rgnta2Gaentery (i) 2D na Na 2) sin? Ve)? 
where cot VAn = VAn- 


Lecture 40 


Nonlinear Boundary 
Value Problems 


Theorem 32.3 provides necessary and sufficient conditions for the ex- 
istence of a unique solution to the linear boundary value problem (6.6), 
(32.1). Unfortunately, this result depends on the explicit knowledge of 
two linearly independent solutions y;(x) and y2(a) to the homogeneous DE 
(6.1), which may not always be available. The purpose of this and the 
following lecture is to provide easily verifiable sets of sufficient conditions 
so that the second-order nonlinear DE 


y” = f(z,y) (40.1) 


together with the boundary conditions (32.3) has at least and/or at most 
one solution. 


We begin with the following examples which indicate possible difficulties 
that may arise in nonlinear problems. 


Example 40.1. The boundary value problem 

y” = be, (0) = y(1) = 0 (40.2) 
arises in applications involving the diffusion of heat generated by positive 
temperature-dependent sources. For instance, if a = 1, it arises in the 
analysis of Joule losses in electrically conducting solids, with b representing 
the square of the constant current and e” the temperature-dependent resis- 


tance, or in frictional heating with b representing the square of the constant 
shear stress and e¥ the temperature dependent fluidity. 


If ab = 0, the problem (40.2) has a unique solution: 
(i) Ifb=0, then y(x) = 0. 
(ii) Ifa=0, then y(x) = (b/2)a(a — 1). 
If ab < 0, the problem (40.2) has as many solutions as the number of 


roots of the equation c = ,/2|ab| coshc/4, and also for each such c;, the 
solution is 


una) = ~2 {in (cosh (Se: (2-5) )) ~im (cosh (Zor) JS. 


From the equation c = \/2|ab| coshc/4, it follows that if 
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1, (40.2) has two solutions 


=" 1, (40.2) has one solution 
Seo, (40.2) has no solution. 


b cosh £ 
eal min ——+ 


8 c>0 a 


If ab > 0, the problem (40.2) has a unique solution 


yi(z) = “in (ey/ 08 (5 (« 5))) * m(2ab), 


where c,/4 € (—7/2,7/2) is the root of the equation 


Example 40.2. Consider the nonlinear boundary value problem 
y+ |y| = 0, y(0) = 0, y(6) = B, (40.3) 
where @ and B are parameters. 


It is clear that a solution y(x) of y” + |y| = 0 is a solution of y” —y =0 
if y(a) <0, and of y’+y =O if y(ax) > 0. 


Since the function f(x,y) = |y| satisfies the uniform Lipschitz condition 
(7.3), for each m the initial value problem y’”’ +|y| = 0, y(0) = 0, y’(0) =m 
has a unique solution y(#,m). Further, it is easy to obtain 


0 for all a € [0,6], if m=0 

msinh x for all x € [0,6], if m<0 
y(x,m) = 

msin x£ for all x € [0,7], if m>0 

—msinh(«—7) forall «€ [7,6], if m>0. 


Thus, the boundary value problem (40.3) has a unique solution y(x) if 
@ <7, and it is given by 
0, if B=0 
y(“) = B(sinh B)~'sinha if B<0O 
B(sin B)~1 sin x TBS 0: 
If 8 >, and B > 0 then (40.3) has no solution, whereas it has an infinite 
number of solutions y(x) = csina if 6 = 7, and B = 0, where c is an 
arbitrary constant. If 6 > 7, and B = 0 then y(x) = 0 is the only solution 


of (40.3). Finally, if @ > 7, and B < 0 then (40.3) has two solutions y (x) 
and y2(#) which are given by 


yi(z) = B(sinh 8)~' sinha 
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and 
(x) = —B(sinh(@ — 7))~" sing, x € [0,7] 
a B(sinh(@ —7))~!sinh(x— 7), x € [7, 6). 


The following result provides sufficient conditions on the function f(z, y) 
so that the boundary value problem (40.1), (32.3) has at least one solution. 


Theorem 40.1. Suppose that the continuous function f(x,y) satisfies 
a uniform Lipschitz condition (7.3) in [a, 3] x IR, and in addition, is bounded 
for all values of its arguments, i.e., | f(x, y)| < M. Then the boundary value 
problem (40.1), (32.3) has at least one solution. 


Proof. From Theorem 15.3, for each m the initial value problem (40.1), 
y(a) = A, y'(a) = m has a unique solution y(z,m) in [a, 3]. Now since 


x 


y'(a,m) = vam) + f y(t, m)dt 


= ms f° fulmpat 


Vv 
5S 
| 


Mdt = m— M(«#-a) 


we find that 


Thus, in particular 


y(8,m) 2 A+m(B-a) (40.4) 


Clearly, for m = m, sufficiently large and positive, (40.4) implies that 
y(8,™m1) > B. In the same way we obtain 


y(dsm) < A+m(B-a) + (8-0)? 


and hence, for m = mg sufficiently large and negative, y(3,mz2) < B. From 
Theorem 16.6 we know that y(3,m) is a continuous function of m, so there 
is at least one m3 such that mg < m3 < mj, and y(G,m3) = B. Thus, the 
solution of the initial value problem (40.1), y(a) = A, y’(a) = mz is also a 
solution of the boundary value problem (40.1), (32.3). | 
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Example 40.3. Since the function f(x,y) = xsiny satisfies the con- 
ditions of Theorem 40.1 in [0,27] x IR, the boundary value problem 


i 


y = uxsiny, y(0) = y2z7) = 0 (40.5) 
has at least one solution. Indeed y(x) = 0 is a solution of (40.5). 


The following result gives sufficient conditions so that the problem 
(40.1), (32.3) has at most one solution. 


Theorem 40.2. Suppose that the function f(x,y) is continuous, and 
nondecreasing in y for all (x,y) € [a,@] x IR. Then the boundary value 
problem (40.1), (32.3) has at most one solution. 


Proof. Let yi(x) and y2(x) be two solutions of (40.1), (32.3). Then it 
follows that 


y(t) —yg(x) = f(x,y(2)) — f(x, y2(2)), 
which is the same as 


(yi(x) — yo(x)) (Wt (x) — 93 (@)) = (yr(@) — yo(2)) (F(x, n(x) — F(@, yo(2))). 
(40.6) 


Since f(a, y) is nondecreasing in y, the right side of (40.6) is nonnegative. 
Thus, we have 


Le., 


B B 
(y(@) — yo(x)) (yh (a) — yo(a)) -f (yi (x) — yo(x))*da = 0. (40.7) 


In (40.7) the first term is zero, and hence it is necessary that 
‘ / / 2 
/ (yi(2) — y(x))"dz = 0. (40.8) 


Equation (40.8) holds if and only if yj (~)—y(x) = 0, i-e., y1(4)—yo(x) = 
c (constant). However, since yi(a@) — y2(a@) = 0 the constant c = 0. Hence, 
yi(x) =yo(r). 


Example 40.4. If ab > 0, then the function be” is nondecreasing in 
y, and hence for this case Theorem 40.2 implies that the boundary value 
problem (40.2) has at most one solution. 


Since the boundary value problem y” = —y, y(0) = y(7) = 0 has an 
infinite number of solutions, conclusion of Theorem 40.2 does not remain 
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true when f(x,y) is decreasing with respect to y. Thus, in Theorem 40.2 
“nondecreasing” cannot be replaced by “decreasing.” 


In Theorem 40.1 the condition that f(a, y) is bounded for all values of 
its arguments in [a, 6] x IR makes it too restrictive. This condition is not 
satisfied in both the Examples 40.1 and 40.2. In fact even a linear function 
in y, ie., f(x,y) = p(x)y + g(x) does not meet this requirement. Thus, we 
state without proof a result which is very useful in applications. 


Theorem 40.3. Suppose that K > 0 is a given number, and the 
function f(x, y) is continuous in the set D = {(z,y):a<a< f, ly| < 2K}, 
and hence there exists a M > 0 such that |f(x,y)| < M for all (x,y) € D. 
Further, we assume that 


i 
g(8—a)’M < K, and max{|Aj, |B|} < K. (40.9) 


Then the boundary value problem (40.1), (32.3) has at least one solution 
y(x) such that |y(x)| < 2K for all x € [a, 6]. 


Corollary 40.4. Suppose that the function f(x,y) is continuous and 
bounded, i-e., | f(x, y)| < M for all (x,y) € [a, G] x IR. Then the boundary 
value problem (40.1), (32.3) has at least one solution. 


Thus, we see that in Theorem 40.1 the hypothesis that f(a, y) is uniform 
Lipschitz, is superfluous. We also note that for the given length of the 
interval (3 — a), the inequality (1/8)(G —a)?M < K in (40.9) restricts the 
upper bound M on the function |f(a,y)| in D. Alternatively, for fixed 
it provides an upper bound on the length of the interval, i.e., 


(8—a) < var (40.10) 


Because of (40.10) Theorem 40.3 is called a local existence theorem, which 
corresponds to the local existence result for the initial value problems. Fur- 
ther, Corollary 40.4 is a global existence result. 


Example 40.5. For the problem (40.2) the conditions of Theorem 40.3 
are satisfied provided (1/8)|ble?/** < K. Thus, in particular, the problem 
y” = e¥, y(0) = y(1) = 0 has at least one solution y(x) if (1/8)e?* < K, 
ie., K ~ 1.076646182. Further, |y(x)| < 2.153292364. 


Example 40.6. For the problem (40.3) the conditions of Theorem 
40.3 hold provided (1/8)3?(2K) < K, ie., 8 < 2 and |B| < K. Thus, as a 
special case the problem y” + |y| = 0, y(0) = 0, y(2) = 1 has at least one 
solution y(x), satisfying |y(x)| < 2. 
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Picard’s method of successive approximations for the initial value prob- 
lems discussed in Lecture 8 is equally useful for the boundary value problem 
(40.1), (32.3). For this, from Problem 33.7 we note that this problem is 
equivalent to the integral equation 


B 
y(“) = (x) +f G(a,t) f(t, y(t))dt, (41.1) 
where (B | 
(a) = C= (G=a)” (41.2) 


and the Green’s function G(,t) is defined in (33.25). 


The following result provides sufficient conditions on the function f(z, y) 
so that the sequence {y(2)} generated by the iterative scheme 


yo(2) = ea 


) 
B 41.3 
Ym4i(t) = a) + f G(x, t) f(t, Ym(t))dt, m=0,1,2,... ae, 


converges to the unique solution of the integral equation (41.1). 


Theorem 41.1. Suppose that the function f(x,y) is continuous and 
satisfies a uniform Lipschitz condition (7.3) in [a, @] x IR, and in addition 
1 
= gl8 —a)? <1, (41.4) 
Then the sequence {ym(x)} generated by the iterative scheme (41.3) con- 
verges to the unique solution y(z) of the boundary value problem (40.1), 
(32.3). Further, for all x € [a, 3] the following error estimate holds: 
om 
lua) — Ym(e)| S p—| max, lve) —yolz)|, m=0,1,2,.... (41.5) 
Proof. From (41.3) it is clear that the successive approximations Ym (2) 
exist as continuous functions in [a, 3]. We need to prove that 


[Ym+1(%) — Ym(#)| SO" max, |yi (ax) — yo(2)]. (41.6) 
as@<sp 
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When m = 1, (41.3) gives 


ly2(x) — nm ()| 


IA 


B 
/ IG(@, #)||F(t-an(6)) — Fé, yo(2)) lat 


IA 


B 
L / |G(@, t)|lys(4) — yo(t)|at 


IA 


L — t)|d 
aie, lui) yo (x oi fle (a, t)|dt 


IA 


5B — a)? max, la (2) — yo(o)|, 


where we have used the Lipschitz condition and Problem 33.7. Thus, (41.6) 
holds for m = 1. Now let (41.6) be true form = k > 1; then from (41.3), 
we have 


IA 


lye+2() — yr+i(x)| 


B 
| |G(@, #)|| F(t, yuaa(t)) — F(t, yo (t)) at 


IA 


B 

Lf IG,0llyees(®) — mela 

< k 

< Le omax, lyi(2) — Yyo(x oi fic (x, t)|dt 
< 2(6—a)°6* max |ys(x) — yo(c)| 
~ 8 a<2<B 
en, qmax, lynx) — yo(2)|: 

Hence, the inequality (41.6) is true for all m. 


Now for n > m inequality (41.6) gives 


Lint) — toma) <5 beware) — velo) 


k=m 
n—-l1 
2 (41.7) 
ae, @* max. [yn (x) — yo()| 
i ue lyn (2) — yo(x)| 
= TO acseg Yi ~ YOWr- 


Since 6 < 1, an immediate consequence of (41.7) is that the sequence 
{Ym(x)} is uniformly Cauchy in [a, 3], and hence converges uniformly to a 
function y(a) in [a, 8]. Clearly, this limit function y(a) is continuous. Let- 
ting m — oo in (41.3), it follows that y(x) is a solution of (41.1). Also, 
letting n — oo in (41.7) results in (41.5). 
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To prove the uniqueness of the solution y(«) of (41.1), let z(a) be another 
solution of (41.1). Then once again from Problem 33.7 it follows that 


B 
ly(x) — 2(2)| | IG(x, HIF (t,y@) — F(t, 2) lat 


IA 


IA 


aie IG(a, t)||y(t) — 2(t)|dt (41.8) 


1 
< gL(8—a)* max |y(e) - 2(2)| 


However, since 9 < 1 inequality (41.8) implies that maxo<z<g|y(x) — 
2(x)| = 0, ie., y(x) = z(x) for all x € [a,G]. This completes the proof 
of the theorem. | 


For a given function the Lipschitz constant L is known, so the condition 
(41.4) restricts the length of the interval (3 — a). Similarly, for the given 
boundary conditions the length of the interval (3 — a) is known, so the 
condition (41.4) restricts the Lipschitz constant L. The problem of finding 
the largest interval of existence of the unique solution y(x) of (40.1), (32.3) 
is of interest. By modifying the above proof it can be shown that the 
inequality (41.4) can indeed be replaced by 


2 ge)? egg (41.9) 


Obviously, from Example 40.2 inequality (41.9) is the best possible in the 
sense that < cannot be replaced by < . 


Example 41.1. Consider the boundary value problem 
yf ekg BO = 0, yD (41.10) 


For this problem L = 1, 8 — a = 1 and hence @ = 1/8, so from Theorem 
41.1, (41.10) has a unique solution. Further, since 


y(t) = « 
1 
yi(z) = o+ f G(a,t)sintdt = x+asinl—sing 
0 
it follows that 
lyi(x) — yo(x)| = |asinl—sina| < 0.06 


and hence from (41.5), we have 


ly) = tale)| -< (5) (0.06), m=0,1,2,.... 
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Since the function be” satisfies Lipschitz condition (7.3) only in com- 
pact subsets of [a, 3] x IR, Theorem 41.1 cannot be applied to Exam- 
ple 40.1. To accommodate such a situation we need to modify Theorem 
40.1. For this, we note that if y(a) is a solution of (40.1), (382.3) then 
w(x) = y(x) — &(a) is a solution of the problem 


w" = F(2,w) (41.11) 


wa) = w(Z) = 0, (41.12) 


where F(x, w) = f(x,w+ &(x)). Clearly, F satisfies the Lipschitz condition 
(7.3) with the same Lipschitz constant as that for f. For the boundary value 
problem (41.11), (41.12) we state the following result which generalizes 
Theorem 41.1. 


Theorem 41.2. Suppose that the function F(x, w) is continuous and 
satisfies a uniform Lipschitz condition (7.3) in [a, 6]x[—N, N], where N > 0 
is a constant. Further, let inequality (41.4) hold and either 


1 2 
g(9— a)? max, |F(#,0)| < N(1- 8), (41.13) 
or 1 
=(8-a)? max |F(a,w)| < N. (41.14) 
8 a<ex<p 
|w| <N 


Then the boundary value problem (41.11), (41.12) has a unique solution 
w(x) such that |w(x)| < N for all x € [a, 6]. Further, the iterative scheme 


wo(z) = 0 
B (41.15) 
Wm4i(2) = / G(a,t) F(t, Wm(t))dt, m=0,1,2,... 
converges to w(x), and 
|w(a) (x)| < cdi |w( =0,1,2 41.16 
w(r) — Wm(x)| < f= 0a wi(z)|, m=0,1,2,.... (41.16) 


Example 41.2. The function F(z,w) = f(z,y) = —e¥ satisfies Lip- 
schitz condition in [a, 3] x [-N,N] with the Lipschitz constant L = e%. 
Thus, for the problem (40.2) with 6 = —1, a = 1 conditions of Theorem 
41.2 reduce to 


a sg 
go. <1, ie, O<N < 2.0794 (41.17) 


and 


1 
< N (1 = 5") , Le, 0.14615 < N < 2.0154 (41.18) 
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or 


Le., 0.14443 < N < 3.26167. (41.19) 


d 


Thus, from (41.17) and (41.19) the problem y’’ + e¥ = 0, y(0) = y(1) = 
0 has a unique solution y(x) in the region [0,1] x [—2.0794, 2.0794], and 
|y(x)| < 0.14443. Further, since from (41.15), wo(x) = yo(a) = 0, wi(x) = 
yi(x) = (1/2)a(1 — x), (41.16) reduces to 


mm 


1 g™ 
c=28 Eat — 2) 


ly(z) — ym(x)| < 1-0 


= 


CO| 


and hence for N = 0.14443, i.e., 0 ~ 0.14441, the error estimate becomes 


ly(a) — Ym(x)| < (0.1461)(0.14441)", m=0,1,2,.... 


Finally, in this lecture we shall prove the following result. 


Theorem 41.3. Suppose that F(z, w) and OF (2, w)/Ow are continuous 
and 0 < OF (a, w)/Ow < L in [a, @] x R. Then the boundary value problem 
(41.11), (41.12) has a unique solution w(x). Further, for any & such that 
k > L the iterative scheme 


0 


I 


wo(2) 


B 
ia = | Ge tl be Ga, Oak. e201 2e.5 
° (41.20) 
converges to w(x), where the Green’s function G(x, t) is defined in (33.29). 


Proof. As in Theorem 41.1, first we shall show that the sequence 
{wWm(x)} generated by (41.20) is a Cauchy sequence. For this, we have 


where the mean value theorem has been used and 0 < @(t) 
0 < OF (z,w)/Ow < Land k > L, we find that 0 < k — OF /Ow 


Le IA 
= 
o 
S 
n 
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from Problem 33.9 it follows that 
B 
pies saa) i |G(w,t)|kdt ) Zn 


cosh Vk (42 _ x) 


: cosh Vk (52) 


IA 


Zm 


< Lb Zm, 


where Zm = MaXq<2<p |Wm(ZL) — Wm—1(z)|, and 


1 
ee 1 er Ls 


cosh Vk (5%) 


From this it is immediate that 


|Wm4i(£) — Wm(x)| < pw” max |wi(x) — wo(2)| 
asr<p 


and hence {wWm(z)} is a Cauchy sequence. Thus, in (41.20) we may take 
the limit as m — oo to obtain 


B 
w(t) = / G(a,t)[—kw(t) + F(t, w(t))]dt, 
which is equivalent to the boundary value problem (41.11), (41.12). The 


uniqueness of this solution w(x) can be proved as in Theorem 41.1. | 


Example 41.3. The linear boundary value problem 


Mu 


y” = p(xjy+a(z), y(a) = y(B) = 0 


where p, q € Cla, (] and p(x) > 0 for all x € [a, G] has a unique solution. 


Problems 


41.1. Show that the following boundary value problems have at least 
one solution: 


(i) y” =1+a%e ll, y(0) =1, yl) $7. 
(ii) y’ =sinacosy+e”, y(0) =0, y(1) =1. 


41.2. Use Theorem 40.3 to obtain optimum value of 3 > 0 so that the 
following boundary value problems have at least one solution: 
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Gi) y” =ycosy+sinz, y(0) = y(8) =0. 
(ii) y”’ =y?sinz +e~-* cosa, y(0) =1, y(B) =2. 


41.3. Show that the following boundary value problems have at most 
one solution: 


Gi) 9” =y% +2, y(0) =0, y(1) =1. 
(ii) y” =yt+cosy+2’, y(0)=1, y(1) =5. 


41.4. Find first two Picard’s iterates for the following boundary value 
problems: 


(i) y” +lyl =0, y(0) =0, y(t) =1. 
(ii) y"+e-¥ =0, y(0) = y(1) =0. 


Further, give a bound on the error introduced by stopping the computations 
at the second iterate. 


41.5. State and prove a result analogous to Theorem 41.1 for the bound- 
ary value problem (40.1), (32.4). 


41.6. Prove the following result: Suppose that the function f(z, y, y’) 
is continuous and satisfies a uniform Lipschitz condition 


[fas y.y') — f(a, 2,2) < Lly- 2) + My’ - 2'| 


in [a, 6] x IR*, and in addition 


Then the sequence {Ym(x)} generated by the iterative scheme 
yo(r) = €(a) 
Ymti(t) = E(x) +f G(x, t) f(t, Ym(t), Ym(t))dt, m=0,1,2,... 
where ¢(x) and G(x, t) are, respectively, defined in (41.2) and (33.25), con- 


verges to the unique solution y(a) of the boundary value problem (33.23), 
(32.3). Further, the following error estimate holds: 


p™ 


= =0,1,2,... 
T—lm yo||, m ptr dyeees 


lly —Ymll < 


where |[yl| = Lmaxa<e<e|y(«)| + M maxa<e<s |y/(2)]. 


41.7. State and prove a result analogous to Problem 41.6 for the bound- 
ary value problem (33.23), (32.4). 
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41.8. Solve the following boundary value problems: 
i) oy = —2yy’, y(0) = 1, y(1) = 1/2. 
ii) y” = —(y')*/y, yO) =1, y/(1) = 3/4. 
iii) y” = 2y°*, y(1) =1, y(2)=1/2 
iv) y” =—(y')®, y(0) = v2, y(1) = 

*41.9. Suppose f(x,y) is continuous and has a continuous first-order 
derivative with respect to y for 0 < «<1, y € R, and the boundary value 
problem y” = f(x,y), y(0) = A, y(1) = B has a solution y(x), 0O<a <1. 
If Of(x,y)/Oy > 0 for x € [0,1] and y € R, show that there is an « > 0 


such that the boundary value problem y” = f(x,y), y(0) = A, y(1) = Bi 
has a solution for 0 < «<1 and |B— By| <e. 


Answers or Hints 


41.1. (i) Use Corollary 40.4. (ii) Use Corollary 40.4. 
. (ii) 4717/17. 
41.3. (i) Use Theorem 40.2. (ii) Use Theorem 40.2. 


41.4. (i) y1(a) = $(7a@ — @), yo(x) = 345 (4172 — 702? + 32°), error = 
V3/1,512. (i i) yi(xz) = $(a—2?), yo(a) = (l-a# Juli texp (-$(t - i}) dt+ 
x fo (1 — t) exp (—4(t — t?)) dt, error = same as in Example 41.2. 


) 
7h Be em 
) 
yy 


41.5. The statement and the proof remain the same, except now ¢(2) = 
A+ (x —a)B, 0 = $L(8— a)? < 1 and the Green’s function G(z,t) is as 
n (33.27). 


41.6. Use Problem 33.7 and modify the proof of Theorem 41.1. 


41.7. The statement and the proof remain the same, except now ¢(2) = 
A+ (a —a)B, w= $L(8 — a)? + M(B — a) <1 and the Green’s function 
G(a, t) is as in (33.27). 


41.8. (i) 1/(1+<2). (ii) VBe41. (iii) 1/x. (iv) V22 +2. 


Lecture 42 
Topics for Further Studies 


We begin this lecture with a brief description of a selection of topics re- 
lated to ordinary differential equations which have motivated a vast amount 
of research work in the last 30 years. It is clear from our previous lectures 
that one of the main areas of research in differential equations is the exis- 
tence, uniqueness, oscillation, and stability of solutions to nonlinear initial 
value problems [2, 3, 10, 12, 18, 21-25, 33, 36-38], and the existence and 
uniqueness of solutions to nonlinear boundary value problems [1, 5, 6, 9, 
11, 31, 32, 34, 35]. When modeling a physical or biological system one 
must first decide what structure best fits the underlying properties of the 
system under investigation. In the past a continuous approach was usually 
adopted. For example, if one wishes to model a fluid flow, a continuous ap- 
proach would be appropriate; and the evolution of the system can then be 
described by ordinary or partial differential equations. On the other hand, 
if data are only known at distinct times, a discrete approach may be more 
appropriate; and the evolution of the system in this case can be described 
by difference equations [4—9, 14]. However, the model variables may evolve 
in time in a way which involves both discrete and continuous elements. For 
example, suppose the life span of a species of insect is one time unit, and at 
the end of its life span the insect mates, lays eggs, and then dies. Suppose 
the eggs lie dormant for a further one time unit before hatching. The time 
scale on which the insect population evolves is therefore best represented 
by a set of continuous intervals separated by discrete gaps. As a result, 
recently time scale calculus (differentiation and integration) has been in- 
troduced. This has led to the study of dynamic equations of so-called time 
scales which unifies the theories of differential and difference equations and 
to cases in between [15]. Other types of differential equations which have 
made a significant impact in mathematics and are being continuously stud- 
ied are functional differential equations [8, 13, 19], impulsive differential 
equations [27], differential equations in abstract spaces [16, 26], set and 
multivalued differential equations [17, 29], and fuzzy differential equations 
[28]. Now, instead of going into detail on any one of these topics (which is 
outside the scope of this book), we will describe a number of physical prob- 
lems which have motivated some of the current research in the presented 
literature. 


First, we describe an initial value problem. Consider a spherical cloud 
of gas and denote its total pressure at a distance r from the center by p(r). 
The total pressure is due to the usual gas pressure and a contribution from 
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radiation, 

1 RT 

pears, 

3 v 
where a, T, Rand v are, respectively, the radiation constant, the absolute 
temperature, the gas constant, and the volume. Pressure and density p = 
v_! vary with r and p = Kp’, where y and K are constants. Let m be the 
mass within a sphere of radius r and G be the constant of gravitation. The 
equilibrium equations for the configuration are 


dp Gmp dm 


eae . and 7 Anr?p. 
ir r r 
Elimination of m yields 
1 d [r* dp 
+ 4 = 0. 
r? dr ( p +) aGP : 


Now let y = 1+ p7! and set p= ¢*, so that 


ee Kpte -_ Kite gett, 
Thus, we have 
ld /( .d¢ 9 
= — kot 0 
r2 dr ¢ =| yee , 
where é 
i 4nG\i-# 
(w+ l)k 
Next let x = kr, to obtain 
’h 2dd 


See tee ESQ: 

dx? x dr me 
If we let A = po, the density at r = 0, then we may take ¢ = 1 at x = 0. 
By symmetry the other condition is dé/dx = 0 when x = 0. A solution of 
the differential equation satisfying these initial conditions is called a Lane— 
Emden function of index pw = (y—1)71. 


The differential equation 


2 
y+ Fy! +9(y) = 0 a2) 


was first studied by Emden when he examined the thermal behavior of 
spherical clouds of gas acting on gravitational equilibrium subject to the 
laws of thermodynamics. The usual interest is in the case g(y) = y", n> 1, 
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which was treated by Chandrasekhar in his study of stellar structure. The 
natural initial conditions for (42.1) are 


y(0) = 1, y(0) = 0. (42.2) 


It is easy to check that (42.1), (42.2) can be solved exactly if n = 1 with 
the solution 


and if n = 5 with the solution 


y(t) = (te 


It is also of interest to note that the Emden differential equation y/’—t* y? = 
0 arises in various astrophysical problems, including the study of the density 
of stars. Of course, one is interested only in positive solutions in the above 
models. 


Next we describe four boundary value problems, namely, (i) a problem in 
membrane theory, (ii) a problem in non-Newtonian flow, (iii) a problem in 
spherical caps, and (iv) a problem in the theory of colloids. These problems 
have motivated the study of singular differential equations with boundary 
conditions over finite and infinite intervals, and have led to new areas in 
the qualitative theory of differential equations [6, 9, 11, 31, 32]. 


Our first problem examines the deformation shape of a membrane cap 
which is subjected to a uniform vertical pressure P and either a radial 
displacement or a radial stress on the boundary. Assuming the cap is 
shallow (i.e., nearly flat), the strains are small, the pressure P is small, and 
the undeformed shape of the membrane is radially symmetric and described 
in cylindrical coordinates by z = C(1— 17) (0 < r < 1 and y > 1) where 
the undeformed radius is r = 1 and C' > 0 is the height at the center of 
the cap. Then for any radially symmetric deformed state, the scaled radial 
stress S,. satisfies the differential equation 


Nr27-2 dk Bur? r2 
2 Sy 892’ 


rs" + 3rSi = 


the regularity condition 
S,(r) boundedas r — 07, 
and the boundary condition 
bo S,(1) + bi S,(1) = A, 


where X and £ are positive constants depending on the pressure P, the 
thickness of the membrane and Young’s modulus, bg > 0, 6; > 0, and 
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A > 0. For the stress problem bo = 1, 6; = 0, whereas for the displacement 
problem, b) = 1—v, b; = 1, where v (0 < v < 0.5) is the Poisson ratio. 


For the second problem, recall that the Cauchy stress T in an incom- 
pressible homogeneous fluid of third grade has the form 


T = —pl+ pA; +a,A_9+ a2 Aj 4+ 8 A3 + B2[A1 Ao + A2A1]+63(trAj)Ag, 
(42.3) 


where —pl is the spherical stress due to the constraint of incompressibility, 
Lt, 1, Q2, G1, G2, G3 are material moduli, and A,, Az, Ag are the first 
three Rivlin—Ericksen tensors given by 


dA, 


A, = L+L’, A, = =, thTAi+ AL 
and aK 
A3 = —- + L7 A; + AoL; 


here L represents the spatial gradient of velocity and d/dt the material 
time derivative. Now consider the flow of a third grade fluid, obeying 
(42.3), maintained at a cylinder (of radius R) by its angular velocity ({). 
The steady state equation for this fluid is 


Pi 1d 3 di 
Oo aa -3|+6(F 


Bl Sz 


| dF?" F dF dr dr 7 


ii oe 2db | 26 
with the boundary conditions 
vo = RQ at r = R, and t—- 0 as Tr ~@w; 


here v is the nonzero velocity in polar coordinates and yu and @ are material 
constants. Making the change of variables 


our problem is transformed to 


dv ; 1 du OF. « dv v\"[.du 2 dv i 2u 
dr2 or dr r2— dr dr2 or dr r? 
for 1 <r < oo, with the boundary conditions 


v=1ifr=1, v-O0a r-— oo; 


here € = 0?3/. As a result our non-Newtonian fluid problem reduces to a 
second-order boundary value problem on the infinite interval. 
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Our third problem concerns 


t? d? 
i -—] =0, 0<t<l 
V+ (sp :) 


y(0) = 0, 2y/(11)-(14+v)y(1) = 0, O<v<1 and A>0, 


which models the large deflection membrane response of a spherical cap. 
Here S,. = y/t is the radial stress at points on the membrane, d(pS;,)/dp 
is the circumferential stress (p = t7), » is the load geometry and v is the 
Poisson ratio. 


For our fourth problem we note that in the theory of colloids it is possible 
to relate particle stability with the charge on the colloidal particle. We 
model the particle and its attendant electrical double layer using Poisson’s 
equation for a flat plate. If VW is the potential, p the charge density, D the 
dielectric constant, and y the displacement, then we have 


We assume that the ions are point charged and their concentrations in the 
double layer satisfies the Boltzmann distribution 


Z —z,eU 
ci = Cc; exp KT: ’ 


where c; is the concentration of ions of type 2, c¥ = limy oc, # the 
Boltzmann constant, JT the absolute temperature, e the electrical charge, 
and z the valency of the ion. In the neutral case, we have 


p = cyz4e+c_z_e, or p = ze(cy—Cc_), 


where z = z, — z_. Then using 


(=) (+) 
Cy. = cexp Tr and c_ = cexp ' 


K KT 


it follows that 


d?u 8rcze_ h zew 
— = sinh {| —— 
dy? D KT)? 
where the potential initially takes some positive value U(0) = Wy and tends 
to zero as the distance from the plate increases, i.e., V(co) = 0. Using the 

transformation 


zeW(y) Ancz?e? 


oy) = Pua and & = arp 
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the problem becomes 


a 2sinh ¢, O<ar< 
JZ = 1. , L< CO 
da? (42.4) 


$(0) = Cl, Jim $(x) = 0, 


where c, = zeWo/(KT) > 0. From a physical point of view, we wish the 
solution ¢ in (42.4) also to satisfy limz.. ¢/(x) = 0. 


Finally, we remark that the references provided include an up-to-date 
account on many areas of research on the theory of ordinary differential 
equations. An inquisitive reader can easily select a book which piques his 
interest and pursue further research in the field. 
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